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ABSTRACT

We revisit elliptic bursting dynamics from the viewpoint of torus canard solutions. We show that at the transition to and from elliptic
burstings, classical or mixed-type torus canards may appear, the difference between the two being the fast subsystem bifurcation that they
approach: saddle-node of cycles for the former and subcritical Hopf for the latter. We first showcase such dynamics in a Wilson–Cowan-type
elliptic bursting model, then we consider minimal models for elliptic bursters in view of finding transitions to and from bursting solutions
via both kinds of torus canards. We first consider the canonical model proposed by Izhikevich [SIAM J. Appl. Math. 60, 503–535 (2000)] and
adapted to elliptic bursting by Ju et al. [Chaos 28, 106317 (2018)] and we show that it does not produce mixed-type torus canards due to a
nongeneric transition at one end of the bursting regime. We, therefore, introduce a perturbative term in the slow equation, which extends this
canonical form to a new one that we call Leidenator and which supports the right transitions to and from elliptic bursting via classical and
mixed-type torus canards, respectively. Throughout the study, we use singular flows (ε = 0) to predict the full system’s dynamics (ε > 0 small
enough). We consider three singular flows, slow, fast, and average slow, so as to appropriately construct singular orbits corresponding to all
relevant dynamics pertaining to elliptic bursting and torus canards. Finally, we comment on possible links with mixed-type torus canards and
folded-saddle-node singularities in non-canonical elliptic bursters that possess a natural three-timescale structure.
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Biological rhythms are often oscillatory and this has been exper-
imentally observed in many recordings, in particular of neuronal
origin. Upon input changes, the cell response may transit from
one regime to another. In some neuronal models, such transitions
have been shown to be closely related to the different timescales
naturally present in the model, whether or not it is explicit. More
precisely, the transitions are organized in parameter space by
canard solutions. This is the case of the rest-to-spiking transi-
tion in certain neural membrane models, which are organized by
canard cycles providing the best approximation to the excitability
threshold.3–5 Canards also play an important role in organiz-
ing the transition between spiking and bursting via so-called
torus canards (TCs).2,6–9 A particular bursting pattern where torus
canards are present is elliptic bursting. The present work aims
to further decipher this bursting scenario and how torus canards
bound the bursting regime in parameter space, not only classi-
cal torus canards emerging near a fold bifurcation of cycles of

the fast subsystem but also mixed-type torus canards that arise
near a subcritical Hopf bifurcation of the fast subsystem and
have been only partially studied as such.2,10,11 These two transi-
tory canard regimes are present in a number of elliptic bursting
models describing both single-neuron electrical activity (e.g., the
Morris–Lecar or the FitzHugh–Rinzel models11,12) and popula-
tion activity as in Wilson–Cowan-type models.8 In the present
paper, we propose a close-up on torus canard regimes bordering
elliptic bursting activity using canonical models and combining
the three relevant singular systems present when timescale sep-
aration is explicit: slow, fast, and average slow subsystems. We
use them to construct singular periodic orbits that account for
all activity regimes in generic elliptic bursters. What is more, we
extend the current canonical form for elliptic bursting, which
cannot generate the mixed-type torus canards due to a degenerate
parameter regime, in order to allow the mixed-type torus canard
regime to arise in place of a degenerate transition. Finally, we
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briefly touch upon the link between mixed-type torus canards and
so-called folded-saddle-node singularity in non-canonical elliptic
bursters, which often naturally possess three timescales.

I. INTRODUCTION

Complex oscillations are ubiquitous in neuronal data, where
cells respond to sufficiently strong input stimuli not only by emitting
action potentials or spikes but also by displaying more compli-
cated electrical oscillations such as bursting, which corresponds to
an alternation between epochs of quiescent (subthreshold) activ-
ity and groups of consecutive spikes referred to as bursts. A large
repertoire of bursting patterns are observed in neuronal experimen-
tal recordings13–18 as well as in other excitable cells.19 Mathematical
models of such complex neuronal oscillatory behavior often possess
multiple timescales, which can be explicit or not, and many differ-
ent types of experimentally observed bursting oscillations have been
classified over the past few decades,20–22 using tools from bifurcation
theory and singularity theory; see below.

