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SUMMARY

Many environmental studies involve the measurement of ecological indices that yield spatially dependent
data. One quantity that captures the empirical distribution of ecological measurements is the spatial
cumulative distribution function (SCDF). Methods for making inferential statements about SCDFs have
only recently been developed, one being that of spatial subsampling. While spatial subsampling produces
inferential quantities with known asymptotic properties, the performance of this methodology in a ®nite-
sample setting has not previously been investigated. In this article, we review the subsampling method and
its theoretical justi®cation, and investigate the performance of this method for ®nite samples with a
simulation study involving several subsampling designs and types of spatial dependence. The subsampling
methodology appears to give quite good results over a range of realistic spatial processes. For application to
a set of spatially dependent data, an appropriate subsampling procedure may be designed on the basis of
quantities contained in the (estimated) variogram. # 1997 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Many environmental studies, such as those concerned with hazardous-waste-site characteriza-
tion, monitoring of the extent and condition of ecological resources, and studies of global
warming must deal with spatially incomplete, statistically dependent data. Our approach is to
model the spatial process, both observed and unobserved parts, with a continuous random ®eld.
Spatial statistics that are functions of the whole process are then seen to be random quantities,
deriving their randomness from the random ®eld.

We notate the conceptual spatial process as

Z��� � fZ�s� : s 2 Dg; �1:1�

where s is a spatial location in the domain of interest D. Then f �fZ�s� : s 2 Dg�, a function of
(1.1), is a spatial statistic. For example, Lahiri et al. (1996) consider the spatial process to be an
index of foliage condition for Red Maple (Acer rubrum L.) in the state of Maine, U.S.A. The
index is called the Crown Defoliation Index (CDI) and is constructed from three variables
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measured on individual trees: crown dieback �X1�, foliage transparency �X2�, and diameter
at breast height �X3�. If there are n�s� trees in a ®eld plot centred at location s, the CDI at s is
de®ned as,

Z�s� �

Xn�s�
i�1

X3i�X1i � X2i�=2

Xn�s�
i�1

X3i

:

In reality, there are data Z�s1�; . . . ;Z�sN� from N ®eld plots located at s1; . . . ; sN . Weighting and
averaging the contributions of individual trees is in line with a view of the forest as a continuous
random ®eld; conceptually Z�s� is de®ned for a plot at any location s, provided there is at least
one tree in the plot. Hence, the region D in (1.1) consists of those s for which Z�s� is de®ned.
Monitoring of forest condition involves inter alia making inference on certain functions

(i.e. spatial statistics) of the spatial process Z���. Here we feature a spatial statistic called the
spatial cumulative distribution function (SCDF); for region R � D, the SCDF is de®ned as

F̂1�z;R� �
Z
R

1�Z�u�4 z� du= jR j ; z 2 R; �1:2�

where jR j denotes the area of region R, and 1�A� is the indicator function of a statement A that
takes the value 1 or 0 according as if A is true or false. The SCDF (1.2) is viewed as a function of
z 2 R (the set of real numbers). Clearly, it captures the (empirical) distribution of the random
process Z��� observed throughout the local area R. Further explanation of the importance of the
SCDF in summarizing ecological condition in region R, can be found in Majure et al. (1996) and
Lahiri et al. (1996).

The SCDF is chosen because it summarizes information well and has immediate graphical
appeal. Less immediate is the availability of a methodology for statistical inference; notice from
(1.2) that the SCDF is a statistic based on spatially dependent data whose realizations are real-
valued functions. Lahiri et al. (1996) propose a generalization of the standard subsampling
method, used in the context of time series and lattice processes (see, for example, Possolo, 1991;
Politis and Romano, 1996; Hall and Jing, 1994; Sherman and Carlstein, 1994), to random ®elds
with continuous spatial index. This form of subsampling is useful for non-parametric inference
about SCDFs and other spatial statistical functionals of fZ�s� : s 2 Dg when, conceptually,
sampling sites may ®ll in any given part of the sampling region increasingly densely and the
region of interest increases with sample size. Accordingly, the theoretical aspects of inference
based on spatial subsampling involve indexing virtually every component of the SCDF (1.2), and
quantities developed below for prediction and inference, with an index n that tends to in®nity.
Thus, as n!1, Rn is a region that grows without bound, the sample size Nn!1, the grid
distance between regularly spaced samples (denoted as hn in Section 2) tends to zero, and so forth.
Details may be found in Lahiri (1995) for the square grids of sample locations considered here.
Section 2 gives a brief description for completeness.

Commonly, one is faced with the problem of predicting a spatial statistic, such as the SCDF
(1.2), based on incomplete observations fZ�s1�; . . . ;Z�sNn

�g of fZ�s� : s 2 Dg. Associated with the
spatial sampling locations fs1; . . . ; sNn

g is a set of known weights fu�s1�; . . . ; u�sNn
�g. For example,
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these weights might correspond to inverse inclusion probabilities from a sampling design, or to
importance weights in a resource-management plan. A basic predictor of (1.2) is,

~Fn�z;Rn� �
XNn

i�1
u�si�1�Z�si�4 z�=

XNn

i�1
u�si�; z 2 R:

In this article, we will use the predictor with u�si� � 1; i � 1; . . . ;Nn, namely

F̂n�z;Rn� � N
ÿ1
n

XNn

i�1
1�Z�si�4 z�; z 2 R: �1:3�

We wish to obtain measures of precision for the spatial statistical functional (1.3), as a predictor
of its complete-data version (1.2). A general class of such measures is

