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Summary 

The importance of developing useful and appropriate statistical methods for analyzing discrete 
multivariate data is apparent from the enormous amount of attention this subject has commanded 
in the literature over the last thirty years. Central to these discussions has been Pearson's X2 
statistic and the loglikelihood ratio statistic G2. Our review seeks to consolidate this fragmented 
literature and develop a unifying theme for much of this research. The traditional X2 and G2 
statistics are viewed as members of the power-divergence family of statistics, and are linked through 
a single real-valued parameter. The principal areas covered in this comparative survey are 
small-sample comparisons of X2 and G2 under both classical (fixed-cells) assumptions and 
sparseness assumptions, efficiency comparisons, and various modifications to the test statistics 
(including parameter estimation for ungrouped data, data-dependent and overlapping cell 
boundaries, serially dependent data, and smoothing). Finally some future areas for research are 
discussed. 

Key words: Akaike's information criterion; Chernoff-Lehmann statistic; Conditional tests; Data- 
dependent cells; Exact multinomial test; Freeman-Tukey statistic; Goodness-of-fit statistic; 
Power-divergence statistic; Rao-Robson statistic; Serially dependent data; Small-sample studies; 
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1 Introduction 

Interest, speculation and some controversy have followed the statistical properties and 
applications of Pearson's X2 statistic defined below. The statistic was originally proposed 
by Karl Pearson (1900) for testing the fit of a model by comparing the set of expected 
frequencies with the experimental observed frequencies. Such frequencies may be the 
result of grouping continuous data into disjoint categories, or may occur naturally as in 
contingency tables. Readers who are interested in the general background and applica- 
tions of goodness-of-fit testing for discrete multivariate data are referred to the books by 
Cox (1970), Haberman (1974, 1978, 1979), Bishop, Fienberg & Holland (1975), Gokhale 
& Kullback (1978), Upton (1978), Fienberg (1980), Plackett (1981), Agresti (1984), 
Goodman (1984), Freeman (1987) and Read & Cressie (1988). 

As a result of statistical innovativeness together with advancements in computer 
technology (allowing more ambitious computations and simulations), a large number of 
chi-squared tests in the discrete multivariate setting have been proposd. (By chi-squared 
test, we mean any testing procedure whose test statistic has an asymptotic chi-squared 
distribution.) Cochran (1952) provides an important early review of some of these tests. 
Subsequent general reviews include Watson (1959), Lancaster (1969), Horn (1977), 
Fienberg (1979, 1984) and an excellent users' review by Moore (1986). 
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20 N. CRESSIE and T.R.C. READ 

In the simplest case, define Pearson's X2 statistic as 

X2 (Xi 
- nri)2 

(1.1) 

i=1 n.7ri 

where X = (Xj, X2,. .. , Xk) is a random vector of frequencies with E Xi = n, the sum 
being over i = 1,..., k, and E(X) = nn, where Xr = (xrl, .r2, ..., rk) is a vector of 
probabilities with xri 

= 1 the sum being over i = 1,..., k. Pearson (1900) derives the 
asymptotic distribution of X2 to be chi-squared with k - 1 degrees of freedom when the 
7ir's are known numbers; this asymptotic result requires the expectations to become 
infinite in all the cells (Cochran, 1952). In the case where the 

;rr's depend on parameters 
that need to be estimated, Pearson argued that using the chi-squared distribution with 
k - 1 degrees of freedom would still be adequate for practical decisions. This case was 
settled finally by Fisher (1924), who gives the first derivation of the correct degrees of 
freedom, namely k - s - 1 when s parameters are estimated efficiently from the data. A 
comprehensive summary of the early development of Pearson's X2 goodness-of-fit statistic 
can be found in Cochran's (1952) review. 

Cochran (1952) provides not only an historical account of the statistical development 
and applications of Pearson's X2, but he discusses a variety of competing tests as well. 
Amongst these competitors is the loglikelihood ratio test statistic G2, 

k 

G2 = 2 
- Xi log (Xi/n.i), (1.2) 

i= 1 

which also has a limiting chi-squared distribution; Wilks (1938) proves this result in a 
more general context. When X is a multinomial random vector with parameters n and Xr 
(as we shall assume henceforth), G2 is asymptotically equivalent to Pearson's X2 statistic 
(Neyman, 1949; Cressie & Read, 1984). Cochran (1952) notes that to his knowledge there 
appears to be little to separate these two statistics. Cressie & Read (1984) show that X2 
and G2 are two statistics in a continuum defined by the power-divergence family of 
statistics, 

2nl(X/n : x)= , XiA1 
(-00 < A < 00), - Z Xi ,(1.3) A ( A + 1) j=1I?= \n 

where the cases A = 0, A = -1 are defined by continuity. This embedding provides an 
understanding of the similarities and differences between X2 and G2 and suggests valuable 
alternatives to them. Cressie and Read (1989) summarize the basic properties of the 
statistics in the power-divergence family. 

Since 1950, increased interest in categorical data analysis has renewed discussion on the 
theory of chi-squared tests in general, and on how to improve their performance in 
statistical practice. We have categorized the recent research into four main areas: 

(i) small-sample comparisons of the test statistics X2 and G2 under the null model, 
when critical regions are obtained from the chi-squared distribution under 
classical (fixed-cells) assumptions; 

(ii) distributional comparisons of X2 and G2 under sparseness assumptions; 
(iii) efficiency comparisons made under various assumptions regarding the alterna- 

tive models and the number of cell boundaries; 
(v) the impact on the test statistics of modifications to the methods of parameter 

estimation or modifications to the distributional assumptions on the data. 
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Pearsons X2 and the Loglikelihood Ratio Statistic G2 21 

In this review, we have undertaken to categorize recent research on X2 and G2 

according to the four areas set out above. We view these two competing statistics as being 
embedded in a family of power-divergence statistics given by (1.3). The final section, ? 6, 
offers possible future directions for research in this area of goodness-of-fit testing. 

2 Small-Sample Comparisons of X2 and G2 under the Classical (Fixed-Cells) 
Assumptions 

When using a test that relies on asymptotic results for computing the critical value, an 
important question is how well the test (with the asymptotically correct critical value) 
performs for a finite sample. In this section we use the asymptotic chi-squared distribution 
for X2 and G2 derived under the classical (fixed-cells) assumptions: as n -+ oo, k is fixed, 
and nri-+ oo, i = 1, ..., k. 

It has long been known that the approximation to the chi-squared distribution for 
Pearson's X2 statistic relies on the expected frequencies in each cell of the multinomial 
being large; Cochran (1952, 1954) provides a complete bibliography of the early 
discussions regarding this point. A variety of recommendations proliferate in the early 
literature regarding the minimum expected frequency required for the chi-squared 
approximation to be reasonably accurate. These values ranged from 1 to 20, and were 
generally based on individual experience; Good, Gover & Mitchell (1970, p. 268) provide 
an overview of the historical recommendations. 

However in the last twenty years, the increase in computer technology has made exact 
studies and simulations readily available. It has been during this time that the major 
contributions have been made in understanding the chi-squared approximation in small 
samples, as we shall now describe. 

