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a b s t r a c t

The multistability of composite thin structures has shown potential for morphing applications. The pres-
ent work combines a Ritz model with path-following algorithms to study bistable cylindrical panels.
Polynomial discretisations of the displacements field are used to predict stable shapes’ geometry and
other aspects of the nonlinear structural behaviour. In order to improve the inherently poor conditioning
properties of Ritz approximations of slender structures, a non-dimensional Shell Lamination Theory with
Sanders nonlinear strains is developed and presented. An investigation on the relative importance of dif-
ferent nonlinear strain terms is shown to provide useful insight into the applicability of common assump-
tions about shell kinematics. In the current approach, we continue numerical solutions in parameter
space, that is, we path-follow equilibrium configurations as the control parameter varies, find stable
and unstable configurations and identify bifurcations. The numerics is carried out using a set of in-house
MATLAB

� routines for numerical continuation. Results are compared with detailed finite elements analysis
throughout the course of the paper.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction Acquiring this capability was perceived as a significant achieve-
The present paper is concerned with the thermally-induced
bistability of unsymmetric composite cylindrical laminates.

In the recent past, the multistability of slender laminates has
received significant attention, because it has shown potential for
morphing applications (e.g. Dano and Hyer, 1998; Seffen, 2007;
Kebadze et al., 2004; Diaconu et al., 2008; Mattioni et al., 2009).
Nevertheless, since common analysis and design methodologies
suffer from practical limitations, dealing with this complex nonlin-
ear behaviour has proved to be a challenging task.

In a recent paper, the authors introduced a framework for the
study of multistable panels, that combined Ritz approximations
with numerical continuation techniques (Pirrera et al., 2010). The
proposed approach was conceived to overcome common model-
ling limitations and to provide the means for a more efficient de-
sign. As an example of the utility of the method, a case study
was made on the thermally-induced bistability of fibre-reinforced
unsymmetric composite plates. As a result, a tool for optimal de-
sign was obtained. In particular, it was shown that it is possible
to explore bistable plates’ design space in a robust and systematic
fashion and that high-order approximations capture in detail their
complex structural behaviour.
ll rights reserved.
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ment towards a full exploitation of multistable panels as morphing
technology. This is because most of the modelling techniques hith-
erto available in the literature failed to capture important features
that are crucial for potential engineering applications (Schlecht
and Schulte, 1999; Gigliotti et al., 2004; Cerami and Weaver,
2008; Diaconu et al., 2009).

The principal aim here is to extend the approach from flat plates
to cylindrical panels, in order to study their bistability and struc-
tural behaviour. Tackling this problem from a numerical perspec-
tive is a challenging task. On the one hand, high-order Ritz
approximations can be computationally expensive and prone to
numerical issues. On the other hand, standard finite element solv-
ers are based on continuation algorithms that often offer limited
capabilities and robustness. The numerical investigation presented
in this paper involves several geometric parameters as well as ther-
mal and mechanical loads. The results were obtained using the
highest order Ritz approximation that was achievable given our
computational resources and, where possible, finite element
simulations.

During the study of initially flat plates, the effectiveness of a
Lagrangian description of the structural behaviour by means of
the Classic Plate Lamination Theory (CPLT) with von Kármán non-
linearities was questioned. Indeed, multistable panels feature very
large displacements and large rotations that could put them out-
side the domain of validity of commonly used assumptions. It
was concluded however, that at least in the region of the design
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space that was investigated, CPLT Lagrangian equilibria are suffi-
ciently accurate.

A similar approach will be followed here in order to assess the
effectiveness of Sanders’ strains (Sanders, 1963). In addition, the
analysis will be extended to a broader portion of the design space,
in which parameters produce displacement-to-thickness ratios lar-
ger than those observed in Pirrera et al. (2010). It will be shown
that in this area the strain descriptors play a quite more substantial
role in the modelling of the overall structural behaviour. In partic-
ular, we will demonstrate that, due to the large displacements
involving nonlinear deformations, standard simplifications
concerning the shells’ shallowness do not always hold.

To conclude this introduction, a concise review of the literature
covering the subject is given. In the following sections the develop-
ment of the proposed modelling technique is outlined.

1.1. Literature review

In a similar way to bimetallic strips, unsymmetric composite
laminates convert temperature changes into displacements. When
cured flat, unsymmetric laminates may warp and assume two sta-
ble cylindrical configurations at room temperature. The existence
of another saddle-like unstable configuration is predicted theoret-
ically. The physics behind this phenomenon is easily explained by
the mismatch of the thermal expansion coefficients of the layers
that compose the whole structure. In the mono-dimensional strip,
the metals tend to expand with different rates; to accommodate
this differential the strip bends laterally. The two-dimensional
equivalent has one more feature due to the directionality of the
expansion. Indeed, the orthotropic layers expand with different
rates in different directions. This characteristic may result in the
instability of the highly-stretched saddle deformation mode and
to the existence of two high displacements bending modes which
allow the laminate to accommodate the differential expansion
with a lower strain energy content.

Bimetallic strips were probably invented by 18th century clock-
maker John Harrison (Sobel, 1995). Nowadays, they are still widely
used as components of thermostats, thermometers and circuit
breakers. The history of bistable composite plates begins in the
more recent past. In the 1980’s unsymmetric laminates were used
to test environment dependent material systems’ properties. Hyer
(1981) presented a study on the properties of many families of
cross-ply laminates. Successively, in order to describe bistability,
Hamamoto and Hyer (1987) incorporated geometric von Kármán
nonlinearities in the Classic Plate Lamination Theory. The system
of equations thereby generated was then solved with a Ritz mini-
misation of the total potential energy.

In fact, Hyer generated a lot of interest and over the following
years many researcher contributed to refine its model (Dang and
Tang, 1986; Jun and Hong, 1990; Hamamoto and Hyer, 1987; Jun
and Hong, 1992; Peeters et al., 1996; Schlecht et al., 1995). In the
late 1990’s, as the concept of structural morphing started to be-
come main stream between researchers, interest reinvigorated.
Dano and Hyer (1996) included the contribution of applied forces
into the Ritz minimisation of the total potential energy. In 1998
(Dano and Hyer, 1998) they introduced a new model, hitherto con-
sidered state-of-the-art, in which they assumed a possible strain
field rather than displacements. Schlecht and Schulte (1999) pre-
sented an extensive Finite Element (FE) study pointing out the
existence of a complex local deformation behaviour that was not
captured by many of the analytical models proposed at that time.