Qn�p� � k bn�F̂n� �;R� ÿ F̂1��;R�� k p; �1:4�

where fbngn 5 1 will be a sequence of normalizing constants and, for a function g : R! R, and a
non-negative weight function w���,

k g k p �
Z
R
j g�z� j pw�z� dz

� �1=p

; 14 p <1;

and

k g k1 � supf j g�z� jw�z� : z 2 Rg:
An important special case is where w is an indicator function for z 2 �a; b�, in which case Qn�p� is
a measure of discrepancy for the spatial distribution restricted to ranges of the spatial process
Z��� in the interval �a; b�. In (1.4), fbng is a sequence of normalizing constants for which
Qn�p� !Wp in distribution, as n!1, for some non-degenerate random variable Wp. For a
given p, consideration of the random variables de®ned in (1.4) leads to a p-norm 100a%
prediction region for F̂1,

In;a�p� � fF : k bn�F̂n��;R� ÿ F���� k p 4 qa�p�g; �1:5�

where qa�p� is the a quantile of the non-degenerate random variable Wp. Here, we will be
particularly concerned with p � 2, for which Q2

n�2� de®ned by (1.4) is called the weighted mean
integrated squared error (WMISE), and In;a�2� in (1.5) is a 100a% prediction region for the
SCDF (1.2). For a given value of p, the goal of subsampling is to estimate Qn�p� and its sampling
distribution. The subsampling estimate (denoted Q̂n�p� in Section 2) may be considered a
predictor of the functional Qn�p�, or an estimator of the expected value EQn�p�. Estimation of the
sampling distribution ofQn�p� allows approximation of the quantity qa�p�, and thus estimation of
the prediction region In;a�p� in (1.5) (denoted Î n;a�p� in Section 2). Here, using p � 2, we will
investigate the bias and variance of the subsampling estimate Q̂2

n�2�, considered as an estimator of
EQ2

n�2�, and coverage rate for the estimated prediction region Î n;a�2�.
The main goals of this article are to give guidelines as to when subsampling is appropriate,

which depends on the strength of spatial dependence in Z���, and as to how an appropriate
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subsampling procedure can be designed, which depends on the nugget e�ect and behaviour of
the spatial dependence for locations separated by small distances. To do this, a simulation
experiment is performed, the details of which are given in Section 3. The results of the experiment
allow guidelines to be established for spatial statistical inference based on subsampling, and these
results are presented in Section 4. Section 5 contains discussion and conclusions based on the
results presented.

2. THE SUBSAMPLING METHOD

In this section, we describe a subsampling method that can be e�ectively applied to construct
non-parametric large sample inference procedures for SCDFs, and we brie¯y sketch the main
theoretical results that support such inference. We restrict attention to sampling in two
dimensions, that is, R � R2. For the general case R � Rd , d 5 1, and a more complete exposition
of the theoretical justi®cation for spatial subsampling, see Lahiri (1995).

2.1. The subsampling concept

To motivate the proposed subsampling method, consider ®rst a situation involving time-series
data. Let Xn � �X1; . . . ;Xn�T denote observations from a sequence of stationary random
variables X1;X2; . . . : Suppose that Tn � tn�Xn; y� is a random quantity of interest, where tn is a
known function and y is a population parameter. The objective of subsampling is to estimate
characteristics of Tn, such as the bias, the variance, or the entire sampling distribution Hn, say.
For example, if Tn is de®ned as Tn � n1=2� �Xn ÿ m�, where m � EX1 and

�Xn � Sn
i�1Xi=n, we may

want to estimate ET2
n � nVar� �Xn� �

R
x2 dHn�x�. To develop the subsampling estimator of Hn,

let l be an integer between 1 and n that speci®es the length of the subsamples, and de®ne the
collection of subsamples fBi : i � 1; . . . ;KgasB1 � fX1; . . . ;Xlg; . . . ;BK � fX �Kÿ1�l�1; . . . ;XKlg,
where K is the largest integer satisfying Kl4 n. These subsamples are presented pictorially in
Figure 1, and result in a collection of sequences of random variables, each of which preserves the
dependence structure of the original sequence fXng between neighbouring random variables. The
subsamples may thus be considered as replicates of the original data sequence, although at a
smaller scale. Let Tn;i � tl�Bi; ŷi� be a version of Tn based only on the ith subsample Bi, where ŷi
is an estimator of y, also based on Bi. The subsampling process thus results in K `copies' of Tn,
fTn;i : i � 1; . . . ;Kg.

The subsampling estimator of Hn is then de®ned as

Ĥn�x� � K
ÿ1XK

i�1
1�Tn;i 4 x�; x 2 R:

Subsampling estimators of population quantities like g � Eg�Tn�, for a known function g, are
then obtained as ĝ � R g�x� dĤn�x�.

Figure 1. Construction of subsamples in the time-series setting
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2.2. Spatial subsampling

To extend the basic subsampling concept of Section 2.1 to a spatial process with continuous
spatial index, we construct subsampling estimates of the normalized predictor

xn�z� � bn�F̂n�z;Rn� ÿ F̂1�z;Rn��; z 2 R; �2:1�

which are then used to estimate the sampling distributions of functionals Qn�p� � k xn k p and
prediction regions such as (1.5). To provide a setting for the theoretical justi®cation of spatial
subsampling, consider a sequence of spatial sampling problems indexed by n, as alluded to in
Section 1. This sequence of hypothetical sampling problems are all taken to have the same
geographical form, in that the shape of the region of interest remains unchanged no matter what
its size.