Suggestions that X2 approximates a chi-squared random variable more closely than 
does G2 (for various multinomial and contingency table models) have been made in 
enumeration and simulation studies by Margolin & Light (1974), Chapman (1976), Larntz 
(1978), Cox & Plackett (1980), Koehler & Larntz (1980), Upton (1982), Lawal (1984), 
Read (1984b), Grove (1986), Hosmane (1986), Koehler (1986), Rudas (1986), Agresti & 
Yang (1987), Hosmane (1987) and Mickey (1987). The results of Larntz, Upton and 
Lawal are of particular interest here because they compare not only X2 and G2, but also 
the Freeman-Tukey statistic T2, 

k 

T2 = 2 
(VXi + V(Xi + 1)- V(4(n.ri + 1)))2. (2.1) 

i=1 

This definition is sometimes referred to as the modified Freeman-Tukey statistic 
(Fienberg, 1979; Lawal & Upton, 1980). Another definition of the Freeman-Tukey 
statistic, for example, Fienberg (1979) and Moore (1986), is obtained by setting A = -- in 
(1.3): 

k 

F2 = 4 (VX~ - V(nyr))2. (2.2) 
i==1 

Here F2 differs from T2 in (2.1) by an order 1/n term (Bishop, Fienberg & Holland, 
1975). 

Larntz's explanation for the discrepancy in behavior of X2 to that of T2 and G2 is based 
on the different influence they give to very small observed frequencies. Such observed 
frequencies increase T2 and G2 to a much greater extent than X2 when the corresponding 
expected frequencies are greater than 1. Alternatively when there are many expected 
frequencies less than 1, Koehler & Larntz (1980) note that the first two moments of X2 
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will be larger than those of G2. Read & Cressie (1988, Ch. 6) discuss these two situations 
in detail for the power-divergence statistic (1.3). They shed further light on the differing 
effect of small observed and expected frequencies on X2 (where A = 1) and G2 (where 
A = 0) by considering the contribution of a single dominant cell to the statistic 2nlX. If the 
observed frequency is less than expected, the contribution of this single cell decreases as A 
increases from -I to 1; whereas if the observed frequency is greater than expected, the 
contribution to 2nlX increases with A. 

Other statistics, which are special cases of the power-divergence family (1.3), have been 
considered in the literature. These include the modified loglikelihood ratio statistic or 
minimum discrimination information statistic (A = -1) for the external constraints problem 
(Kullback, 1959, 1985; Read & Cressie, 1988, ? 3.5), 

k 

GM2 =2 nri log (n.i/Xi), 
i=1 

and the Neyman-modified statistic (A = -2) introduced by Neyman (1949) 
k 

(Xi , 
- 

nni,)2 NM2 
= ( 

i=1 Xi 

While these statistics have been recommended by various authors, for example, Gokhale 
& Kullback (1978) and Kullback & Keegel (1984), there have been no small-sample 
studies which indicate that they might be serious competitors to X2 and G2. The results of 
Read (1984b), and also Larntz (1978), Upton (1982), Lawal (1984) for T2, and Hosmane 
(1987) for F2, indicate that the exact distributions of these alternative statistics to X2 and 
G2 are less well approximated by the chi-squared distribution than are those of either X2 
or G2 

2.1. The Exact Multinomial, Exact X2 and Exact G2 Tests 

As an alternative to using the chi-squared distribution for a yardstick to compare 
chi-squared tests, a number of authors have used the exact multinomial test. The 
application of this test procedure to draw accuracy comparisons between X2 and G2 has 
provided much confusion and contention in the literature. 

The exact multinomial goodness-of-fit test is defined as follows. Given n items that fall 
into k cells with hypothetical distribution Ho: o = ( rol, Z02, 

? ? ?, 
rOk), where E roi = 1, 

with the sum over i = 1, ... , k, let x = (x, x2, ... , Xk) be the observed numbers of items 
in each cell. The exact probability of observing this configuration is given by 

k xi 

Pr (X = x) = n! H1- 
Jo 

i=1 
Xi! 

To test (at an a100% significance level) if an observed outcome x* came from a 
population distributed according to H0, the following four steps are performed. 

Step 1. For every possible outcome x, calculate the exact probability Pr (X = x). 

Step 2. Rank the probabilities from smallest to largest. 

Step 3. Starting from the smallest rank, add the consecutive probabilities up to and 
including that associated with x*; this cumulative probability gives the chance of obtaining 
an outcome that is no more probable than x*. 

Step 4. Reject Ho if this cumulative probability is less than or equal to car. 
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In a study of the accuracy of the chi-squared approximation for Pearson's X2 test, Tate 
& Hyer (1973, p. 836) state 'the chi-square probabilities of X2 may differ markedly from 
the exact cumulative multinomial probabilities', and that in small samples the accuracy 
does not improve as the expected frequencies increase. They note this finding as being 
'contrary to prevailing opinion'. However Radlow & Alf (1975) suggest that these 
uncharacteristic results are a consequence of the ordering principle that Tate & Hyer use 
to order the experimental outcomes in the exact multinomial test. 

The problem with Tate & Hyer's use of the exact multinomial test is that it orders 
terms according to their multinomial probabilities instead of according to their dis- 
crepancy from Ho as does X2. This may not be a good way to define a p-value, and it is 
justifiable only if events of lower probability are necessarily more discrepant from Ho. 
According to the experience of Radlow & Alf (1975) and Gibbons & Pratt (1975), this is 
frequently not true. This point is echoed by Horn (1977, p. 242) when she points out that 
Tate & Hyer's conclusion, that X2 does not imitate the exact multinomial test for small 
expected frequencies, is 'not surprising since the two tests are different tests of the same 
goodness-of-fit question'. The critical values are based on different 'distance' measures 
between the observed and expected frequencies: one is based on probabilities and the 
other on normalized squared differences. 

Radlow & Alf (1975) propose that the appropriate exact test, which should be used to 
determine the accuracy of the chi-squared approximation for X2, should be changed. 
Instead step 2 should read as follows. 

Step 2a. Calculate the Pearson X2 values under Ho for each outcome. 

Step 2b. Rank these outcomes from largest to smallest. 

The cumulative probability produced at step 3 will now give the chance of obtaining an 
outcome no 'closer' to Ho than is x*, where the 'distance' measure is the X2 statistic itself. 
To obtain an exact test for G2, the G2 statistic would replace X2 in step 2a. Using this 
revised exact test, which we call the exact X2 test, Radlow & Alf (1975) obtain results that 
are much more in accord with the prevailing opinion of independent studies on the 
accuracy of the chi-squared approximation to X2, for example, Wise (1963), Slakter 
(1966), and Roscoe & Byars (1971) by simulation. 

Contrary to the preceding discussion, Kotze & Gokhale (1980) regard the exact 
multinomial test as optimal for small samples, in the sense that when there is no specific 
alternative hypothesis it is reasonable to assume that outcomes with smaller probabilities 
under the null hypothesis should belong to the critical region. The authors proceed by 
comparing X2 and G2 on the basis of 'probability ordering' and conclude that G2 exhibits 
much closer ranking to the multinomial probabilities. This conclusion was reached 
previously by Chapman (1976), who states that the exact multinomial probabilities are on 
average closer to the chi-squared probabilities for G2 than for X2. However, if one 
assumes (as we do) that the correct comparison of chi-squared probabilities for X2 and G2 
should be against the exact X2 and exact G2 probabilities (calculated according to steps 2a 
and 2b), then Chapman shows that the chi-squared approximation appears more accurate 
for X2 than for G2 

In conclusion, we disagree with the methodology of Tate & Hyer (1973) and Kotze & 
Gokhale (1980). Our opinion coincides with that of Radlow & Alf (1975) and the other 
authors discussed previously. Computations in Read & Cressie (1988, Ch. 5) indicate that 
the chi-squared distribution approximates the distribution of X2 more closely than it 
approximates the distribution of G2; furthermore there are members of the power- 
divergence family 'between' X2 and G2 for which the chi-squared approximation is even 
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better. We regard X2 and G2 as different measures of goodness of fit; it is precisely this 
difference that makes these tests and the exact multinomial test useful in different 
situations, for example, Larntz (1978) and Read (1984b). This point also applies to the 
other members of the power-divergence family defined by (1.3). 