Biologists and modelers are interested in understanding pos-
sible changes (upon input) between different neuronal activity
regimes, in particular, how neurons may transition from spiking to
bursting activity. One scenario of such a transition involves special
solutions called torus canards; they have been evidenced and stud-
ied in both biophysical6 and phenomenological7 models. According
to this scenario, the membrane potential response to stimuli evolves
from repetitive spiking (regular large-amplitude oscillations) to
amplitude-modulated spiking, where a second frequency emerges
in the solution profile, to then bursting activity. Torus canards are
organizing this transition, which occurs in a very narrow range of
input parameter values.

Mapping the transition between bursting and tonic firing,
which may carry different information content,23,24 is a key ques-
tion in neuroscience and it has partially been addressed in single
cell recordings,25–27 and investigated in a FitzHugh–Nagumo–Rinzel
type model.11 As hinted at above, the first classification of burst-
ing behavior was proposed by Rinzel20 and later extended by
Izhikevich.21 These classifications hinge upon the slow–fast struc-
ture of the models supporting bursting, and upon the bifurcation
structure of certain associated singular systems, which we now
introduce.

In this paper, we will study elliptic bursting,28–31 which occurs
minimally in systems of two-fast one-slow variables. These models
are written in the fast-time parameterization as

x′ = f(x, y, µ, ε), y′ = g(x, y, µ, ε), µ′ = εh(x, y, µ, ε), (1)

or in an equivalent slow-time parameterization as

εẋ = f(x, y, µ, ε), εẏ = g(x, y, µ, ε), µ̇ = h(x, y, µ, ε), (2)

where x and y are fast variables, µ is the slow variable, 0 < ε � 1 is
a small parameter indicating the time scale separation, and in which
prime and overdot denote differentiations with respect to the fast
time t and to the slow time τ = εt, respectively. The functions f, g,
and h are supposed to be sufficiently regular.

As in many bursting patterns, the timescale difference in elliptic
bursting systems manifests itself as a composition of fast oscilla-
tory components coupled to a slow process driving the fast variables
alternatively from quasi-stationary to quasi-periodic dynamics.20

Intuitively, this means that one uses both scalings presented above
to understand bursting solutions. Despite being equivalent to each
other for ε 6= 0, systems (1) and (2) converge to two non-equivalent
singular limits for ε = 0,

x′ = f(x, y, µ, 0), y′ = g(x, y, µ, 0), µ′ = 0, (3)

0 = f(x, y, µ, 0), 0 = g(x, y, µ, 0), µ̇ = h(x, y, µ, 0), (4)

which are referred to as fast and slow subsystems, respectively.
An important object in slow–fast dynamical systems is the

critical manifold S0

S0 :=
{

(x, y, µ) ∈ R
3 : 0 = f(x, y, µ, 0), 0 = g(x, y, µ, 0)

}

.

Note that S0, which is a one-dimensional manifold in this case,
appears both as the set of equilibria of the fast subsystem (where the
slow variable µ is frozen and considered as a bifurcation parameter)
and as the phase space of the slow subsystem.

We use Françoise’s definition of bursting cycle32 (Definition 60,
p. 160), which states that in a slow–fast vector field parameterized by
0 < ε � 1, a stable bursting cycle is a limit cycle which, as ε → 0,
comes arbitrarily close to both a stable equilibrium and a stable limit
cycle of the fast subsystem.