Let D0 � �ÿ1=2; 1=2�2 denote the unit square in R2 with centre at the origin, and let R0 be a
Borel subset of D0 containing an open neighborhood of the origin. We assume that the sampling
region R � Rn, that contains the sample sites fs1; . . . ; sNn

g, is obtained by `in¯ating' the initial
prototype set R0 by a suitable scaling factor ln. That is,

Rn � ln � R0:

We also assume that data have been collected from a square grid with spacing denoted as hn; the
case of a hexagonal grid is considered by Lahiri et al. (1996). Consider a sequence of positive real
numbers flngn 5 1 that increases to in®nity with n. By analogy with the time-series case,
subsamples in the spatial case consist of scaled-down versions of the sampling region Rn,
translated in all directions within Rn. Accordingly, for l � ln, let fllgn 5 1 be a sequence of real
numbers such that ll � ln, and let S1; . . . ;SK denote the set of all squares of the form

i � �ÿ1=2; 1=2�2 � ll; i 2 Z2;

that lie inside the given region Rn. Here, Z denotes the set of integers f. . . ; ÿ1; 0; 1; . . .g. Then,
de®ne the subsampling regions

R�1; . . . ;R�K

by inscribing the translate of the region llR0 inside each one of the squares S1; . . . ;SK such that
the origin is mapped onto the midpoint of the given square. This gives us a collection of
subregions of Rn that are of the same shape as the original sampling region Rn. Now, let Hn

denote the sampling distribution of a functional Qn�p� given in (1.4). To de®ne a subsampling
estimator of Hn, we ®rst need to de®ne copies of F̂n and F̂1 on each of the subregions
R�1; . . . ;R�K . To accomplish this, consider grids, Pn and Pl that partition each subsampling
region R�i at two levels of resolution. These grids are de®ned as Pn � Z2hn and Pl � Z2hl, with
spacings hn and hl , respectively, such that hn � hl. We assume that the grids Pn and Pl are chosen
to be nested. That is, the process Z��� is observed at each vertex on the grid Pn, and also at each
vertex of the coarser grid Pl, and Pl \ Rn � J�Rn�, where J�Rn� denotes the set of all sampling
locations in the region Rn.

In the theoretical sequence of spatial sampling problems indexed by n!1, we intuitively will
need ln!1, ll !1, hn ! 0, and hl ! 0, in such a way that hn=hl ! 0 and ll=ln! 0 as
n!1. In the formal theoretical development (Lahiri, 1995) these ratios must converge to zero
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at the proper rates. In practice, with only one sampling region of interest and a ®nite set of
observations, there will be ®xed values of ln and hn that de®ne the sampling region and spacing of
observations. Then, in application, we take ll � m1hn and hl � m2hn for ®xed positive integersm1

and m2. The process of forming subsampling regions and partitioning those regions at two levels
of resolution is illustrated in Figure 2.

To develop subsampling estimates, we use the samples from the data locations in Pl to de®ne
the subsample version of F̂n for subsampling region R�i, and those from Pn to de®ne that of F̂1 ;
i � 1; . . . ;K . Let Ji denote the set of sampling locations in R�i on the `®ne' grid Pn and Li the set
of sampling locations in R�i on the `course' grid Pl; i � 1; . . . ;K. Then, de®ne the subsample
versions of F̂n and F̂1 on R�i as

F
�i
n �z� � jLi j ÿ1

X
j2Li

1�Z�sj�4 z�; �2:2�

and

F
�i
1�z� � j Ji j ÿ1

X
j2Ji

1�Z�sj�4 z�; �2:3�

where z 2 R, i � 1; . . . ;K , and jLi j � j Ji j � denotes the number of observations on the course
(®ne) grid. Thus, F�in ��� is a `copy' of F̂n��;Rn� and F�i1��� is a `copy' of F̂1��;Rn� for the subregion
R�i. The subsampling version of the process xn given in (2.1), de®ned on R�i, is given by

x�in �z� � bl�F�in �z� ÿ F
�i
1�z��; z 2 R; �2:4�

Figure 2. Construction of subsamples in the spatial setting: (a) the grid Pl overlaid on a sampling regionRn; (b) subsample
`copies' of Rn; (c) partitioning of one subsampling region with the grid Pn; (d) partitioning of one subsampling region with

the grid Pl
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where bl � ll=hl . Note that x�1n ; . . . ; x�Kn behave like `approximately independent' copies of the
process xn. We are interested in an estimator of the sampling distribution of functionals
Qn�p� � k bn�F̂n��;Rn� ÿ F̂1��;Rn�� k p � k xn k p, where bn � ln=hn. Hence, de®ne the subsample
copy of Qn�p� as

Q
�i
n �p� � k x�in k p; �2:5�

and the subsampling estimator of the sampling distribution Hn of Qn�p� as,

Ĥn�x� � K
ÿ1XK

i�1
1�Q�in �p�4 x�; x 2 R: �2:6�

Thus, the subsampling estimator of the sampling distribution of the functional Qn�p�, of the
normalized empirical predictor xn �bn is the normalizing factor), can be obtained by looking
at the empirical distribution of the corresponding functional applied to each of the copies
x�1n ; . . . ; x�Kn .

2.3. Necessary theory

Large-sample properties of estimators and predictors based on spatial observations have been
studied in the literature mainly under two sampling paradigms. When all sampling sites are
separated by a distance greater than some ®xed positive number, and the sampling region Rn � R
becomes unbounded as the sample size increases, the resulting structure leads to what is known as
`increasing domain asymptotics' (cf. Cressie, 1993, p. 100). This is the most common framework
used for asymptotics for spatial data. See, for example, Mardia and Marshall (1984), Pickard
(1987), Gidas (1988), Sherman and Carlstein (1994), and the references therein. The other form,
known as `in®ll asymptotics' (cf. Cressie, 1993, p. 101), is more suitable for continuous parameter
random ®elds observed on bounded regions. When an increasing number of samples are collected
from within a bounded sampling region R (that does not grow with the sample size), we obtain
the `in®ll' structure. Properties of estimators under pure in®ll asymptotics have been studied by
Morris and Edey (1984), Stein (1990a,b), Stein and Handcock (1989), and Lahiri (1996), among
others. Lahiri (1995) made use of a sampling scheme that combined both increasing domain
and in®ll properties in the sense of allowing the sampling region Rn to grow, and at the same time,
`in®lling' any ®xed bounded subregion of Rn with more densely packed sampling locations. A
similar `mixed' structure has been used by Hall and Patil (1994) in the context of non-parametric
estimation of the auto-covariance function of a random ®eld.