Other small-sample and simulation studies include those of Wise (1963), Lancaster & 
Brown (1965), Slakter (1966) and Smith et al. (1979), all of whom discuss the case of 
approximately equal expected frequencies for Pearson's X2; Wilcox (1982) disagrees with 
some of the calculations of Smith et al. The consensus of these authors is that here the 
quality of the chi-squared approximation is more dependent on sample size than on the 
size of the expected frequencies; see also the discussion of Koehler & Larntz (1980) later 
in ? 3. Lewontin & Felsenstein (1965), Haynam & Leone (1965) and Roscoe & Byars 
(1971) consider the chi-squared approximation for X2 in contingency table analyses. 
Lewontin & Felsenstein conclude that X2 is remarkably robust to expectation size, in the 
sense that, even when expectations less than 1 are present, the approximate chi-squared 
significance level is quite close to the exact level. Roscoe & Byars (1971) indicate that 
excellent approximations are achieved using X2 to test independence for cross-classified 
categorical data with average expected frequencies as low as 1 or 2. For contingency 
tables, enumeration of the exact distribution of the test statistic is very computationally 
intensive and requires fast and efficient algorithms. Verbeek & Kroonenberg (1985) 
provide a survey of algorithms for r x c tables with fixed margins. 

Further studies relevant to small-sample comparisons of X2 and G2 include those of 
Uppuluri (1969), Good, Gover & Mitchell (1970) and Yarnold (1972). Hutchinson (1979) 
provides a valuable bibliography on empirical studies relating to the validity of Pearson's 
X2 test for small expected frequencies; his general conclusion on comparative studies 
involving X2, G2 and T2 is 'the balance of evidence seems to be that Pearson's X2 is the 
most robust' (p. 328). Moore (1986, p. 72) also provides recommendations in favor of X2 
for testing against general (unspecified) alternatives. 

Finally, Yates (1984) provides some interesting and controversial philosophical 
disagreements with the comparisons between test statistics reported in much of the recent 
literature. His conclusions are centered around two main arguments. First, the use of 
conditional tests is a fundamental principle in the theory of significance tests which has 
been ignored in the recent literature. Second, the attacks on Fisher's exact test and the 
continuity-corrected X2 test are mainly due to an uncritical acceptance of the Neyman- 
Pearson approach to tests of significance and the use of nominal levels instead of the 
actual probability levels attained. Yates' paper is followed by a controversial discussion of 
both his examples and conclusions; however this discussion is beyond the scope of our 
survey. 

2.2 Closer Approximations to the Exact Tests 

In cases where the chi-squared approximation is considered poor, how might the 
approximation be improved? 

Hoel (1938) provides a second-order term for the large-sample distribution of Pearson's 
X2. He concludes from this calculation that the error committed by using only the 
first-order approximation is much smaller than the neglected terms would suggest. 
Unfortunately Hoel's theory assumes an underlying continuous distribution; Yarnold 
(1972) provides the correct second-order term for the discrete multinomial distribution 
and assesses it together with four other approximations. However he still agrees with 
Hoel's conclusion that the chi-squared approximation can be used with much smaller 
expectations than previously considered possible. 

Jensen (1973) provides bounds on the error of the chi-squared approximation to the 
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exact distribution of X2. A similar set of bounds are provided for G2 by Sakhanenko & 
Mosyagin (1977). 

Following Yarnold's (1972) results for X2, Siotani & Fujikoshi (1984) calculate the 
appropriate second-order term for the large-sample distributions of G2 and the Freeman- 
Tukey statistic F2 (2.2). This approach is generalized still further for the power- 
divergence statistic in Read (1984a); however Cressie & Read (1984) indicate that the 
improvement obtained from these second-order terms can also be obtained from a 
corrected chi-squared approximation that is far simpler to compute. 

Various authors have discussed using moment corrections to obtain approximations 
closer to the exact distributions of X2 and G2. Lewis, Saunders & Westcott (1984) provide 
explicit expressions for the first three moments of X2 in two-dimensional contingency 
tables. They indicate that the traditional chi-squared approximation is usable in a wider 
range of tables than previously suggested; but, under certain specified conditions, they 
recommend using a gamma approximation with the first two moments matched to X2. In 
the case of G2, Lawley (1956) provides an 'improved' approximation, which involves 
multiplying G2 by a scale factor, giving a statistic with moments equivalent to the 
chi-squared up to O(n-2). This work is extended by Smith et al. (1981) who provide 
equivalent moments up to O(n-3). Cressie & Read (1984) illustrate that moment 
corrections for the general power-divergence statistic (1.3) provide some worthwhile 
improvements. 

Hosmane (1986) considers adding positive constants to all or some cells (i.e., those with 
zero counts) when testing indpendence in two-dimensional contingency tables, and then 
adjusting the resulting statistics X2 and G2 to eliminate the dominant bias terms. 
However, the author's subsequent Monte Carlo study indicates that the distribution of the 
X2 statistic has significance levels that are already very close to those of the chi-squared 
distribution and the adjustment does not improve the accuracy. Indeed, Agresti & Yang 
(1987) observe that adding constants to the cells before calculating X2 can play havoc with 
the distribution of this statistic. On the other hand, the adjustments do provide an 
improvement for G2, but the significance levels of the distribution for the adjusted G2 
statistic are still not as close to the chi-squared levels as are those of the unadjusted X2 
statistic. Hosmane's adjustments extend the results of Williams (1976), who provides 
multipliers to be used with G2 in contingency table analyses. 

A different scaling method for X2 is used by Lawal & Upton (1984), in which the 
scaling is chosen to match the upper tail of the exact X2 distribution with that of the 
chi-squared distribution (rather than to match the moments). Under certain restrictions, 
they show this scaling provides accurate results when testing independence in two- 
dimensional contingency tables with small expectations. Furthermore, they find this 
approximation preferable to a lognormal approximation, which they had previously 
recommended (Lawal & Upton, 1980). 

In a recent study, Holtzman & Good (1986) assess two corrected chi-squared 
approximations (and one Poisson approximation) to the exact distribution of Pearson's X2 
statistic for the equiprobable hypothesis. One of the corrections is Cochran's (1942) 
well-known generalization of Yates' correction. The authors conclude that both correc- 
tions generally improve on the uncorrected chi-squared approximation, but the Poisson 
approximation is less preferable for the cases they consider. Their article provides a 
concise review of the literature on correction factors (including papers not cited here) and 
enlightening discussion of how different authors have evaluated such correction factors. 

3 Comparing X2 and GZ under Sparseness Assumptions 
The practical importance of testing hypotheses involving multinomials with many cells, 

but only a relatively small number of observations, has been emphasized by a number of 
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authors, for example, Cochran (1952, p. 330), Fienberg (1980, pp. 174-175) and Read & 
Cressie (1988, ? 4.3). 

3.1 Asymptotic Normality of the Statistics 

In his review of Pearson's X2 test, Cochran (1952, pp. 330-331) points out that, when 
all the expectations are small and X2 has many degrees of freedom, the distribution of X2 
differs substantially from the chi-squared distribution. Both distributions become ap- 
proximately normal; however the calculations of Haldane (1937, 1939) show that the 
variance of X2 departs noticeably from the variance of the normal approximation to the 
chi-squared distribution. 

Generalizations of this work by Tumanyan (1956), Steck (1957) and Morris (1966) 
culminated in the landmark paper of Morris (1975), in which he derives the limiting 
distribution of both X2 and G2 under simple null (and certain alternative) hypotheses as 
both the number of cells k-- oo and the sample size n -* oo while n/k remains finite. We 
refer to these as the sparseness assumptions. Dale (1986) extends these results from single 
multinomials to include product multinomials. A similar result to Morris', but constrained 
to the equiprobable null hypothesis, is proved under slightly different regularity 
conditions by Holst (1972), and corrected by Ivchenko & Medvedev (1978). Read & 
Cressie (1988, ?4.3) apply Morris' and Holst's assumptions to the power-divergence 
statistic (1.3). 