A number of papers dealing with the possibility of actuating
bistable plate with smart material were published as the snap-
through phenomenon became central. Manufacturing aspects were
also studied and parametric analyses were performed to investi-
gate the domain of existence of bistability (Hyer and Jilani, 1998;
Dano and Hyer, 2002, 2003; Schultz and Hyer, 2003, 2004; Schultz,
2005b; Portela et al., 2005, 2008; Gude and Hufenbach, 2006;
Hufenbach et al., 2006; Ren, 2007; Bowen et al., 2007; Potter
et al., 2007; Giddings et al., 2008; Vidoli and Maurini, 2008;
Fernandes et al., 2010; Cho and Roh, 2003; Gigliotti et al., 2003,
2004, 2006; Hufenbach et al., 2001; Hufenbach et al., 2002;
Hufenbach and Gude, 2002).

Eventually, new concepts for morphing applications were pre-
sented. (Notable examples are given in Potter and Weaver
(2004), Schultz (2005a, 2008), Mattioni et al. (2006, 2008), Diaconu
et al. (2008, 2009), Daynes (2009)).

In order to gain the insight necessary for a full engineering exploi-
tation of these concepts, several attempts were made to capture as
much as possible of bistable systems’ physics. Among these are the
models by Arrieta et al. (2009), Carrella et al. (2008), Cerami and
Weaver (2008), Diaconu et al. (2009), Ren (2007, 2008) and in partic-
ular the work presented by the authors in Pirrera et al. (2010).

Regardless of the attention received by flat plates, up to the
time of writing the thermally-induced bistability of other geomet-
rical configurations had hardly been investigated. Several studies
showed that composite shells may exhibit multiple stable shapes
due to apposite combinations of initial shape and stacking se-
quence (Relevant publications include Iqbal and Pellegrino
(2000), Murphey and Pellegrino (2004), Galletly and Guest
(2004a,b), Guest and Pellegrino (2006), Seffen (2007) and Vidoli
and Maurini (2008)). However, to the authors knowledge, the only
contribution that did consider the thermally-induced bistability
was given in Ren et al. (2003).

This study was based on Hyer’s approach and aimed at deter-
mining the cured shape of cross-ply cylindrical shells. The authors
showed that, as for plates, a Ritz approximation with low order
polynomials may give adequately accurate results. They also con-
ducted a parametric analysis in order to verify whether it was pos-
sible to obtain a flat configuration from a curved panel, cured on a
cylindrical mould.

Interestingly, Ren reports some issues experienced performing
finite element simulations. In some cases, they were not able to
find stable solutions that had been predicted analytically and ob-
served experimentally. However, details are not given, nor possible
explanations are proposed.

Presumably, these problems are similar in nature to those de-
scribed in Pirrera et al. (2010). Further details are given in the fol-
lowing sections.
2. The modelling framework and its architecture

In the present study, in line with the vast majority of previous
works on bistability-related problems, the Ritz method is used.
The latter methodology is complemented by numerical continua-
tion routines based on path-following algorithms. Regardless of
the underlying discretisation method, this approach gives the
means for a systematic and parametric exploration of the design
space and offers some other advantages over commercial FE soft-
ware. Most importantly, it facilitates the exploration of the design
space, itself not well-understood, for multistable composites.

Indeed, when modelling complex structures it is usually not
known if, and how many, multiple solutions exist. Therefore,
hands-on user intervention is often required to make the solver
converge to the desired equilibrium. A typical example is depicted
in Fig. 1. Let us assume that a plate, on cooling down, has con-
verged to the equilibrium configuration a. In order to compute
the other stable equilibrium b, a user might, for instance, apply a
load. For this case, a quasi-static analysis (Fig. 1a) would traverse
from a to c, the panel would then snap to d and, by removing the
load, b would finally be reached.
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Fig. 1. Comparison between quasi-static analysis (panels a and b) and path-following methods (panels c and d) in two different scenario. Left panels: it is possible to compute
equilibria a and b with either methods, albeit with different paths. Right panels: quasi-static analysis fails to compute equilibrium b, which is instead accessible by numerical
continuation.
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This scenario though, is not to be expected in general. Often,
due to the presence of secondary instabilities such as local buck-
ling, a more complicated situation occurs. Fig. 1b, for instance, is
a pictorial representation of how the diagram in Fig. 1a may change
when a design parameter is varied. A one-parameter family of sta-
ble solutions bifurcates from an unstable branch: a quasi-static
analysis like the one outlined above would then follow the path
a–e–f–g–h–a. The simulation would notably fail to find equilibrium
b. In general, some equilibria, especially when local instabilities ex-
ist, might never be found.

Path-following techniques, on the other hand, can provide the
user with the desired solution because, by varying the parameter
force, one could follow stable and unstable solutions and traverse
from a to b (Fig. 1c). Or alternatively, follow the path a-e-g and
switch to either one of the available branches (Fig. 1d).

Commercial FE software is generally not designed to deal with
such peculiar phenomena. To the authors knowledge, most software
packages do not provide the users with the necessary tools to accom-
plish the aforementioned set of tasks in a robust way. Some others
provide these capabilities but they are relatively complicated to
use, because information about bifurcations or stability are not
immediately available to the user and because stopping and restart-
ing the simulation at a fixed point is not straightforward.

For all of the aforementioned reasons, the most viable method
for the exploration of the solutions space with commercial soft-
ware is conducting cumbersome trial-and-error analyses. The en-
tire problem can be bypassed by coupling analytical models with
path-following algorithms. The reader is referred to Pirrera et al.
(2010) where complete implementation details are given.
The remainder of the present section contains a description of
the Ritz model that has been developed for the case study herein
proposed. The adopted shell model is discussed in Section 2.1. Its
nondimensionalisation, done in order to rescale the system of solv-
ing equations and alleviate its inherent ill-conditioning, is detailed
in Appendix A.

2.1. Structural shell model

The structural model is based on the general shell theory pre-
sented by the authors in Pirrera and Weaver (2009) and its simpli-
fication in Pirrera (2011).

As customary, it is assumed that the shell is referred to the sys-
tem of curvilinear coordinates (n1, n2, f), where n1 and n2 describe
the position on the middle surface and f spans the thickness direc-
tion. Points on the middle surface are represented by the vector
r = r(n1, n2, 0), therefore, with the notation adopted in Fig. 2, cylin-
drical panels can be described with the parametric relation

r ¼
x

y

z

264
375 ¼ n1

R sinðn2Þ
Rðcosðn2Þ � 1Þ

264
375; ðn1; n2Þ 2 ½�Lx; Lx� � ½�H0;H0�:

ð1Þ

For this surface the principal radii of curvature and scale factors are
found to be R1 =1, R2 = R and a1 = 1, a2 = R. Hence, the strain com-
ponents defined in Pirrera and Weaver (2009) for general shape
shells can be simplified as



Fig. 2. Cylinder geometry, parameters and coordiante system.
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where u0, v0, w0, /1 and /2, represent displacements and rotations
of the middle surface.