Under a technical regularity condition that guarantees the e�ect of data lying on the boundary
of Rn is negligible compared to that of the total data set, and some fairly general conditions on
the underlying process fZ�s� : s 2 Dg and the subsampling design parameters ln, ll, hn, and hl,
Lahiri (1995) showed that the centred and scaled empirical predictor xn�z�; z 2 R given by (2.1),
converges weakly to a Gaussian process F, although the covariance function of the limiting
process F is very complicated. In addition, Lahiri (1995) showed that if Gn is the sampling
distribution of any functional f�xn� and the subsampling estimate of Gn is,

Ĝn�x� � K
ÿ1XK

i�1
1�f�x�in �4 x�; x 2 R;
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then, as n!1,

sup
x2R
jGn�x� ÿ Ĝn�x� j !p 0; �2:7�

provided the random variable f�F� has a continuous distribution on R, and certain ratios of the
subsampling design parameters hn, hl , ln and ll converge to zero as n tends to 1.
Note that the result (2.7), and hence the subsampling method in general, is applicable to a

wider class of functionals than those of the form (1.4) considered here. The subsampling method
allows construction of approximations to the sampling distribution of many functionals of xn
under minimal conditions (see Lahiri, 1995) and without parametric model assumptions.

2.4. Subsampling in practice

As indicated in Section 1, in practice we are often concerned with obtaining a measure of the
combined accuracy and precision of the predictor F̂n��;Rn� and a prediction interval for the
SCDF F̂1��;Rn�. The former is obtained through a subsampling estimate of the WMISE,
Q2

n�2� � b2n
R �F̂n�z;Rn� ÿ F̂1�z;Rn��2w�z� dz, and the latter through a subsampling estimate of

the simultaneous prediction region (1.5). To compute the subsample estimates Q�in �2� for
subsampling regions fR�i : i � 1; . . . ;Kg using a ®nite set of data, let z0 � �z0�1�; . . . ; z0� j Ji j �� denote
the ordered observations for the `®ne' grid Pn in a subsampling region R�i, and take

Q
�i
n �2� � k x�i k 2 �

Xj Ji jÿ1

j�1
fF�in �z0�j�� ÿ F

�i
1�z0�j��g2fz0�j�1� ÿ z

0
�j�g

" #1=2

: �2:8�

Then the subsampling estimate of WMISE is given by

Q̂
2
n�2� � K

ÿ1XK
i�1
�Q�in �2��2: �2:9�

To construct a prediction region for F̂1, let qa�2� denote the a quantile of the distribution of
Qn�2� � k xn k 2, de®ned by

qa�2� � infft : Hn�t�5ag; 0 < a < 1;

where Hn�x� � P� k xn k 2 4 x�; x 2 R. If qa�2� were known, a 100a% prediction region for F̂1
would be given by (1.5) with p � 2, speci®cally,

In;a�2� � fF : bn k F̂n��;Rn� ÿ F��;Rn� k 2 4 qa�2�g:
Since qa�2� depends on the distribution of the random variable k xn k 2, in practice it remains
unknown. We replace qa�2� by its subsampling estimator q̂a�2�, say, to obtain the subsampling
prediction region for F̂1. Here q̂a�2� is de®ned as the a quantile of Ĥn�x� � Kÿ1

PK
i�1

1�Q�in �2�4 x�; x 2 R. In view of (2.8) and (2.9), this is also the [Ka] order statistic of the values
Q�i�2�; i � 1; . . . ;K , where for any real number x, [x] denotes the largest integer not exceeding x.
Then, a nominal 100a% subsampling prediction region for F̂1 is given by

Î n;a�2� � fF : bn k F̂n��;R� ÿ F� �;Rn� k 2 < q̂ag: �2:10�
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Using (2.6), it can be shown that, as n!1,

P�F̂1 2 Î n;a� ! a:

Hence, the prediction region Î n;a attains the target coverage probability of a, asymptotically.
To calculate the inferential quantities (2.9) and (2.10) requires suitable design of a sub-

sampling procedure, which depends on speci®cation of the parameters hl and ll . Properties of
these subsampling estimators depend on various ratios of hn, hl , ln and ll. Now, hn and ln will be
determined by the actual sampling design used in a given study, and the ratio ln=ll will determine
the number of subsampling regions. Choosing ln=ll large ensures a smaller variance for the
subsampling estimators, since we then have more `copies' of the region Rn over which estimates
Q�in �2� are to be averaged. On the other hand, the ratios hl=hn and ll=hl are involved in controlling
the bias of the subsampling estimators since they determine the number of data values used to
compute F�in ��� and F�i1���; hl=hn controls the proportion of data in a region used to compute
F�in ���, while ll=hl controls the actual number of points used in this calculation. Thus, we would
also like to choose both hl=hn and ll=hl large so that each `copy' of Rn contains a su�cient
number of data points for F�in ��� and F�i1��� to be similar to F̂n��� and F̂1���. There is a natural
bias-variance tradeo� since one cannot, without constraints, simultaneously make both ln=ll
and ll=hl large; a similar con¯ict arises between ll=hl and hl=hn. In the next section, we consider
several combinations of the smoothing parameters hl and ll, as well as a number of dependence
structures for fZ�s� : s 2 Dg in an investigation of the ®nite sample properties of subsampling
estimators (2.9) and (2.10).