While both X2 and G2 are asymptotically normal under the sparseness assumptions, it is 
important to point out that their asymptotic means and variances are no longer equivalent 
(as they are under the classical, fixed-cells assumptions given in ? 2). Koehler & Larntz 
(1980) suggest that this is predominantly due to the differing influence of very small 
observed counts on X2 and G2. When a given expected frequency is greater than 1, a 
corresponding observed frequency of 0 or 1 makes a larger contribution to G2 than to X2. 
Therefore the first two moments of G2 will be larger than those for X2 when many 
expected frequencies are in the range 1 to 5. However, when many expected frequencies 
are less than 1, the reverse occurs. 

3.2 Small-Sample Studies 

Although discussion of the normal approximation for X2 has been continuing for nearly 
forty years, very few empirical studies that assess the adequacy of this approximation in 
small samples have been published. Most studies have been concerned with the accuracy 
of the chi-squared approximation, as illustrated by the large number of papers referenced 
in ? 2. 

The first major Monte Carlo study to examine the relative accuracy of the chi-squared 
and normal approximations for X2 and G2 comes from Koehler & Larntz (1980). For the 
equiprobable null hypothesis, they conclude that generally the chi-squared approximation 
for X2 is adequate with expected frequencies as low as 0-25 when k 3, n 10 and 
n2/k ~ 10. Conversely G2 is generally not well approximated by the chi-squared 
distribution when n/k ~ 5; for n/k <0-5 the chi-squared approximation produces 
conservative significance levels, and for n/k> 1 it produces liberal levels. For k 3, 
n > 

15 and n2/k > 10, Koehler & Larntz recommend the normal approximation be used 
for G2; however their preferred test for the equiprobable hypothesis is X2 based on the 
traditional chi-squared approximation. This recommendation is justified further in ? 4, 
where we shall illustrate some local power properties of X2 for this situation. 

Under the hypothesis that cell frequencies come from an underlying Poisson distribu- 
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tion with equal means, Zelterman (1984) uses Berry-Esseen bounds to demonstrate that 
G2 and the Freeman-Tukey T2 (2.1) are more closely approximated by the normal 
distribution than is X2. A small-scale simulation is used to confirm his conclusions. The 
suggested poor performance of X2 relative to G2 in this study does not contradict the 
results using the chi-squared approximation cited in ? 1, since Zelterman is comparing the 
performance of both X2 and G2 assuming only the normal asymptotic distribution. For 
equiprobable hypotheses (as assumed by Zelterman), Koehler & Larntz (1980) indicate 
that the distribution of X2 is better approximated by the chi-squared than by the normal 
distribution, and that generally this is a preferable test to using G2 with the normal 
approximation. Read (1984b) finds the normal approximation to be much poorer than the 
chi-squared approximation for both X2 and G2 when 10 

< 
n s 20 and 2 : k s 6. 

For null hypotheses with unequal cell probabilities, Koehler & Larntz (1980) 
recommend using G2 with the normal approximation when most expected frequencies are 
less than 5, n 15, and n2/k ; 10. The accuracy of the normal approximation for X2 is 
seriously affected by a few extremely small expected frequencies, whereas the normal 
approximation for G2 is not. With regard to the chi-squared approximation, Koehler & 
Larntz observe that it produces liberal critical values for X2 when the null hypothesis has 
many expected frequencies less than 1; for G2 it suffers the same shortcomings observed 
in the equiprobable case. 

3.3 The Effect of Parameter Estimation 

The calculations of Koehler & Larntz (1980) assume that all hypotheses are simple and 
require no parameter estimation. Koehler (1986) studies the effect of parameter 
estimation in loglinear models (with closed form maximum likelihood estimates) on the 
accuracy of the normal approximation to G2. He gives sufficient conditions for the 
asymptotic normality of G2 applied to testing loglinear models; these require not only the 
number of cells k to increase at a similar rate to the sample size n, but also n must 
increase faster than the number of parameters estimated. Dale (1986) derives the 
asymptotic normal distributions of X2 and G2 when the underlying sampling model is a 
product multinomial with maximum likelihood estimated parameters. 

In addition to the asymptotic results for G2, Koehler (1986) provides a Monte Carlo 
study of X2 and G2 for loglinear models (even though no asymptotic derivations are 
presented for X2). The main conclusions are as follows. 

(a) The chi-squared approximation is generally unacceptable for G2, but reasonably 
accurate for X2 when the expected frequencies are nearly equal. 

(b) For tables with 'both moderately large and very small' expected frequencies, the 
chi-squared approximation for X2 can be poor. 

(c) Generally the normal approximation is more accurate for G2 than for X2. 
(d) Substituting the maximum likelihood estimates for the expected frequencies 

sometimes results in large biases for the moments of G2 

Koehler recommends that less-biased estimators need to be developed. 

3. 4 Conditional Tests 

An alternative to the asymptotic approximation of Koehler (1986) is presented by 
McCullagh (1985a, b; 1986). He argues that it is appropriate to condition on the sufficient 
statistic for the nuisance parameters; this removes the distributional dependence on the 
unknown parameters. He then presents a normal approximation for the conditional tests 
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based on X2 and G2. These results require the number of estimated parameters to remain 
fixed as k becomes large. McCullagh (1985a) provides a small-scale simulation study for 
X2, which 'demonstrate[s] the inadequacy of the normal approximation' (McCullagh, 
1986, p. 107). He concludes that an Edgeworth approximation with skewness correction is 
required for X2, and expects the same correction will give better results for G2. However, 
as Koehler (1986) notes, there are still no empirical assessments regarding the accuracy of 
these Edgeworth approximations relative to the unconditional results of Koehler 
discussed earlier. 

3.5 Comparing Models with Constant Difference in Degrees of Freedom 

Yet another alternative for testing hypotheses in large sparse contingency tables is to 
embed the hypotheses of interest in a more general (unsaturated) model, as described by 
Haberman (1977). The (modified) statistics X2 and G2, defined to detect the difference 
between these models, will be approximately chi-squared distributed under certain 
conditions on the expected frequencies and the hypotheses under comparison. Apart from 
the analysis of Agresti & Yang (1987), there have been no definitive comparisons of the 
adequacy of the chi-squared approximation for X2 and G2 

3.6 The C(m) Distribution 

In some situations it may happen that some of the expected frequencies beome large 
with n (according to the classical assumptions) while others remain small (as described by 
the sparseness assumptions). Cochran (1942) suggests that in this situation the C(m) 
distribution should be used, which is defined as follows. Assume that as n --> , r expected 
frequencies remain finite, giving nti - mi, i = 1,..., r; and 

nr-t,• 
oo for i = r + 1, ... , k. 

Then the limiting distribution of X2 is given by the convolution of (U, - mi)2/mi, where 
the sum is over i = 1,... , r, and of 

Xk-r--, 
where {U1} are independent Poisson random 

variables with means {mi)} and X -r-- is a chi-squared random variable with k - r - 1 
degrees of freedom. The convolution is called the C(m) distribution where m= 

(mi, m2,..., YMr.), and is developed by Yarnold (1970) as a good approximation for X2 
when there are a few small expected frequencies; Lawal (1980) produces percentage 
points for the C(m) distribution. Lawal & Upton (1980) recommend using a lognormal 
approximation for C(m), which in the case of testing independence in contingency tables 
can be replaced by a scaled chi-squared approximation that is much simpler to use (Lawal 
& Upton, 1984). An alternative is to use the normal approximation with G2 as 
recommended by Koehler & Larntz (1980) and Koehler (1986) for testing various loglinear 
models including independence. 