Equilibrium configurations correspond to stationary points of
the total potential energy
P ¼ U þ V ; ð3Þ
where U and V are the strain energy and external work, respectively.
According to Clapeyron’s theorem U can be written as

U ¼
Z

X

Z þh=2

�h=2

1
2
rTe� aT QeDT

� �
1þ f

R

� �
Rdn1 dn2 df; ð4Þ

where X and h are the shell area and thickness, and, as customary,
Q ; a; DT are the transformed stiffness matrix, the thermal expan-
sion coefficients vector and the thermal load.

Eq. (3) is closed by the stresses and strains definitions derived in
Pirrera (2011)
e ¼ eL þ eNL ¼MeL þN eNL; ð5Þ
r ¼ Qe ¼ QðMeL þN eNLÞ; ð6Þ

where

eL ¼

e0
1

x0
1
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x0
2

e0
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e1
2

x1
2
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; ð7Þ
eNL ¼

1
8 e0

5 � j0
2

� �2

1
8 e0

4 þ j0
1

� �2

1
4 e0

5 � j0
2
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e0

4 þ j0
1

� �
2664

3775; ð8Þ

and the matrices M and N are defined as

M ¼

1 0 0 0 0 0 f 0 0 0
0 0 0 1

1þf
Rð Þ 0 0 0 0 f

1þf
Rð Þ 0

0 0 1
1þf

Rð Þ 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0
0 1 0 0 1

1þf
Rð Þ 0 0 f 0 f

1þf
Rð Þ

2666666664

3777777775
; ð9Þ

N ¼

1 0 0
0 1 0
0 0 0
0 0 0
0 0 1

26666664

37777775: ð10Þ

Substituting Eqs. (5) and (6) into the first term of the integrand in
(4), the strain energy definition can be recast as

1
2

Z
X

eLT
AeL þ 2eNLT

BeL þ eNLT
DeNL

� �
Rdn1 dn2

¼ 1
2

Z
X

eL

eNL

� 	T
A BT

B D

" #
eL

eNL

� 	
R dn1 dn2; ð11Þ

with

A ¼
Z þh=2

�h=2
1þ f

R

� �
MT QMdf;

B ¼
Z þh=2

�h=2
1þ f

R

� �
N

T QMdf;

D ¼
Z þh=2

�h=2
1þ f

R

� �
N

T QN df:

ð12Þ

Likewise, substituting into the second term of the integrand, the
thermal loads can be written as

Nth
L ¼

Z þh=2

�h=2
DT 1þ f

R

� �
aT QMdf; ð13Þ

and



A. Pirrera et al. / International Journal of Solids and Structures 49 (2012) 685–700 689
Nth
NL ¼

Z þh=2

�h=2
DT 1þ f

R

� �
aT QN df; ð14Þ

where

a ¼

axx

ayy

0
0

2axy

26666664

37777775: ð15Þ

In conclusion, Eq. (4) becomes

U ¼ R
2

Z
X
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� 	T
A BT

B D

" #
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eNL

� 	
� Nth

L Nth
NL

h i eL

eNL

� 	 !
dn1 dn2:

ð16Þ

Finally, let us denote by 2Lx, 2Ly and 2H0 = 2sin�1(Ly/R) the cyl-
inder length, width and subtended angle. We model mechanical
loads with four vertical forces applied to each one of the shell cor-
ners, for instance

F ¼
0

�F sin H0

F cos H0

264
375: ð17Þ

The corresponding displacement is then given by

d ¼
u0ðLx;H0Þ
v0ðLx;H0Þ
w0ðLx;H0Þ

264
375; ð18Þ

so that the external work V amounts to 4FTd.

2.2. Ritz minimisation of the total potential energy

Starting from the nondimensional version of Eq. (3) developed
in Appendix A, a system of nonlinear equations for the structural
equilibrium can be derived using a Ritz discretisation of the total
potential energy.

The nondimensional total potential energy as expressed in Eq.
(A.12) depends on the design parameters (thermal load – DT,
straight side length – Lx, central angle – H0, applied force – F)
and on the dimensionless mid-plane displacements and rotations
~u0; ~v0; ~w0; ~/1; ~/2. In order to find a suitable Ritz approximation,
the latter can be discretised as

~u0ð~n1; ~n2Þ ¼
XOpol

m¼0

Xm

n¼0

eUn;m�n
~nn

1
~nm�n

2 ;

~v0ð~n1; ~n2Þ ¼
XOpol

m¼0

Xm

n¼0

eV n;m�n
~nn

1
~nm�n

2 ;

~w0ð~n1; ~n2Þ ¼
XOpol

m¼0

Xm
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eWn;m�n
~nn

1
~nm�n

2 ;

~/1ð~n1; ~n2Þ ¼
XOpol

m¼0

Xm

n¼0

eXn;m�n
~nn

1
~nm�n

2 ;

~/2ð~n1; ~n2Þ ¼
XOpol

m¼0

Xm

n¼0

eY n;m�n
~nn

1
~nm�n

2 :

ð19Þ

In other words, as for the case of plates (see Pirrera et al., 2010), dis-
placements are approximated by a complete polynomial basis trun-
cated to order Opol. The coefficients eUn;m�n, eV n;m�n; eWn;m�n; eXn;m�n;eY n;m�n are unknowns and they uniquely define the displacements
of the full panel u, v, w, /1, /2.
For the sake of simplicity, the same polynomial order is
used for all the displacement components to give a total of
N = 5(Opol + 1)(Opol + 2)/2 unknowns. Nevertheless, by respecting
the essential boundary conditions and imposing symmetries, this
number can be reduced. For present purposes, only [902/02] and
[02/902] panels are considered. Since they will be clamped in the
middle, the following conditions can be enforced:

� ~u0 is odd in ~n1 and even in ~n2.
� ~v0 is even in ~n1 and odd in ~n2.
� ~w0 is even in ~n1 and ~n2, and it vanishes at the origin.
� ~/1 is odd in ~n1 and even in ~n2.
� ~/2 is even in ~n1 and odd in ~n2.

By plugging the resulting polynomial decomposition in Eq.
(A.12), the total potential energy is approximated by

eP � ePNðc;pÞ ð20Þ

which is now an algebraic function of the Lagrangian variables
c ¼ ½eU ; eV ; eW ; eX ; eY �T and of the control parameters p = [DT, Lx, H0,
F]T.