3. DESCRIPTION OF THE SIMULATION STUDY

A simulation study was conducted to investigate performance of the subsampling estimators (2.9)
and (2.10), using w�z� � 1; z 2 R (cf. equation (1.4)). In particular, we investigated the ®nite-
sample bias and mean squared error of (2.9), considered as an estimator of the expected WMISE
EQ2

n�2�, and the coverage probability for the prediction region (2.10) at a target value of a � 0:90.
These measures of performance were determined for several types of spatial dependence in
simulated spatial processes, and for several combinations of design parameters in the
subsampling procedure.

3.1. Simulating ¯exible dependence structures

Conceptually, we wish to simulate spatial processes fZ�s� : s 2 R2g, with various dependence
structures. A variety of dependence structures can be generated by relating features of the
variogram for a continuous second-order stationary spatial process to the covariance function of
a spatial moving average applied to an independent Gaussian process. Features of the variogram,
de®ned as 2g�h� � var�Z�s� ÿ Z�s ÿ h��, can be related to the weights of a spatial moving
average. This framework for processes with continuous spatial indices was then made discrete for
use with processes simulated on spatial grids.

Consider the standardized two-dimensional Brownian motion W���, which is characterized by
the behaviour of its increments. Speci®cally, if dW�s� � W�s � ds� ÿW�s�, then cov�dW�u�;
dW�v�� � 1�u � v�. De®ne the spatially dependent process Z��� � fZ�s� : s 2 Dg from,

Z�s� � �1 ÿ d�fdW�s�=dsg � d
Z
A

dW�t�; s 2 D; �3:1�
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where A � ft : k t ÿ s k4 r=2g and k x k is the Euclidean norm of x. Here, A is a circular region
centered at location s, a spatial moving average `window'. It can be shown that the covariance
function of Z has the form,

C�h� � covfZ�s�;Z�s � h�g
� �1 ÿ d�21� k h k � 0� � 2d�1 ÿ d�1� k h k < r=2� � d2 jA j 1� k h k < r�;

�3:2�

where jA j � �pr2=4� is the area of the moving average window. It can be seen from (3.2) that,
in terms of the variogram 2g�h� of the process (3.1), the range (de®ned as the smallest value of k h k
for which C�h� � 0� is equal to r, twice the radius of the moving average window. Now,
C�0� � �1 ÿ d�2 � 2d�1 ÿ d� � d2 jA j , and limh!0C�h� � 2d�1 ÿ d� � d2 jA j . Then, the nugget
e�ect associated with Z��� is c0 � limh!0g�h� � C�0� ÿ limh!0C�h� � �1 ÿ d�2. The process Z
in (3.1) may be standardized by dividing (3.2) byC�0�, leaving the relation between the range r and
the covariance function unchanged, but making the nugget e�ect c0 � �1 ÿ d�2= ��1 ÿ d�2�
2d�1 ÿ d� � d2 jA j �. Algebra shows that, for Z��� a standardized spatial process de®ned by (3.1),
we must have

d � 1 ÿ 4

pr2
pr2

4

1 ÿ c0
c0

� �
� 1

� �1=2

ÿ1
" #ÿ1

; 0 < c0 < 1; �3:3�

and d � 1 for c0 � 0. Making practical use of (3.1) and (3.3) in a simulation process requires
replacing the integral in (3.1) by a summation over a moving average window superimposed on a
®nite array of values, relating the array spacing to the de®nition of a baseline distance of 1 unit for
simulated quantities, and dealing with the ®nite boundaries of a simulation domainD or regionR.
We begin with a square array of independent observations simulated from aGaussian distribution
having mean 0 and variance 1. To give spacing on this array meaning in terms of a simulated
`observed' data set, we de®ned hn (the distance between observed values of Z���� to be 1 unit, and
the spacing of the array to be h1 < hn; ideally, h1 would be close to zero to mimic the develop-
ment given in (3.1), (3.2) and (3.3). To maintain some balance among the variety of simulations
conducted, we took hn=h1 � hl=hn, for a selected value of hl to be used in the subsampling
procedure of Section 2, resulting in h1 � 1=hl. Because hl was varied among simulations
conducted (see Section 3.3), the value h1 did not have constant meaning across simulations. Thus,
the range parameter r was de®ned in terms of the baseline distance hn, and we took the moving
average window A to be a circle of radius r=2.

In the simulations conducted, we took Rn to be a square region, so that jRn j � l2n. To avoid
`boundary e�ects' in simulated processes, independent realizations were generated from a
Gaussian distribution with mean 0 and variance 1 for an array of size �ln=h1 � r� � �ln=h1 � r�.
Let V denote the set of vertices on the array �ln=h1� � �ln=h1�, and Ve the set of vertices on the
`extended' array �ln=h1 � r� � �ln=h1 � r�; both of these arrays have grid spacing h1. Also, let
fY�ti� : ti 2 Veg denote the independent Gaussian random variables forming the array. To
simulate a spatial process that mimics the behaviour of the continuous process (3.1) for selected
values of r and c0, we constructed fZ�ti� : ti 2 Vg as

Z�ti� � �1 ÿ d�Y�ti� � d
X
Ai

Y�uj�; �3:4�

ENVIRONMETRICS, VOL. 8, 485±502 (1997) # 1997 John Wiley & Sons, Ltd.

494 M. S. KAISER ET AL.



where Ai � fuj : k uj ÿ ti j < �r=2�; uj 2 Veg,

d � 1 ÿ 4

pr2
<

pr2

4

1 ÿ c0
c0

� �
� 1

� �1=2

ÿ1
" #ÿ1

; 0 < c0 < 1; �3:5�

and d � 1 for c0 � 0. A simulated spatial process was thus obtained for locations in the set V ,
and we will refer to the grid having vertices V with grid spacing h1 as the `super®ne' grid P1.
A simulated `observed' data set resulted by selecting values from a regular grid with spacing
hn � 1, which results by selecting every hl value in both dimensions from the grid P1; we ®xed the
origin at the lower left corner of P1, and denote the `observed' data grid as Pn.