4 Efficiency Comparisons 

During the early years, there was much activity devoted to approximating the critical 
value of X2 under the null hypothesis. However, Cochran (1952, p. 323) states 'the 
literature does not contain much discussion of the power function of the X2 test'. He 
attributes this lack of activity to the fact that Pearson's X2 is used often as an omnibus test 

against all alternatives, and hence power considerations are not feasible. Some specific 
alternatives have been considered however, and in this section we present the published 
results on the efficiency of X2 and G2 under both the classical (fixed-cells) assumptions of 

? 2 and the sparseness assumptions of ? 3. 
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4. 1 Classical (Fixed-Cells) Assumptions 

Neyman (1949) points out that the X2 test is consistent; that is for a nonlocal (fixed) 
alternative hypothesis, the power of the test tends to 1 as the sample size n increases. This 
is also true for G2, implying that the asymptotic power function cannot serve as a criterion 
for distinguishing between competing tests. To overcome this problem, Cochran (1952) 
suggests looking at a family of simple local alternatives (i.e., local alternatives requiring 
no parameter estimation) that converge to the null probability vector as n increases, at. the 
rate n-. This leads to the comparison criterion called Pitman asymptotic relative 
efficiency. For such local alternatives, Cochran illustrates (through an argument he 
attributes to J.W. Tukey) the now well-known results that X2 attains a limiting noncentral 
chi-squared distribution (under the classical assumptions). The general result for 
composite local hypotheses (i.e., local alternatives requiring parameter estimation) is 
proved by Mitra (1958). The identical asymptotic distribution is derived for all members 
of the power-divergence family (1.3) in Cressie & Read (1984), which indicates that, in 
terms of Pitman asymptotic relative efficiency, no discrimination between X2, G2 or any 
other power-divergence statistic is possible. 

In a more general setting, Wald (1943) derives a statistic that (under suitable regularity 
conditions) possesses asymptotically best average and best constant power over a family of 
surfaces, and is asymptotically most stringent (Wald, 1943, definitions VIII, X, XII and 
equation (162)). Subsequently, Cox & Hinkley (1974, p. 316) show that in the special 
context of the multinomial distribution, both X2 and G2 are asymptotically equivalent to 
the Wald statistic. From the results of Cressie & Read (1984), it follows that the 
power-divergence statistic (1.3) inherits these same optimal power properties. 

Cohen & Sackrowitz (1975) prove an interesting local optimality property of Pearson's 
X2 amongst a family of statistics that includes the power-divergence statistic. They show 
that under the classical (fixed-cells) assumptions, X2 is type-D for testing the equi- 
probable null hypothesis. This means that amongst all tests (of the same size) that are 
locally strictly unbiased, X2 maximizes the determinant of the matrix of second partial 
derivatives of the power function evaluated at the null hypothesis. Using the same family 
of tests as Cohen & Sackrowitz (1975), Bednarski (1980) shows that X2 is also 
asymptotically optimally efficient (uniformly minimax) for testing whether the true 
multinomial probabilities lie within a small neighborhood of the null hypothesis (i.e., 
testing 'e-validity'). The critical value of the test is obtained from the noncentral 
chi-squared distribution with noncentrality parameter depending on the size of the 
neighborhood. 

4.2 Small-Sample Studies 
A small-sample power study of X2 and G2 is provided by West & Kempthorne (1971) , 

who plot the exact power curves for both statistics using various composite alternatives. 
They conclude that there are some regions where X2 is more powerful than G2 and vice 
versa. This conclusion is verified by Koehler & Larntz (1980). On the other hand, 
Goldstein, Wolf & Dillon (1976) perform a series of simulations to compare the power 
functions of X2, G2 and the Freeman-Tukey statistic F2 (2.2) in the case of two- and 
three-dimensional contingency tables, and they obtain nearly identical results for all three 
statistics. Wakimoto, Odaka & Kang (1987) calculate some exact powers of X2, G2 and 
F2 and show that there is a substantial difference between the powers of the test statistics 
for what we call the bump and dip alternatives in Cressie & Read (1984). In agreement 
with the discussion in Read & Cressie (1988, ? 5.4), they show that X2 is best for bumps 
and F2 is best for dips; G2 lies between X2 and F2 
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Two empirical studies by Haber (1980, 1984) indicate that X2 is more powerful than 
G2. In the earlier article he considers inbreeding alternatives to the Hardy-Weinberg null 
model, and in the later one he considers the general hypothesis of no three-factor 
interaction in 2 x 2 x 2 contingency tables. It is clear that tests on cross-classified 
categorical data need special consideration, and, since the alternative model plays a big 
role in any power study, more research in the area of loglinear models is needed before a 
definitive answer to the question of power can be given. 

In the case of discrete data from partitions of continuous distributions, a recent Monte 
Carlo study (Kallenberg, Oosterhoff & Schriever, 1985) shows X2 and G2 to have similar 
power for testing the equiprobable hypothesis using small k. In other cases (i.e., larger k, 
or hypotheses with unequal cell probabilities), X2 is shown to be better than G2 for 
heavy-tailed alternatives and G2 better than X2 for light-tailed alternatives. Throughout 
this study, the authors adjust G2 (but not X2) by a scaling factor to improve the 
chi-squared significance level approximation in small samples. 

4.3 Sparseness Assumptions 

Under the sparseness assumptions of ? 3, the limiting distributions of X2 and G2 are 
different. For the equiprobable null hypothesis, Holst (1972) and Ivchenko & Medvedev 
(1978) show that X2 is more powrful than G2 for testing local alternatives (i.e., X2 has 
superior Pitman asymptotic efficiency). Koehler & Larntz (1980) provide Monte Carlo 
studies that support this conclusion and they remark further, 'X2 is more powerful than 
G2 for a large portion of the simplex when k is moderately large' (p. 341). However for 
null hypotheses with unequal cell probabilities no general rule applies, and either G2 or 
X2 may be more powerful as illustrated by Ivchenko & Medvedev (1978) and Koehler & 
Larntz (1980). 

Zelterman (1986, 1987) introduces a new statistic 
k 

D= X- 
2 Xi(nr i), 

derived from the loglikelihood ratio statistic for testing a sequence of multinomial null 
hypotheses against a sequence of local alternatives which are Dirichlet mixtures of 
multinomials. Zelterman claims that D2 is not a member of the power-divergence family 
of goodness-of-fit statistics, however it is easy to show that 

k (X, - 
- n,)2 k 1 

i=1 n i= 1 4nxr, 

The first term is a 'generalized' X2 statistic, and the last two terms are independent of the 
data. Thus if the family of power-divergence statistics is expanded to include 

k 

h (X, + c, m + d), 
i=1 

where 

hA(u, v) = 1) - 1 +Z [v -u] , 

then D2 is equivalent to the member of the family with A = 1, c = -4, d = 0. Zelterman 
shows that D2 exhibits moderate asymptotic power when the test based on X2 is biased 
(i.e., has power smaller than size), and he gives reasons why G2 and D2 may have better 
normal approximations than X2 when the data are very sparse. 
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4. 4 Nonlocal Alternatives 

Cochran (1952) points out that using local alternatives is only one way of ensuring that 
the power of a consistent test is not close to 1 in large samples. Another approach is to 
use a nonlocal (fixed) alternative but make the significance level r100% decrease 
steadily as n increases. Hoeffding (1965) follows up this approach using the theory of 
probabilities of large deviations. He shows that by fixing the null and alternative 
probabilities and letting c--+ 0 as n oo, then G2 is more powerful than X2 for simple and 
some composite alternatives. However he comments further that there is a need for more 
study in cases of moderate sample size, other relevant discussions are contained in 
Oosterhoff & Van Zwet (1972) and Sutrick (1986). 