For fixed p, equilibrium configurations correspond to extrema
of the function ePN , therefore they satisfy

r ePNðc;pÞ ¼ f ðc;pÞ ¼ 0 ð21Þ

Eq. (21) are the desired set of nonlinear algebraic equilibrium rela-
tions, and they can be passed to the continuation software to ex-
plore the design space. The stability of solutions to Eq. (21), on
the other hand, can be assessed with the Second Derivative Test: if
the Hessian of ePN is positive (negative) definite at an equilibrium
point (c0, p0), then the equilibrium is a local minimum (maximum).
Minima and maxima coincide with stable and unstable solutions,
respectively. By definition, the Hessian matrix of ePN is the Jacobian
of f,

Hð ePNðc;pÞÞ ¼ Jðc;pÞ: ð22Þ

Indeed the following relation holds

@2 ePN

@ci@cj
¼ @fi

@cj
¼ Jij; i; j ¼ 1; . . . ;N: ð23Þ

In the context of this work, the expressions for f and J have been
computed symbolically via MAPLE 11™. The resulting system of
equations is exported as MATLAB

� code and then passed to the
path-following routines.

3. Results

In this section, results are presented that are concerned with
two different families of composite cylindrical panels, namely
[902/02] and [02/902] laminates. Model parameters such as Lx,
H0, F and DT are varied to investigate their thermally-induced
bistability. Unless otherwise stated, the baseline structure for all
of the following simulations is clamped in the middle and has
dimensions

2Lx ¼ 2Ly ¼ 25 cm; R ¼ 0:5 m:

Material properties are chosen to be typical values for carbon/epoxy
plies and are reported in Table 1.

Unlike flat plates, for which the only difference between the
two configurations would be a sequence of rigid rotations, the pan-
els under consideration exhibit different characteristics, that are
due to the interaction between stacking sequence and curvature.

The results presented in this paper are concerned with three
different kinds of numerical analyses:



Table 1
Typical material properties for carbon/epoxy.

E11 [GPa] E22 [GPa] m12 [–] G12 [GPa] a11 [K�1] a22 [K�1] Thickness [m]

161 11.38 0.32 5.17 �1.8 � 10�8 3 � 10�5 0.131 � 10�3
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1. Continuation of deep shell equations. On varying the design
parameters, the shells under consideration may change character-
istics and transit from shallow to deep, in nature, or vice versa.
Therefore, particular attention needs to be given to the strain
descriptors that are adopted for Eq. (21). Those in Eqs. (7) and
(8) are generally valid for deep and shallow shells and have been
used for this analysis. They are expected to be applicable to a larger
portion of the design space.

2. Continuation of shallow shell equations. In most of the follow-
ing analyses the combined effect of geometric parameters generate
thin shallow shells, hence, to reduce the complexity of the strain
descriptors, simulations are run with a simplified version of the
nonlinear strains in Eq. (8). In particular, Sanders’ strains can be
modified to account for shells’ shallowness (Reddy, 2004) by omit-
ting nonlinear terms of the form

u0

R1

� �2

;
v0

R2

� �2

;
u0

R1

v0

R2
;

@w0

@y
u0

R1
;

@w0

@x
v0

R2
: ð24Þ

It will be shown that this approximation fails to provide acceptable
insight into the bistability of cylindrical shells. In particular,
neglecting these terms led to the computation of spurious non-
physical solutions in some regions of the design space. More details
will be given in the following sections.
lotted onto the stable surface represents the difference between (a) the deep shell
ell models at order 7 and FE. Parameters: Lx = Ly = 125 mm, R = 0.5 m, DT = �180 �C,
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Fig. 5. Complete cool-down continuation diagram for a [902/02] cylindrical panel –
the plot represents the transverse position of the panel corners against the
temperature variation. It features three stable solution at room temperature, one of
which is unstable (equilibrium 2). Equilibria labelled 1 and 3 correspond to the
natural and secondary solutions respectively, i.e. to cylindrical configurations
oriented orthogonally to and as the initial geometry (equilibrium 0). Parameters:
Lx = Ly = 125 mm, R = 0.5 m, F = 0 N.
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Both of the continuation analyses have been performed using a
modified version of EPCONT as in Pirrera et al. (2010).

3. Finite element simulations. Where it was found possible, finite
element simulations have been performed to accompany the con-
tinuation analyses. It is noted that, due to all of the reasons dis-
cussed in Section 2, FE results are not always available due to
convergence issues.

Finite elements simulations have been performed with the
commercial software ABAQUS. Unless otherwise stated, the panel is
modelled using 2500 four-node-square shell elements (S4R) with
Fig. 6. Stable equilibria for a square plan-form [902/02] panel. Figures a–c correspond res
The colour map, used for illustration only, represents the surface position along the ver
a total of 2601 nodes. Mesh refinement studies show that the cho-
sen mesh density, given acceptable computational time, gave suf-
ficiently accurate results; indeed further refinement gave a
negligible change in results. The cool-down process was simulated
by using Static,General steps with Nlgeom on. When conver-
gence was difficult to achieve use has been made of the option
stabilization with: dissipated energy fraction. The dis-
sipation factor was always chosen to be sufficiently small to keep
the ratio between dissipated and strain energy below 10�3. This
numerical artifice makes the simulation pseudo-dynamic by add-
ing fictitious viscous forces to damp instabilities and improves
the convergence properties of the system. To remove these effects
in the snap-through analysis a Static, Riks step has been used.
3.1. Model validation

The approach to this study is, in principle, identical to that
adopted for bistable plates in Pirrera et al. (2010). However, the
systems of algebraic relations resulting from Eq. (A.12) are rather
more complicated and computationally demanding to solve. This
is mostly due to the complexity of the shells’ strain descriptors
and to the extra dependent variables (/1, /2 in addition to u0, v0,
w0) that derive from the use of a first order shear deformation
theory.

The proposed methodology has been validated extensively
against finite element simulations in our previous paper, where
high-order polynomials gave accurate results with respect to con-
tinuations in temperature, force and geometric dimensions. A few
extra considerations on bistable cylinders are reported here.

Fig. 3 presents one branch of the cool-down diagram of a [902/
02] panel. The plot shows the vertical position of the panel’s corner
against a temperature drop from 180 �C to 0 �C. The analysis
parameters are such that the shell can be deemed as thin and
pectively to the initial, natural and secondary equilibria, labelled 0, 1 and 3 in Fig. 5.
tical axis. Parameters: Lx = Ly = 125 mm, R = 0.5 m, DT = �180 �C, F = 0 N.
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Fig. 7. Continuation diagram and natural evolution (line with arrows) for a square
plan-form [902/02] panel subject to temperature variations. Parameters:
Lx = Ly = 125 mm, R = 0.5 m, F = 0 N.
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Fig. 9. Complete cool-down continuation diagram for a [02/902] cylindrical panel –
the plot represents the transverse position of the panel corners against the
temperature variation. It features three stable solution at room temperature, one of
which is unstable (equilibrium 2). Equilibria labelled 1 and 3 correspond to the
natural and secondary solutions respectively, i.e. to cylindrical configurations
oriented as and orthogonally to the initial geometry (equilibrium 0). Parameters:
Lx = Ly = 125 mm, R = 0.5 m, F = 0 N.
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shallow. Both the general and shallow shell strains are thus ex-
pected to give reliable results.