For a process with discrete spatial index formed as in (3.4), with d given in (3.5), the covariance
function is, for ti and �ti � h� 2 V ,

C�h� � var�Z�ti�;Z�ti � h��
� �1 ÿ d�21� k h k � 0� � 2d�1 ÿ d�1� k h k4 r=2� � NAd

2
1� k h k4 r�;

where NA is the number of points from P1 in the set Ai�u�, which is approximately ph2l r
2=4.

This covariance function converges to that in equation (3.2) as NA !1.

3.2. Design of subsampling procedure

Design factors of the subsampling procedure used with simulated data sets were varied through
control of the ratios hl=hn and ll=hl. The design of the subsampling procedures and the
simulation of data sets through (3.4) are related. As mentioned in Section 3.1, we took hn � 1 to
de®ne a baseline for all distance measures, and calibrated spacing on P1 as h1 � 1=hl. Recall
from Section 2.2 that, for a given application, ll � m1hn and hl � m2hn, so that in the simulations
ll � m1 and hl � m2. Thus, ll=hl � m1=m2. As indicated in Section 2.4, hl=hn controls the
proportion of data from each subsampling region used to compute F�in ���, while ln=ll controls the
number of subsampling regions available. Here, we took ln=ll � hl=�2hn� � hl=2 � m2=2 in all
simulations conducted, to achieve approximately the same in¯uence of bias and standard
deviation on the total error of subsampling estimates. With a square region R and hn � 1,
�ll=hl�2 � �m1=m2�2 is the number of data points used to calculate each F�in ���.

3.3. The simulation procedure

As indicated in Section 3.1, values were generated for each vertex of the super®ne grid P1,
although not all of these values were used as part of the observed data set in a given simulation.
However, all of the values on P1 were used to compute values of Qn�2� and Q2

n�2� for a given
simulation, and a Monte Carlo estimate of the expected value EfQ2

n�2�g from a set of simulations.
These quantities were considered to be the `true' values from which to assess bias and mean
squared error of the subsampling estimate of WMISE and coverage probabilities for the
subsampling prediction region.

Using the procedures outlined in Sections 3.1 and 3.2, a large simulation experiment was
conducted having an overall 2� 2� 3� 5 factorial design. The four factors involved were the
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ratios ll=hl and hl=hn, the range r, and the nugget e�ect c0, those factors having the following
levels:

factor 1: hl=hn � 6, 8 (2 levels);

factor 2: ll=hl � 3, 5 (2 levels);

factor 3: r � 2�5, 5.0, 10 (3 levels);

factor 4: c0 � 0, 0.2, 0.4, 0.6, 0.8 (5 levels).

Here, factors 1 and 2 control the subsampling method, while factors 3 and 4 control the spatial
dependence structure in the simulated data sets. For each of the 60 `design points' corresponding
to various levels of these four factors, 1000 data sets (realizations) were simulated. With
the sampling region Rn (and hence also all of its copies R�i; i � 1; . . . ;K� being square, a given
simulation consisted of values on three nested grids, the `super®ne' grid P1 having
f�ln=ll��ll=hl��hl=hn��hn=h1�g2 � f�m2=2��m1=m2��m2��m2�g2 � �m1m

2
2=2�2 values, the `®ne' or

observed data grid Pn having f�ln=ll��ll=hl��hl=hn�g2 � f�m2=2��m1=m2��m2�g2 � �m1m2=2�2
values, and the `course' or subsample grid having f�ln=ll��ll=hl�g2 � f�m2=2��m1=m2�g2 �
�m1=2�2 values. In general, the number of values on the ®ne and course grids (which are all that
would be available in an actual data analysis) will depend on the shape of the sampling region Rn.

Let zs � fzs�1�; . . . ; zs�M�g denote the set of ordered observations on P1 resulting from simulation
s. For each simulated data set, we computed, for i � 1; . . . ;K, quantities Q�in �2; s� given by (2.8),
where K � �m2=2�2 was the number of subsampling regions available for a given simulation
design point. These values were used to determine q̂0�90�s� as the [0�90 K] ordered value of the set
fQ�in �2; s� : i � 1; . . . ;Kg. Each simulated data set also yielded the quantities Q̂2

n�2; s� given by
(2.9), and the values zs were used to compute,

Q
2
n�2; s� �

XMÿ1
i�1

bnfF̂n�zs�i�� ÿ F̂1�zs�i��g2fzs�i�1� ÿ z
s
�i�g; s � 1; . . . ; 1000; �3:6�

where M � �m1m
2
2=2�2, F̂n�z� is given in (1.3), and

F̂1�z� � M
ÿ1XM

i�1
1�zs�i�4 z�; z 2 R:

From a set of 1000 simulations for each combination of design factors in the overall study, the
quantities Q2

n�2; s� and Q̂2
n�2; s�; s � 1; . . . ; 1000, were used to compute Monte Carlo estimates of

the expected true WMISE, and the expected subsampling estimate of WMISE, as

ÊQ
2
n�2� � 1000

ÿ1X1000
s�1

Q
2
n�2; s�;

ÊQ̂
2
n�2� � 1000

ÿ1X1000
s�1

Q̂
2
n�2; s�:

�3:7�

For the s simulated data set, coverage of Î n;0�90�2� given in (2.10) was determined as either a zero,
if Qn�2; s� > q̂0�90�s�, or a one, if Qn�2; s�4 q̂0�90�s�. Averaged over the 1000 simulations at each
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design point, this provided an estimate of the true coverage rate for the prediction region.
The standardized bias and standardized root mean squared error of Q̂2

n�2� given by (2.8) is

Bias�ÊQ̂2
n�2�� �

ÊQ̂2
n�2� ÿ ÊQ2

n�2�
ÊQ2

n�2�
; �3:8�

and

RMSE�Q̂2
n�2�� �

X1000
s�1
fQ̂2

n�2; s� ÿ ÊQ
2
n�2�g2

" #1=2

ÊQ2
n�2�

: �3:9�

Standardized measures were used because the values of ÊQ2
n�2� varied across simulations

conducted with di�erent values of the ratios ll=hl and hl=hn.