This approach is similar to one introduced and developed through a series of articles in 
the 1960's and early 1970's by Bahadur (1960, 1965, 1967, 1971) under the classical 
(fixed-cells) assumptions. Bahadur (1960, p. 276) states, 

... the study (as random variables) of the levels attained when two alternative tests of the same 
hypothesis are applied to given data affords a method of comparing the performances of the 
tests in large samples. 

For a nonlocal (fixed) alternative, Bahadur studies the rate at which the attained 
significance level of the test statistic tends to 0 as the sample size n becomes large. 
Bahadur (1971) gives the details for calculating the Bahadur efficiency of X2 and G2, 
which is extended to the power-divergence statistic (1.3) in Cressie & Read (1984). The 
most important result is that G2 attains maximum Bahadur efficiency among all members 
of the power-divergence family. 

These results have been extended by Quine & Robinson (1985), who show that under 
sparseness assumptions, with n/k finite as n -- oo, G2 is infinitely superior to X2 in terms 
of Bahadur efficiency. This result conflicts with the superior Pitman asymptotic efficiency 
of X2 relative to G2 under the sparseness assumptions of ? 3; see also Kallenberg (1985). 
The Bahadur efficiency results need to be viewed in the context of the local optimality 
properties of X2 (noted previously for both fixed and increasing k), together with the 
empirical results, which tend to favor X2. Studying the rate at which the significance level 
tends to 0 under a fixed alternative (as the sample size increases) is not in the spirit of 
traditional hypothesis testing, since there it is the significance level that is held fixed. It 
should be noted, however, that in practice the observed probability or p-value is often 
used in place of a fixed significance level. Therefore there is some justification for 
comparing two statistics in terms of which gives a distribution of p-values tending to zero 
faster under a fixed alternative. 

4.5 Closer Approximations to the Exact Power 
The small-sample accuracy of using the noncentral chi-squared distribution to ap- 

proximate the power function of X2 is assessed independently by Haynam & Leone 
(1965), Slakter (1968) and Frosini (1976). All agree that the approximation is not good, 
and Slakter concludes that the noncentral chi-squared approximation overestimates the 
power by as much as 20%. Koehler & Larntz (1980) reach a similar conclusion when 
approximating moderate power levels with the normal distribution (under the sparseness 
assumptions with no parameter estimation). However, in the case of large sparse 
contingency tables where parameters need to be estimated, Koehler (1986) comments 
that there is a clear need for a further assessment of the normal approximation. 

Unlike the case for the null hypothesis, very little has been published on closer analytic 
approximations to the distribution of X2 or G2 under alternative hypotheses. Peers (1971) 
derives a second-order term for the asymptotic distribution of the general loglikelihood 
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ratio statistic for continuous distribution functions. However, these results do not hold 
when the underlying distribution is multinomial; see also Hayakawa (1977) and Chandra 
& Ghosh (1980). 

Frosini (1976) proposes a gamma distribution to replace the noncentral chi-squared 
approximation, and illustrates the improvement through a series of exact studies. Broffitt 
& Randles (1977) propose a normal distribution to approximate the power function, 
which they justify for a suitably normalized X2 statistic when assuming a nonlocal (fixed) 
rather than local alternative. Through simulations, they conclude that the normal 
approximation is more accurate than the noncentral chi-squared distribution when the 
exact power is large, but the reverse is the case for moderate exact power. This concurs 
with the previously mentioned comments from Koehler & Larntz (1980) regarding the 
accuracy of the normal approximation for moderate power levels. 

Drost et al. (1989) derive two new large-sample approximations to the power of the 
power-divergence statistic (1.3). These are based on Taylor-series expansions valid for 
nonlocal alternatives; Broffit & Randles' (1977) approximation is shown to be a special 
case after moment correction. Their small-sample calculations show that the traditional 
noncentral chi-squared approximation is tolerable for X2, but can be improved using one 
of their new approximations. For G2 the noncentral chi-squared approximation can be 
quite inaccurate, and should be replaced by their new approximations, which perform 
very well. 

4.6 Choosing the Cell Boundaries 

Depending on the type of data to be analyzed, an experimenter may have to decide on 
the number of cells k that are to be used in calculating the goodness-of-fit statistic. For 
example, should some cells be combined? Furthermore, if the data come from an 
underlying continuous distribution, and are to be partitioned to form a multinomial 
distribution, the width between the cell boundaries needs to be decided. 

Many authors writing on goodness-of-fit tests have proposed that the boundaries should 
be chosen so the cells are equiprobable, giving Ho: ,roi = 1/k, i = 1, .. . , k. This choice 
ensures that X2 and G2, and in general the power-divergence statistic (1.3), are unbiased 
test statistics (Mann & Wald, 1942; Cohen & Sackrowitz, 1975; Sinha, 1976; Spruill, 
1977). Subsequent work by Bednarski & Ledwina (1978) and Rayner & Best (1982) 
indicate that generally (but not always) both X2 and G2 (and the power-divergence 
statistic) are biased test statistics when the cells are not equiprobable. Haberman (1988) 
illustrates for X2 that the bias can be quite serious in the case of very sparse contingency 
tables. In addition, Gumbel (1943) illustrates the potential for strikingly different values 
of X2 when using different class intervals with unequal probabilities. All these results help 
to justify why many authors concentrate on the equiprobable null hypothesis for 
small-sample comparisons. However it is important to realize that there are still some 
disagreements on this issue for certain hypotheses; for example Kallenberg et al. (1985) 
argue that using smaller cells in the tails may provide substantial improvement in power 
for heavy-tailed alternatives (but a loss in power for light-tailed alternatives). For further 
disagreements on the recommendation to choose equiprobable cells, see Lancaster (1980, 
p. 118), Ivchenko & Medvedev (1980, p. 545) and Kallenberg (1985). 

Assuming the equiprobable cell model, Mann & Wald (1942) derive a formula for 
choosing the number of cells k (based on sample size n and an a100% significance level) 
so that the power of X2 is at least 1 for all alternatives no closer than A to the 
equiprobable null probabilities. This result is generalized to other power levels by 
Harrison (1985). However Williams (1950) shows that for n > 200, the value of k given by 
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the Mann-Wald formula can be halved without significant loss of power. The more recent 
studies of Hamdan (1963), Dahiya & Gurland (1973), Gvanceladze & Chibisov (1979), 
Best and Rayner (1981) and Quine & Robinson (1985) indicate that the Mann-Wald 
formula may result in a choice of k that is too large, and reduces the power of the test 
against specific alternatives. 

Oosterhoff (1985, p. 116) illustrates why the viewpoint 'that finer partitions are better 
than coarse ones because less information gets lost' does not hold true for some specific 
alternatives. Using the example of testing local alternatives with Pearson's X2 (where X2 
is asymptotically distributed as noncentral chi-squared), Oosterhoff shows that the 
increase in the number of cells k has two competing asymptotic effects. One effect is an 
increase in power due to an increase in the noncentrality parameter; the second effect is a 
decrease in power due to an increase in the variance of X2. Which of these competing 
effects is stronger depends on the specific alternative under test. 

Best & Rayner (1981) consider testing the null uniform distribution against alternatives 
that have density functions made up of varying numbers of piecewise linear segments (in 
particular the uniform density is made up of one piecewise linear segment). They 
conclude that k need only be just greater than the number of piecewise linear segments 
specified in their alternative hypothesis. The subsequent calculations of Oosterhoff (1985) 
and Rayner, Best & Dodds (1985) indicate that many alternative hypotheses to the 
equiprobable null model require only small k to achieve reasonable power; however more 
complicated alternatives involving sharp peaks and dips ('bumps') require larger k. 
Choosing the 'correct' number of cells makes X2 a much more competitive test statistic 
than previous results indicate. 