The curves in this figure correspond to analyses performed at
various polynomial orders. Shades of blue and green (colours in
the online version of the paper) refer respectively to shallow and
deep strain descriptors. The curve in red depicts the shell’s behav-
iour as predicted by finite elements simulations.

In terms of accuracy, the deep shell model is expected to provide
greater accuracy as it contains more terms that, despite being small,
contribute towards a refined solution. Fig. 3 seems to confirm this
prediction. In particular, despite requiring at least 5th order polyno-
mials in order to capture an adequate kinematical description, the
deep shell model appears to be the closest to the FE curve. Con-
versely, the shallow shell model starts to be accurate at order 3,
but refinements up to the 7th do not deliver a great deal of improve-
ment, indicating that the model is approaching overall convergence.

However, it should be noted that, ultimately, Fig. 3 tells little
about convergence or accuracy, which are better assessed by look-
ing at Fig. 4. This plot shows the distance between the displace-
ment fields obtained with FE and the approximated models (Top:
Order 5 deep shell. Middle: Order 5 shallow shell. Bottom: Order
7 shallow shell). This information is contained in the colour map
superimposed on the final shape produced after cooldown as pre-
dicted from FE analysis. It is clear, and expected, that the 5th order
deep shell model is as accurate as the 7th order shallow shell
Fig. 8. Secondary room temperature solution labelled 3 in Fig. 5: the colour map plotted o
order 5 and FE, and (b) the shallow shell models at order 5 and FE. Parameters: Lx = Ly =
model (max error of the order of magnitude of 10�3 m). The differ-
ence between the blue and green curves in Fig. 3 is mostly due to
the different error patterns.

In conclusion, this indicates that a shallow shell approximation
holds valid in this region of the design space, but also that the use
of 7th order polynomials does not improve the results found with
a 5th order deep shell approximation. For this reason and to compare
like for like, in the reminder of this work only 5th order analyses will
be presented. This choice is thought to be a good compromise be-
tween accuracy and computational effort. Overall, the error is in-
deed small and confined to a boundary region. Furthermore, the
residual difference between the models and FE results after conver-
gence can be justified as in Pirrera et al. (2010), where it was shown
to be due to the lack of stiffness adaptation along the solution steps.
In other words, the FE implementation relies upon an Updated
Lagrangian Formulation, whereas our model is based on a Total
Lagrangian approach.

3.2. Cool-down and room temperature shapes

Similarly to flat plates, unsymmetrically laminated cylindrical
shells exhibit, under generic conditions, multiple stable configura-
nto the stable surface represents the difference between (a) the deep shell model at
125 mm, R = 0.5 m, DT = �180 �C, F = 0 N.
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tions at room temperature. As mentioned above, two cross-ply
stacking sequences are examined. They are [902/02] and [02/902].

The complete cool-down continuation diagram for the [902/02]
panel is shown in Fig. 5. As expected, it features two branches and
shows the presence of three equilibria at room temperature, one of
which is unstable.

The room-temperature equilibrium labelled 1 is approximately
a cylinder whose principal curvature is normal to that of the moul-
ded panel, but with greater curvature. Conversely, the equilibrium
labelled 3 is a cylinder oriented as the moulded structure. Their
shapes are shown in Fig. 6.
Fig. 10. Stable equilibria for a square plan-form [02/902] panel. Figures a, b and c correspo
Fig. 9. The colour map, used for illustration only, represents the surface position along t

Fig. 11. Natural room temperature solution labelled 1 in Fig. 9: the colour map plotted o
order 5 and FE, (b) the shallow shell models at order 5 and FE. Parameters: Lx = Ly = 125
The equilibria labelled 0 and 1 lie on the same branch, which is
also disconnected from the other one. In practise, this means that
on cooling down, due to the inherent structural asymmetry, the
structure spontaneously converges towards one particular stable
shape. In order to make the structure snap into the other configu-
ration, the application of a force is hence required. In other words,
the stable solutions are separated in the space of the parameter DT.
Hereafter, the configuration to which the system converge sponta-
neously on cooling down will be called the natural solution. Where
it exists, the alternative solution will be called the secondary
solution.
nd respectively to the initial, natural and secondary equilibria, labelled 0, 1 and 3 in
he vertical axis. Parameters: Lx = Ly = 125 mm, R = 0.5 m, DT = �180 �C, F = 0 N.

nto the stable surface represents the difference between (a) the deep shell model at
mm, R = 0.5 m, DT = �180 �C, F = 0 N.



Fig. 12. Secondary room temperature solution labelled 3 in Fig. 9: the colour map plotted onto the stable surface represents the difference between (a) the deep shell model
at order 5 and FE, (b) the shallow shell models at order 5 and FE. Parameters: Lx = Ly = 125 mm, R = 0.5 m, DT = �180 �C, F = 0 N.

Fig. 13. Cylindrical panel whose dimension are changed by continuation. Top:
square plan-form panel. Middle: central angle variation. Bottom: side length
variation.
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Following solution 3 in parameter space along the branch to
which it belongs, it is found that at approximatively �80 �C the
solutions become unstable via a saddle-node bifurcation. At
� 180 �C, a connected unstable equilibrium (labelled 2) is obtained,
for which the principal curvatures at the origin are comparable and
small. As previously mentioned, the stable solutions 1 and 3 are
disconnected in parameter space. The physical interpretation of
this scenario is depicted in Fig. 7. Starting from the cure tempera-
ture (labelled 0), the system follows the bottom branch until equi-
librium 1. The reverse path is also possible. On the other hand, it is
possible to start from equilibrium 3 on the solid part of the top
branch and heat up the structure: after an initial deformation,
the system will jump to the bottom branch and will eventually
reach point 0. Conversely, equilibrium 3 will never be reached by
simply cooling down from 0. In fact, an external intervention (i.e.
an applied force) is necessary to make the structure snap onto
the top branch and follow the equilibrium 3 branch. Such a feature
is particularly interesting as it is inherent to both initially curved
panels and geometrically unsymmetric plates. The pitchfork sce-
nario is then a unique characteristic of doubly-symmetric initially
flat plates.