4. SIMULATION STUDY RESULTS

The actual coverage of the subsampling prediction region at a � 0�90 is presented for combin-
ations of design factors in the overall simulation study having hl=hn � 6 in Table I and for
combinations of design factors having hl=hn � 8 in Table II. From these tables, it can be seen
that coverage is close to the nominal level of 90% for large values of both the range r and the
nugget e�ect c0, and remains greater than 85% over the majority of the design space of simula-
tions conducted. Although not presented in the tables, simulations conducted with a process
exhibiting no spatial dependence showed coverage rates equal to the nominal 90% level to within
several decimal places. Performance tends to decrease as either of the factors r or c0 become
smaller, indicating that the construction of subsampling prediction regions for the SCDF is best
suited to situations involving noisy spatial processes for which the covariance between two values
decreases slowly with increasing distance between the two values. For any combination of factors
other than the nugget e�ect, the coverage rate deteriorates precipitously in moving from a small
nugget e�ect �c0 � 0�2� to the absence of a nugget e�ect �c0 � 0�. Although the coverages
observed for hl=hn � 8 are reasonable (Table II), they are somewhat less than those for hl=hn � 6,
except for the smallest range �r � 2�5�; a higher value for this ratio indicates a smaller proportion
of the data values in each subregion are used to compute F�in ���.

The standardized bias and root mean squared error of the subsampling estimate Q̂2
n�2�, given

by (2.9), are presented in Tables III±VI. Tables III and IV present values of standardized bias,
given by (3.8), for combinations of design factors in the simulation study having hl=hn � 6 and
hl=hn � 8 respectively. Tables V and VI present the standardized RMSE, given by (3.9), for these
same design points. The values of Tables III and IV indicate that the subsampling estimator
Q̂2

n�2� appears generally to underestimate the value of EQ2
n�2�. Similar to the patterns of coverage

rate presented in Tables I and II, the subsampling estimator Q̂2
n�2� has smaller bias for larger

values of r and c0. The estimated RMSE is also small for these values of the dependence factors
for hl=hn � 8 (Table VI), but RMSE for hl=hn � 6 are in contrast to this pattern, being smaller
for values of r and c0 in the midranges of those used in this study (Table V).
Considered as a function of factors that control the subsampling procedure �ll=hl and hl=hn�,

coverage rate was the only measure of performance that exhibited a consistent pattern across
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simulations conducted. In general, ll=hl � 3 gave greater coverage rate than did ll=hl � 5, there
being only a few exceptions for data sets generated with r � 5�0 (see Table I). In these situations,
coverage rates provided by ll=hl � 3 were nearly the same as those for ll=hl � 5, within sampling
error due to the simulation process. Overall, for data sets having small range �r � 2�5�, the
subsampling procedure using ll=hl � 3 gave coverage closer to the nominal 90% level than did
the procedure using ll=hl � 5. For data sets with larger range �r � 5�0 or r � 10�0� the ratio ll=hl
had less of an e�ect on coverage rate.

Table I. Coverage rates for 1000 simulations using hl=hn � 6. The target coverage is 0.9

ll=hl � 3 ll=hl � 5
c0 r � 2�5 r � 5�0 r � 10�0 r � 2�5 r � 5�0 r � 10�0
0.8 0.879 0.895 0.901 0.854 0.914 0.898
0.6 0.826 0.892 0.900 0.782 0.903 0.894
0.4 0.742 0.875 0.895 0.682 0.878 0.885
0.2 0.597 0.844 0.887 0.551 0.808 0.870
0.0 0.225 0.152 0.159 0.213 0.141 0.106

Table II. Coverage rates for 1000 simulations using hl=hn � 8. The target coverage is 0.9

ll=hl � 3 ll=hl � 5
c0 r � 2�5 r � 5�0 r � 10�0 r � 2�5 t � 5�0 r � 10�0
0.8 0.876 0.872 0.870 0.853 0.863 0.873
0.6 0.837 0.871 0.872 0.808 0.845 0.868
0.4 0.792 0.862 0.869 0.726 0.815 0.860
0.2 0.667 0.825 0.856 0.591 0.763 0.862
0.0 0.082 0.063 0.068 0.061 0.056 0.042

Table III. Estimated standardized bias for the subsampling estimator of WMISE using hl=hn � 6

ll=hl � 3 ll=hl � 5
c0 r � 2�5 r � 5�0 r � 10�0 r � 2�5 t � 5�0 r � 10�0
0.8 ÿ0�0712 ÿ0�0102 0.0004 ÿ0�0102 0.0252 ÿ0�0108
0.6 ÿ0�2344 ÿ0�0249 ÿ0�0061 ÿ0�3798 ÿ0�0091 ÿ0�0165
0.4 ÿ0�4234 ÿ0�0426 ÿ0�0190 ÿ0�5686 ÿ0�0389 ÿ0�0420
0.2 ÿ0�7723 ÿ0�0643 ÿ0�0557 ÿ0�7359 ÿ0�0669 ÿ0�0978
0.0 ÿ0�8716 ÿ0�3254 ÿ0�9200 ÿ0�8891 ÿ0�3143 ÿ0�9288