Best & Rayner (1985) discuss an alternative approach in which k is set equal to the 
sample size n, and X2 is broken down into k - 1 orthogonal components of which only 
the first few are used. They illustrate situations in which this approach provides good 
power for the most frequently encountered alternative hypotheses. Further discussion of 
the power of orthogonal components of X2 is provided by Best & Rayner (1987). 

5 Modified Assumptions and their Impact 
The effect of modifying the assumptions underlying the goodness-of-fit statistics X2 and 

G2 have been examined from a variety of perspectives. The effects of small expectations 
and sparseness are two well-known examples which we discussed in previous sections of 
this review. We now consider some other modifications. 

5.1 Estimation from Ungrouped Data 

Consider testing the hypothesis that a sample (yi,, ... , y,,) comes from a parametric 
family F(y, 0) of continuous distributions, where 0 =(0, 82, ..., 0,) is a vector of 
nuisance parameters that must be estimated. The traditional goodness-of-fit statistics can 
be applied to test this hypothesis by grouping the data into k cells with observed 
frequencies x= (x1, x2,..., Xk), and estimating the expected frequencies of each cell 
(which depend on 0) with some best-asymptotically-normal estimate. The results of ? 1 
indicate that under Ho, X2 and G2 will be asymptotically distributed as chi-squared 
random variables with k - s - 1 degrees of freedom. Chernoff & Lehmann (1954) 
consider the effect of estimating 0 from the original ungrouped observations 

(yl, Y2, .., y,) rather than basing the estimate on the cell frequencies x. They show that 
the resulting modified X2 statistic (called the Chernoff-Lehmann statistic) is stochastically 
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larger than the traditional X2, and has a limiting distribution of the form 
k-s-1 k-1 

y2i + A 
•iY2i; i=1 i=k-s 

where the {Yj} are independent standard normal variates and the {Aj} (0< Aj < 1) may 
depend on the unknown parameter vector 0. Moore (1986) provides an example of the 
use of the Chernoff-Lehmann statistic. Read & Cressie (1988, ? 4.1) discuss the 
Chernoff-Lehmann analogue for the power-divergence statistic (1.3). 

5.2 Data-Dependent Cells 

A second modification, which has an important impact on the distribution of the 
Chernoff-Lehmann statistic, is the use of data-dependent cells. Watson (1959) points out 
that the choice of cell boundaries for continuous data are typically not fixed but are 
data-dependent. For example, if the hypothesized distribution were normal, the previous 
results on the desirability of equiprobable cells may lead us to set up boundaries using the 
sample mean and variance in order to achieve approximate equiprobable cells. 

Roy (1956) and Watson (1957, 1958, 1959) independently observe that with such 
data-dependent cells, the limit distribution of the Chernoff-Lehmann statistic still takes 
the form described in ? 5.1. This extension to random cell boundaries is particularly useful 
when the family F(y, 0) under test is a location/scale family, since Roy and Watson show 
the cells can be chosen so that the Chernoff-Lehmann statistic loses its dependence on 0. 
Dahiya & Gurland (1972, 1973) produce a table of percentage points for the distribution 
of this statistic, together with some power calculations for testing normality. 

When the number of cells increases with n, Gan (1985) derives the asymptotic 
normality of X2 when 0 is a one-dimensional location parameter estimated via the 
ungrouped sample median. This result parallels those under the sparseness assumptions in 
? 3. 

Rao & Robson (1974) derive a quadratic form that can be used as an alternative to the 
Chernoff-Lehmann statistic (with either fixed or random cell boundaries) when the 
parameter 0 is estimated from the ungrouped data. When testing distributions from the 
exponential family, the Rao-Robson statistic has the advantage of obtaining a limiting 
chi-squared distribution with k - 1 degrees of freedom regardless of the number of 
parameters estimated. The review of Moore (1986) provides a useful summary of the 
Rao-Robson statistic and a further generalization using other estimates of 0. 

Watson (1959) points out that random cell boundaries can be used also with the 
traditional Pearson X2 statistic, where the parameter vector 0 is estimated from the 
grouped data. Watson proves that for certain types of data dependence, the test statistic 
X2 Will still have a limiting chi-squared distribution with degrees of freedom k - s - 1, 
where k is the number of data-dependent cells and s is the dimension of 0. Therefore, 
after choosing the cell boundaries based on the observed data, the method of choice can 
be forgotten and Pearson's X2 statistic can be used to test the hypothesis. 

Other relevant articles include that of Moore & Spruill (1975) who provide an account 
of the distribution theory for a general class of goodness-of-fit statistics comparing both 
fixed and random cell boundaries. Pollard (1979) generalizes the results on data- 
dependent methods of grouping in the case of multivariate observations. Moore (1986) 
provides a succinct summary of these results. 

5.3 Serially Dependent Data and Cluster Sampling 

The effect of serially dependent data on the test statistics is another interesting 
modification to the traditional assumptions that has received attention recently. When 
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testing the fit of a sequence of observations to a null model for the multinomial 
probabilities, it is assumed generally that the observations are independent and identically 
distributed. Gleser & Moore (1985) provide a short survey of the literature regarding 
serially dependent observations, and show that if the successive observations are 
positively dependent (according to their general definition), then the power-divergence 
statistic obtains an asymptotic null distribution that is larger than the usual chi-squared 
distribution. In other words, positive-dependence is confounded with lack of fit. This 
conclusion is shown to include certain cases of Markov-dependence studied by Altham 
(1979), Tavar6 & Altham (1983) and Tavar6 (1983) for testing independence in 
two-dimensional contingency tables. However Tavar6 (1983) illustrates that if one of the 
two component processes is made up of independent observations and the other is an 
arbitrary stationary Markov chain, then the X2 statistic for testing independence is still 
distributed as a chi-squared random variable with the usual number of degrees of 
freedom. 

Gleser & Moore (1985) point out that another type of dependence is introduced by 
cluster sampling as described by Cohen (1976), Altham (1976), Brier (1980), Holt, Scott 
& Ewings (1980) and Rao & Scott (1981). Binder et al. (1984) provide a succinct review 
of the issues associated with fitting models and testing hypotheses from complex survey 
designs; they derive the appropriate Wald statistics and find suitable approximations to 
the null distributions of X2 and G2. Koehler & Wilson (1986) extend the results of Brier 
(1980) for a Dirichlet-multinomial model and study statistics for loglinear models in 
general survey designs that use some knowledge of this sampling design. A variety of 
corrections to X2 and G2 have been proposed in the papers cited here; other corrections 
include those of Bedrick (1983), Fay (1985) (using the jackknife), Rao & Scott (1984) and 
Roberts, Rao & Kumar (1987). Thomas & Rao (1987) study the small-sample properties 
of some of these corrected statistics under simulated cluster sampling. 

For the researcher who suspects serial-dependence but does not wish to model it, the 
results of Gleser & Moore (1985) are particularly important. They indicate that X2, G2 
and other members of the power-divergence family (1.3) may lead to falsely rejecting the 
null hypothesis. 

5.4 Overlapping Cell Boundaries 

An interesting modification to Pearson's X2 is discussed by Hall (1985), who considers 
using overlapping cell boundaries rather than disjoint partitions. Under certain specified 
conditions, Hall shows that this modified X2 statistic has superior power to that of the 
traditional X2 statistic. A similar modification and conclusion is provided by Ivchenko & 
Tsukanov (1984) (from a different viewpoint). 