Like Figs. 4 and 8 shows the difference between the computed
secondary shape and the FE solution. Once again the deep shell
approximation (a) is slightly more precise than the shallow shell
(b), however the most remarkable feature here is the colour map
asymmetry. This deviation from the symmetry of the physical solu-
tions has been found to be an artefact of the FE procedure. Numer-
ical stability is indeed achieved by adding fictitious damping. This
improves the system’s convergence properties but, as a conse-
quence, numerical imperfections are generated on snapping
through the secondary solution.

Another feature is noted in Fig. 5 that appears to be a modelling
artefact. The loop between �20 �C and �30 �C has indeed only a
weak correlation with the red curve. In the same area the FE model
exhibits two changes of slope in close succession. The 7th curve of
Fig. 3 approaches this behaviour and seems to confirm the exis-
tence of an unstable arc joining the local maxima generated by
the change of slope. Nonetheless, this unstable arc was not ob-
served with finite elements simulations nor higher order refine-
ments were possible. Further investigation would then be
necessary to determine the real nature of the solutions in that area.

Fig. 9 shows the cool-down continuation diagram for the second
cross-ply configuration, namely the [02/902] panel. By comparing
these results with those presented in Fig. 5 it is possible to notice
a few fundamental differences. Firstly, the field of existence of the
secondary solution, labelled 3 in Fig. 9, is much wider. It again
destabilises via a saddle-node bifurcation but at �40 �C rather than
�80 �C. Secondly, the loop feature is no longer present. The system
transits from the initial configuration to the natural solution (labels
0 and 1) almost linearly. Lastly, yet most importantly, it is noted
that, despite the overall behaviour being very similar in nature,
the orientations of the cylindrical solutions are opposite to those
exhibited by the [902/02] panel. In particular, in this case the nat-
ural solution is oriented as the mould, whereas the secondary solu-
tion curvature is orthogonal and opposite in sign to the initial one.
The stable configurations are shown in Fig. 10. The difference be-
tween the solutions calculated using the present model and FE
are presented in Figs. 11 and 12.
3.3. Panel geometry

The bistability of cylindrical panels is now further investigated
by studying the influence of laminates’ geometric dimensions. The
equilibria that were found in the previous section will be path-fol-
lowed while the parameters Lx and H0 are varied by continuation.
Here, the panels’ geometric features are modified to generate cure
temperature configurations similar to those shown in Fig. 13.
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The following computations are carried out only in regions of
the design space in which the analyses retain physical meaning.
For instance, Lx and H0 are bound to be greater than a small posi-
tive number. Also, being computationally expensive to trace, some
branches are truncated when no extra information is gained by let-
ting the parameters increase indefinitely.

Fig. 14a and b present equilibrium configurations correspond-
ing to different H0 values for the [902/02] and [02/902] panels. As
expected, for H0 approaching 0.8 rad (45�), the deep shell approx-
imation predicts the loss of bistability as one of the stable solution
disappears. In general, only the solutions in which the cylindrical
shape is oriented as the initial configuration continue to exist. Con-
versely, in the observed regions the shallow shell model retains
indefinitely two stable solutions, prescribing spurious non-physi-
cal equilibria. This result is not surprising and was anticipated be-
cause when the circumferential dimension is increased above a
certain threshold the panel analysed in the previous section can
no longer be considered as shallow. The terms in Eq. (24) are then
to be retained in order to capture the room temperature shapes.
The strain descriptors (5) are indeed expected to be more accurate
in this portion of the design space.

It is interesting to note that the loss of bistability occurs in two
radically different ways. In Fig. 14a, i.e. for [902/02] panels, the sta-
ble branches are connected by means of an unstable segment. On
the other hand, for [02/902] panels (Fig. 14b), the stable branches
are disconnected and a closed loop in parameter space, called isola,
is formed (Golubitsky et al., 1988).
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Fig. 14. Continuation of geometrical features of cylindrical shells. (a)– (b): Central
Lx = 125 mm, R = 0.5 m, F = 0 N; (c) and (d): side-length continuation of a [902/02] and [0
Continuation diagrams in the parameter Lx are presented in
Fig. 14c and d. As for the previous case, the deep shell model pre-
dicts the loss of bistability for side lengths larger that a certain va-
lue. The stable solutions for the [902/02] laminate are again
connected via an unstable arc. Similarly, the [02/902] laminate dia-
gram features an isola again. In both the figures the shallow shell
model fails to follow this behaviour. In this case spurious equilibria
are immediately evident because the natural solution branch in
Fig. 14c and the secondary solution branch in Fig. 14d drift towards
unrealistic values of displacements.

This result is particularly interesting because when Lx is in-
creased the panel characteristics do not change: the shell rise with
regard to any chord continues to be small and, due to inextensional
nature of the equilibria, the inplane displacements are expected to
remain small compared to the radii of curvature. In other words,
the structure that was shallow keeps being shallow indefinitely.
Nonetheless, deep and shallow approximations give two com-
pletely different solution landscapes, the latter being unable to
capture the systems’ real behaviour.

In conclusion, giving rise to different deformation modes, the deep
shell strain descriptors are important contributors in areas of the de-
sign space where the shallow shell approximation should hold.

3.4. Snap-through load

Fig. 15a and b present the snap-through diagrams for the [02/
902] and [902/02] laminates. The system in these plots correspond
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Fig. 16. Force–displacement diagram for a rectangular plan-form [02/902] panel.
Due to local instabilities the FE solutions path deviates from the regular behaviour
predicted analytically. This deviation, that is represented by the arc between the
two cusps in the red curve, corresponds to a physical behaviour that the
deformations modes in the 5th order model are not able to capture. The cusps
are in fact related to the onset and end of a local unstable deformation mode.
Parameters: Lx = 250 mm, Ly = 125 mm, R = 0.5 m, DT = �180 �C. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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to the square plan-form geometries studied in Section 3.2. The con-
tinuations start at �180 �C, when a force F is applied to the panel’s
corners as indicated by Eq. (17).

By comparing these graphs with that in Fig. 15c, that is with a
flat plate with identical plan-form shape, it is possible to notice a
few interesting differences. If the plate’s snap-through curve is ta-
ken as a reference, the force necessary to make the structure snap
from the natural to the secondary solution (left to right) increases,
whereas the force to go in the opposite direction decreases. The
displacement at which the snap events occur changes as well. In
particular, by looking at the FE curves, it is noted that the natural
solution snaps only when it is almost completely flattened. Alto-
gether, the curves are asymmetric with respect to the axes, due
to the panel’s initial curvature.