Table IV. Estimated standardized bias for the subsampling estimator of WMISE using hl=hn � 8

ll=hl � 3 ll=hl � 5
c0 r � 2�5 r � 5�0 r � 10�0 r � 2�5 t � 5�0 r � 10�0
0.8 ÿ0�0218 ÿ0�0139 ÿ0�0016 ÿ0�0775 ÿ0�0488 ÿ0�0056
0.6 ÿ0�1166 ÿ0�0355 ÿ0�0060 ÿ0�2147 ÿ0�0883 ÿ0�0132
0�4 ÿ0�2545 ÿ0�0785 ÿ0�0167 ÿ0�3917 ÿ0�1585 ÿ0�0310
0.2 ÿ0�4824 ÿ0�1892 ÿ0�0505 ÿ0�6285 ÿ0�3153 ÿ0�0498
0.0 ÿ0�9503 ÿ0�9531 ÿ0�9550 ÿ0�9607 ÿ0�9620 ÿ0�9630
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To help understand the relative performance of the subsampling method for values of range
and nugget e�ect other than those used as design points in the simulation study, regression was
used to interpolate values for the coverage rate of prediction regions Î n;0�90, given by (2.9). Values
of coverage rate at factor combinations of the simulation study were taken as `responses', which
were regressed against various combinations of functions of the four simulation design factors �r,
c0, ll=hl and hl=hn� and the parameter d from (3.5) (which is itself a function of r, c0, and hl=hn�.
Our intent was simply to ®nd a regression model with coe�cient of determination R2 su�ciently
high to serve as a smooth interpolation over the simulation design points. We selected the two
ratios ll=hl and hl=hn, along with c0, c

2
0, r, d and d2 to be suitable explanatory factors. The value of

R2 for a regression using these explanatory factors was 0.98, indicating that the interpolated
values from this regression should be good approximations to the actual (unknown) values.
Using a set of regression predictions to `®ll in' the simulation design space, we constructed
contour plots for coverage rate, which are presented for hl=hn � 6 in Figure 3 and for hl=hn � 8
in Figure 4. These plots represent a graphical summary of the information presented in Tables I
and II and, given the nearly exact interpolation of that information, suggest that coverage rates of
subsampling prediction regions are quite accurate for random processes having at least moderate
range and nugget e�ect.

5. DISCUSSION AND RECOMMENDATIONS

The collection of environmental samples, and the observation of ecological variables, often
involve an explicit spatial context. Procedures are needed to compute inferential quantities for
spatial statistics resulting from studies that make use of such sampling designs. Spatial sub-
sampling provides an appropriate procedure for estimation of the sampling distributions and,
consequently, prediction regions for functionals of the SCDF. Through a large simulation study

Table V. Estimated standardized root mean squared error for the subsampling estimator of WMISE
using hl=hn � 6

ll=hl � 3 ll=hl � 5
c0 r � 2�5 r � 5�0 r � 10�0 r � 2�5 t � 5�0 r � 10�0
0.8 0.2602 0.2437 0.2643 0.2829 0.2236 0.2565
0.6 0.3133 0.1955 0.2622 0.4172 0.1589 0.2552
0.4 0.4532 0.1438 0.2596 0.5822 0.1088 0.2514
0.2 0.7806 0.0985 0.2550 0.7412 0.0842 0.2545
0.0 0.8740 0.3257 0.9208 0.8910 0.3146 0.9296

Table VI. Estimated standardized root mean squared error for the subsampling estimator of WMISE
using hl=hn � 8

ll=hl � 3 ll=hl � 5
c0 r � 2�5 r � 5�0 r � 10�0 r � 2�5 t � 5�0 r � 10�0
0.8 0.1951 0.1951 0.1990 0.2006 0.1949 0.1921
0.6 0.2096 0.1933 0.1991 0.2667 0.2013 0.1909
0.4 0.2947 0.1982 0.0623 0.4105 0.2306 0.1900
0.2 0.4936 0.2492 0.1973 0.6331 0.3437 0.2013
0.0 0.9505 0.9532 0.9552 0.9609 0.9622 0.9638
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concentrating on a particular functional of the SCDF (the WMISE), as well as various prediction
regions, we have demonstrated that spatial subsampling can provide accurate results in problems
with ®nite sample size. We believe the simulation procedure itself to be of interest as it provides
one way in which the behaviour of a continuous spatial process can be mimicked in simulated
data, which is necessarily produced using a discrete spatial index. The simulation procedure
described in Section 3 of this article allows generation of a spatial process with range and nugget
e�ect `matched' to those of a theoretical continuous process. Using this procedure, we were then
able to relate the performance of subsampling estimates to these aspects of spatial dependence

Figure 3. Contour plot constructed from interpolated values of coverage rate for simulations conducted with ll � hl � 6

Figure 4. Contour plot constructed from interpolated values of coverage rate for simulations conducted with ll=hl � 8
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structure. Under all of the caveats appropriate for inferring general conclusions from one
simulation study, we suggest the following guidelines for design of a subsampling procedure.

1. Appropriate choices of ll=hl and hl=hn for the design of a subsampling procedure may be
based on values of the range r and nugget e�ect c0 estimated from spatial data.

2. If the range r is small, the parameter ll=hl should be made as small as possible, subject to
the need for su�cient data to compute F�in in each subsampling region. If r is large, the
value chosen for ll=hl has less e�ect on performance of the subsampling procedure, and is
thus of less concern than when r is small.

3. Performance is improved if hl=hn is chosen to be small, except when range r is also small.
Thus, hl=hn should be chosen as small as possible except in situations for which r is small.

4. Performance of the subsampling estimates is reasonable over a wide range of nugget e�ects
c0, but breaks down as c0 becomes very near zero. Thus, for any data yielding a positive
estimate of c0, the subsampling procedure may be used with reasonable con®dence in its
ability to provide accurate results.
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