5.5 Smoothing 

Simonoff (1986) considers the problem of estimating parameters, and suggests that in 
sparse tables it may be preferable to base general parameter estimates on smoothed 
frequencies rather than on the original frequencies. This can result in improved 
probability estimation, for example, Simonoff (1983) and Titterington & Bowman (1985); 
however the resulting distributions of the goodness-of-fit statistics are difficult to work 
with (Simonoff, 1985). Consequently, further research is needed to assess the effects of 
smoothing on the test statistics, and to achieve workable distribution approximations. 
Examples of (nonparametric) smoothing of the observed frequencies in sparse tables are 
contained in Simonoff (1985, 1987) and Burman (1987). Further references for smoothing 
are given in Bishop et al. (1975, Ch. 12). 
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5.6 Ordered Hypotheses 

A modification of the usual hypotheses to incorporate ordered null and alternative 
hypotheses, for example, 7rl < 7r2 • .?.. . tk, is described by Lee (1987). These hypoth- 
eses do not fit into the usual theory and so new distributional results must be derived. Lee 
shows that Pearson's X2 and the loglikelihood ratio G2 (and the Neyman-modified 
statistic) have asymptotically equivalent null distributions consisting of a mixture of 
chi-squared distributions. 

5.7 Using Information on the Positions of Observations in each Cell 

Finally we mention the work of Csaiki & Vince (1977, 1978) who consider modifying X2 
for grouped continuous data to reflect not only the number of observations in each cell 
but also their positions relative to the cell boundaries. They derive the limiting 
distributions of two such modified statistics for both the classical (fixed-cells) assumptions 
and the sparseness assumptions. Under some specific conditions they show these two 
statistics to be comparable to, and sometimes more efficient than, X2; however, the 
computations for these modified statistics are much more complicated. 

6 Future Directions 

6.1 Sparseness Assumptions 

Under the sparseness assumptions of ? 3, distribution theory for hypothesis testing and 
parameter estimation is limited. Little has been said when the null hypothesis H0 is not 
the equiprobable hypothesis nor, for that matter, when the null hypothesis is composite 
and parameters need to be estimated. Read & Cressie (1988, ? 8.1) synthesize the 
literature in this area. 

6.2 Akaike's Information Criterion 

Akaike's information criterion (AIc) (Akaike, 1973) has been proposed as an 
alternative approach to goodness-of-fit testing. For the multinomial distribution, consider 
the null and alternative hypotheses 

Ho:n E ITo, Hl:n E Ak, 

where Ho requires s parameters to be estimated, and 

Ak= 
12(Pl,*P2*,...YPk):Pi>0;i=1,...,kand 

pi p=1 

is the (k - 1)-dimensional simplex. In this case, the difference between the AIC's for Ho 
and Hi can be written in terms of G2 (Sakamoto & Akaike, 1978; Sakamoto, Ishiguro & 
Kitagawa, 1986); i.e., 

AIC(Ho) - AIC(H1) 
= 

G2 - 2(k - s - 1). 

Following the Akaike approach, Ho is rejected if this statistic is greater than zero; in other 
words, if G2 is greater than twice its asymptotic expectation under Ho. 

It is straightforward to define an analogous AIC for the power-divergence family (1.3), 
i.e., 

2nl(X/n :it) - 2(k - s - 1), 
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where fc is an efficient estimator of x under Ho. Similarly the Bayes information criterion 
(BIC), 

G2 - (k - s - 1) log (n) 

(Schwarz, 1978), has an analogous power-divergence form, 

2nlI(X/n: ^t) - (k - s - 1) log (n). 

Both of these general forms are discussed in Read & Cressie (1988, ? 8.3). This is just one 
example of how a statistic or a criterion based on X2 or G2 can be generalized to the 
analogous version based on 2nIl given by (1.3). 

6.3 Analyzing Individual Cell Deviations 

Throughout this review we have referred to the interpretative value of regarding X2 
and G2 as special cases in the family of power-divergence statistics (1.3), respectively the 
cases A = 1 and A =0. The Pearson statistic X2 has a nice interpretation as a 
decomposition into k positive terms, 

(Xi - nxri)2 
n.ri 

the ith term quantifying the extent of (relative) deviation of observed from expected in 
the ith cell. 

At first glance it appears that this is not the case for G2. However Anscombe (1985) has 
pointed out that (1.3) can be rewritten as 

k 

2nlI(X/n :•n)= h"(Xi, nxir), (6.1) 
i=1 

where 

hA(Xi, nri) = + X1) - 1 + A1[n~r - (6.2) 
A(A.+ 1)6 n. 

and hA(X;, nxr1) is positive for each i = 1,..., k. For example, when A = 0, 
k 

G2= 2 2 {Xi log (Xi/nri) + [n7ri - XJ]}. 
i=1 

Each term is positive and quantifies the extent of deviation of observed from expected in 
the ith cell. Read & Cressie (1988, Ch. 6, 8) explore this decomposition further. 

6.4 Weighted Least Squares 

Another approach to fitting and testing models for categorical data is the method of 
weighted least squares (Grizzle, Starmer & Koch, 1969). Briefly, this involves fitting 
models for the cell probabilities n = (x,, 2t2,... ** k) Of the form 

g(n) = IW'. (6.3) 

Here g(n) = (g1(R), g2( ),..., ggt(R)), where each gi(s) is a (known) smooth function on 
the probability simplex, W is a t x u design matrix and B = (f3, 12, ... , fu) is a vector of 
(unknown) parameters. Grizzle et al. (1969) propose estimating I by minimizing 

(g(x/n) - jW')S-(g(x/n) - W')' (6.4) 
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with respect to 0, where S- is a generalized inverse of the sample covariance matrix of 
g(x/n). A comprehensive overview of the weighted least squares approach is given by 
Forthofer & Lehnen (1981); further examples and comparisons with maximum likelihood 
can be found in Freeman (1987). 

Consider now the power transformation 

- 

-1 

r'__-1 

X60-1 
g(O n) 

? 
I W 

o 
YW Y. o 

The approximate covariance matix of g"(x/n) is derived easily from the 6-method. Using 
a very convenient generalized inverse, (6.4) becomes 

k(xi/n)( - 1 77r'-1-2 n [1(xi /n)1-2, (6.5) 

where 
[('- 1)/w, (7r' - 1)/1,..., (ar' - 1)/w]J = PW'. (6.6) 

Read & Cressie (1988, Ch. 6) show that (6.5) can be approximated by 2nI"(n: x/n)= 
2nl-F-(x/n ; ), and therefore the weighted least squares estimate obtained by minimiz- 
ing (6.5) will be close to the minimum power-divergence estimate Ax) with A = -w - 1, 
where the estimate A~) is obtained by minimizing 2nl(x/n: x) subject to (6.6). 

For the special case w = 1 the model (6.6) is linear in the cell probabilities. The 
respective minimum power-divergence estimate is c&(--1) > (-2) which is Neyman's 
minimum modified chi-squared estimate, as it should be (Neyman, 1949). 

6.5 Summary 

The power-divergence statistic (1.3) provides a formal link between the literature on 
Pearson's X2 and the loglikelihood ratio statistic G2. In addition, it provides a path from 
which to extend the current research on goodness-of-fit statistics and to look for better 
test statistics under specific conditions. In this review we have provided a basis that we 
hope will generate further research on the analysis of discrete multivariate data. 
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Resume 

Dans cet article nous examinons le r6le des statistiques X2 (de Pearson) et G2 (le logarithme du rapport de 
vraisemblance) dans une famille de statistiques qui servent a tester des hypotheses concernant les donn6es discrbtes et multivari6es. Cette famile, qui s'appelle 'the power-divergence family of statistics' est engendr6e par un seul parametre A; le cas A = 1 correspond 

' 
X2, alors que A = 0 correspond 

' 
G2. Certaines propriet6s de la 

famille et certains cas particuliers sont present6s. Une statistique nouvelle (A = ) est souvent pr6f6rable X2 
et G2. 
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