The curves in Fig. 15 confirm the findings found in Pirrera et al.
(2010): fifth order polynomial approximations are not sufficient to
give an accurate estimation of the snap-through load. Further
refinements would be necessary to improve the accuracy of the
computations.

The analysis in Fig. 16 is concerned with a rectangular panel
whose dimensions are 2Lx = 25 cm and 2Ly = 50 cm. This plot is
particularly interesting because it details one of the few cases in
which the FE solver (same mesh density as in previous analyses)
was able to converge to a solution, and also it shows explicitly
the drawbacks of continuation in commercial software.

In particular, it shows that the FE solver converges to the de-
sired solution but, due to local instabilities, the solution’s path
deviates from the behaviour predicted analytically. This deviation,
that is represented by the arc between the two cusps in the red
curve, corresponds to a physical behaviour that the deformations
modes in the 5th order model are not able to capture. The cusps



A. Pirrera et al. / International Journal of Solids and Structures 49 (2012) 685–700 697
are in fact related to the onset and end of a local unstable deforma-
tion mode.

At a first glance, it may seem that the FE curve is rather different
from the deep and shallow branches. However, what we are
observing here is a different phenomenon: the FE formulation is
able capture local deformation that escapes the meshless model;
as a result, when the applied force is approximately 8 N the FE Riks
continuation finds a branch of localised deformations that connect
to the secondary solution branch. Arguably, an FE branch also
probably exists that behaves like the 5th order curves, connecting
the cusps along another path, and involving nonlocal deforma-
tions; however this branch is not accessible to the users, as the
FE implementation does not allow us to restart and branch-switch.

This analysis is noteworthy because it shows a successful spe-
cial case in which, despite the onset of local deformation modes,
the FE solver did find the secondary solution. In general, however,
this was not the case, as any other system whose secondary solu-
tion was searched showed a behaviour similar to that of an elastic
hinge (Mattioni et al., 2006), i.e. as that described in Fig. 1d. In
other words, the onset of localised deformation modes took the
system indefinitely away from the secondary solution branch. In
principle, it could be possible to find a combination of loads and
constraints that could prevent these modes from arising, but in
general this is a cumbersome trial-and-error process that often
ends with little or no usable results.
3.4.1. Discussion
The continuation diagrams presented in Sections 3.3 and 3.4

show that in many cases the natural and secondary solutions are
disconnected in the spaces of the parameters DT, Lx and H0. This
feature gives us the opportunity to further discuss the benefits of
numerical continuation over alternative methods to explore bista-
ble panels’ design space. It has, indeed, an important practical con-
sequence. That is, the existence of an alternative stable equilibrium
can be established only by applying a force.

As a matter of fact, without this capability solution branches
that are disconnected in parameter space could be easily over-
looked. This is true for a series of reasons related to common alter-
native analysis methods. When a system is discretised with any of
the modal decomposition techniques, the resulting set of equations
is generally solved with standard Newton–Raphson methods. If
this is the case, however, nonlinear solution paths can not be
traced if the locus of equilibria passes limit points, where the Jaco-
bian of the system becomes singular. Another common option is to
entrust commercial finite elements software with the task of solv-
ing the system, but this approach is inherently affected by all of the
limitations discussed in Section 2 and depicted in Fig. 16.

Coupling any of these approaches with path-following tech-
niques is then essential to the present purposes, that is to find mul-
tiple solutions with reasonable effort. Results like those presented
in the previous sections are a good example of the effectiveness of
the proposed method. The [902/02] panel, for instance, has multiple
stable shapes which are disconnected in DT but connected in Lx or
H0. The secondary configuration can then be found by continuing
in the panel’s geometric dimensions as shown in Fig. 14a and c. For
the [02/902] panel, on the other hand, the solutions are discon-
nected in DT and in both Lx and H0. As a consequence, the only op-
tion to find the secondary shape is to apply a force and trace stable
and unstable equilibria as the load varies. When the desired point
is found, it can again be path-followed in Lx and H0.
4. Conclusions

In this paper we have successfully extended the framework pro-
posed in Pirrera et al. (2010) to cylindrical shells. The principal aim
here was to explore their design space, in order to characterise
their bistability and provide the means for the analysis and optimal
design of multistable cylindrical panels for morphing applications.

The investigation was carried out using three different models:
Ritz discretisations of the equilibrium equations for deep and shal-
low shells and, when possible, FE analyses. The latter proved inher-
ently ineffective for this kind of problem. Conversely, by combining
the Ritz models with numerical continuation, it was possible to ex-
plore the design space systematically, also accessing cylinders’
geometric parameters such as side lengths and central angle.

Whilst studying the domain of existence of bistability, it was
found that only solutions in which the cylindrical shape is oriented
as the cure temperature configuration continue to exist indefi-
nitely. Most importantly, it was noted that the systems’ kinematics
is only captured adequately by the deep shell Ritz model. In gen-
eral, deep and shallow approximations give two completely differ-
ent solution landscapes, the latter being unable to capture the
systems’ real behaviour. This leads to the following significant con-
clusion: the deep shell strain descriptors are significant and can
not be neglected, as they produce different deformation modes.
This conclusion applies in areas of the design space where superfi-
cially the shallow shell approximation should be expected to hold.

As far as the accuracy of the models is concerned, this study
confirms the results presented by the authors in Pirrera et al.
(2010): kinematic characteristics are well resolved by 5th order
approximations; other aspects of the panels nonlinear behaviour
such as the snap-through diagram, can be captured only at higher
orders.

This evidence reinforces the assumption that, for the case of
freely supported 0/90 or 90/0 laminated panels, a total Lagrangian
description of the equilibria with Sanders nonlinearities is suitable
even in the presence of very large displacements. It is noted that
such a conclusion might not hold for different boundary conditions
or in regions of the design space in which it was not possible to ob-
tain FE results for confirmation. In such regions, i.e. where even lar-
ger displacements are featured, the lack of stiffness matrix
adaptation and updated equilibria considerations may be more rel-
evant. In FE methods the stiffness matrix and equilibrium depend
upon nodal displacements, hence it can be easily accessed and up-
dated at every continuation step. In this respect, meshless meth-
ods, such as the one employed here, are inherently defective and
a suitable FE formulation is likely to required.
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Appendix A. Non-dimensional Shell Lamination Theory

By following the approach adopted in Pirrera et al. (2010), Eq.
(11) gives the means for a suitable rescaling of the system’s total
potential energy and, in turn, of the equilibrium equations. In par-
ticular, considering a cylindrical panel of plan-form dimensions 2Lx

and 2Ly, the system’s coordinates can be written in their nondi-
mensional form as

~n1 ¼ n1=Lx and ~n2 ¼ n2=H0; ðA:1Þ

where H0 = sin�1(Ly/R) represents half of the angle included by the
cylindrical section.

Similarly, the displacement components become

~u0 ¼ u0=U0; ~v0 ¼ v0=V0; ~w0 ¼ w0=W0;

~/1 ¼ /1=U1; ~/2 ¼ /2=U2
ðA:2Þ
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so that, by virtue of Eqs. (A.1) and (A.2), the strain components of
Eq. (2) can then be written as

e0
1 ¼ E0

1~e0
1 ¼

U0

Lx

@~u0

@~n1
; e0

2 ¼ E0
2~e0

2 ¼
1
R

V0

H0

@~v0

@~n2
þW0w0

� �
;

x0
1 ¼ X0

1 ~x0
1 ¼

V0

Lx

@~v0

@~n1
; x0

2 ¼ X0
2 ~x0

2 ¼
U0

H0R
@~u0

@~n2
;

e0
4 ¼ E0

4~e0
4 ¼

1
R

W0

H0

@w0

@~n2
þ RU2

~/2 � V0 ~v0

� �
;

e0
5 ¼ E0

5~e0
5 ¼

W0

Lx

@w0

@~n1
þU1

~/1;

j0
1 ¼ K0

1 ~j0
1 ¼

1
R

W0

H0

@w0

@~n2
� V0 ~v0 � RU2

~/2

� �
;

j0
2 ¼ K0

2 ~j0
2 ¼ �

W0

Lx

@ ~w0

@~n1
þU1

~/1;

e1
1 ¼ E1

1~e1
1 ¼

U1

Lx

@/1

@~n1
; e1

2 ¼ E1
2~e1

2 ¼
U2

H0R
@/2

@~n2
;

x1
1 ¼ X1

1 ~x1
1 ¼

U2

Lx

@/2

@~n1
; x1

2 ¼ X1
2 ~x1

2 ¼
U1

H0R
@/1

@~n2
:

ðA:3Þ

In turn, by defining the scaling matrices EL and ENL, the strain for-
mulae (7) and (8) become

eL ¼ EL~eL ¼

E0
1 0 0 0 0 0 0 0 0 0

0 X0
1 0 0 0 0 0 0 0 0

0 0 E0
4 0 0 0 0 0 0 0

0 0 0 E0
2 0 0 0 0 0 0

0 0 0 0 X0
2 0 0 0 0 0

0 0 0 0 0 E0
5 0 0 0 0

0 0 0 0 0 0 E1
1 0 0 0

0 0 0 0 0 0 0 X1
1 0 0

0 0 0 0 0 0 0 0 E1
2 0

0 0 0 0 0 0 0 0 0 X1
2

26666666666666666666664

37777777777777777777775

~e0
1

~x0
1

~e0
4

~e0
2

~x0
2

~e0
5

~e1
1

~x1
1

~e1
2

~x1
2

266666666666666666664

377777777777777777775
ðA:4Þ

and

eNL ¼ ENL~eNL ¼
ENL

11 0 0

0 ENL
22 0

0 0 ENL
12

264
375

1
8

~e0
5 � ~j0

2

� �2

1
8

~e0
4 þ ~j0

1

� �2

1
4

~e0
5 � ~j0

2

� �
~e0

4 þ ~j0
1

� �
2664

3775: ðA:5Þ

Likewise, introducing the nondimensional temperature ~s ¼ DT=DT0,
the thermal loads can be written as

Nth
L ¼ Nth

0L
~s ¼

Z þh=2

�h=2
~sDT0LaT QMdf; ðA:6Þ

and

Nth
NL ¼ Nth

0NL
~s ¼

Z þh=2

�h=2

~sDT0LaT QN df: ðA:7Þ

In conclusion, the nondimensional strain energy can then be recast
as

eU ¼ Z 1

�1

Z 1

�1

1
2

~eL

~eNL

� 	T eA eBTeB eD
" #

~eL

~eNL

� 	
� eN th

L
eN th

NL

h i ~eL

~eNL

� 	
~s

 !
d~n1 d~n2

ðA:8Þ

where

eA eBTeB eD
" #

¼ 1
P0

EL 0
0 ENL

" #
A BT

B D

" #
EL 0
0 ENL

" #
ðA:9Þ

and
eN th
L

eN th
NL

h i
¼ 1

P0
Nth

0L
Nth

0NL

h i EL 0
0 ENL

" #
: ðA:10Þ

Similarly, in its nondimensional version, the external work V = 4 FTd
becomes

eV ¼ 4F0

P0

0
� sin H0

cos H0

264
375

T U0 0 0
0 V0 0
0 0 W0

264
375 ~uð1;1Þ

~vð1;1Þ
~wð1;1Þ

264
375eF : ðA:11Þ

Finally, in light of Eqs. (A.8) and (A.11), the nondimensional total
potential energy can be written as

eP ¼ eU þ eV : ðA:12Þ

In the expressions above, the matrices ELand ENLcontain the follow-
ing scaling factors:

E0
1 ¼

U0

Lx
; E0

2 ¼
V0

RH0
;

X0
1 ¼

V0

Lx
; X0

2 ¼
U0

RH0
;

E0
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W0
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Lx

K0
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Lx
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E1
1 ¼
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Lx
; E1

2 ¼
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X1
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U2

Lx
; X1

2 ¼
U1

RH0
;

ðA:13Þ

and

ENL
11 ¼

1
2

W2
0

L2
x

; ENL
22 ¼

1
2

W2
0

R2H2
0

; ENL
12 ¼

W2
0

RLxH0
ðA:14Þ

The nondimensionalisation is completed by giving suitable expres-
sions for U0, V0, W0, U1, U2 and P0. The mid-plane displacements
scaling factors are stiffness-weighted thicknesses chosen from Dia-
conu and Weaver (2006):

U0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A�11A�22D�11D�22

p
Lx

; V0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A�11A�22D�11D�22

p
RH0

;

W0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A�11A�22D�11D�22

4
q

:

The rotations scaling factors, on the other hand, are derived from
those above using the definitions of e0

4 and e0
5 in Eq. (2):

U1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A�11A�22D�11D�22

4
p

Lx
; U2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A�11A�22D�11D�22

4
p

RH0
;

where the terms A�ij and D�ij correspond to the elements of the
matrices

A� ¼ A�1
; B� ¼ �A�1B; D� ¼ D� BA�1B;

and A, B, D are the well known stiffness matrices calculated with
classical lamination theories.

Lastly, the following scaling coefficient for the total potential
energy was found to be effective:

P0 ¼ tr
ENL DENL

LxH0

 !
: ðA:15Þ
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