According to Izhikevich’s classification, elliptic bursting is
characterized by the following pair of fast-subsystem bifurcations: a
subcritical Hopf bifurcation (HB), which triggers the onset of burst,
and a saddle node (SN) of limit cycles, which terminates the burst.
This type of bursting is one example where the transition to and
from bursting is associated with torus canards (TCs), which emerge
in a exponentially small parameter intervals.2,6–9,33

We review these concepts in a neuronal population Wilson–
Cowan-type model,34 which supports elliptic bursting behavior (see
Refs. 8 and 21). In the fast scaling, the model reads

x′ = −x + Nx(Jxxx + Jxyy + µ),

y′ = δ(−y + Ny(Jyxx + Jyyy + ρ)),

µ′ = ε(k − x − y),

(5)

where x and y model a fast excitatory and inhibitory population,
respectively, and where µ denotes a slow, excitatory, adaptation
current. In the model above, Nx and Ny are the sigmoidal functions,

N` =
λ`

2

[

1 + erf

(

g1`
√

2(1 + g2
1σ

2
` )

)]

, (6)

` = {x, y}, and Jxx, Jxy, Jyx, Jyy, δ, ε, ρ, g1, g2, v, λx, λy, and k are control
parameters (see also Ref. 35).

In Fig. 1(a), we plot a bifurcation diagram of the fast subsys-
tem, onto which we superimpose an elliptic bursting cycle, whose
time profile is shown in panel (b) of the figure. The critical manifold
S0 is a cubic-like curve, and the fast subsystem bifurcations relevant
to elliptic bursting are the right-most HB and the SN of limit cycles.
We anticipate that secondary bifurcations organize the oscillatory
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FIG. 1. Elliptic bursting cycle from the Wilson–Cowan-type system (5). (a) Projection onto the (z, x) plane superimposed onto the bifurcation diagram of the fast subsystem.
(b) Time profile of the x variable over a few periods of the bursting cycle. Parameter values are: Jxx = 12, Jxy = −4, Jyx = 13, Jyy = −9, δ = 0.05, ε = 0.001, ρ = −1.1,

g1 = 0.19, g2 = 0.4, σx = σy = 1.001, λx = 2, λy = 8.5, and k = 2.56. Computations are performed using XPPAUT,36 using default tolerances.

patterns displayed in Figs. 1 and 2; we will not focus on such insta-
bilities in the present article, as they reported elsewhere (see, e.g.,
Refs. 2 and 11).

As parameter k varies, we observe transitions to different
regimes. When k decreases, we observe a transition to tonic spiking.
This transition is organized by TC cycles [see Figs. 2(a) and 2(b)].
One geometrical property of TCs is that their fast oscillations do not
stop near the SN point of the fast subsystem but instead continue
along the branch of unstable limit cycles. This feature justifies the
term canard because the fast oscillations follow a repelling object
of the fast subsystem.37–39 The name TC reflects the fact that this
transition is accompanied by a torus bifurcation in the full system
(not shown), that is, when ε 6= 0 and ε � 1. As other canard solu-
tions, torus canards come both with head [Fig. 2(b)] and without
head [Fig. 2(a)]: the latter winds around an invariant torus of the
full system (0 < ε � 1).

In discrete-time dynamical systems, a Neimark–Sacker bifurca-
tion is the equivalent of a Hopf bifurcation for maps and it is identi-
fied by the occurrence of an invariant closed curve bifurcating from
a fixed point as its stability changes. In continuous-time dynamical
systems, invariant tori are associated with invariant closed curves
of Poincaré maps, and this is why Neimark–Sacker bifurcations
for flows are also called torus bifurcations.2,40–43 In the context of
slow–fast continuous-time dynamical systems of dimension at least
3, the occurrence of TCs is associated with the presence of both a SN
bifurcation of cycles in the fast subsystem and a torus bifurcation of
the full system (ε 6= 0), which is located in the phase space at a small
distance (O(ε)) from the SN bifurcation point (see Fig. 2). Small
TCs appear in parameter space in the vicinity of bursting solutions,
and they wind around an invariant torus, which originates from the
Neimark–Sacker bifurcation of the full system.

In addition to the aforementioned one, the Wilson–Cowan-
type system generates another type of torus canard that seems to
be less studied. We refer to it as mixed-type torus canard for its
link to the notion of canards of mixed type reported in Ref. 10.
Like the classical TCs, these cycles are related to the presence of
a Neimark–Sacker bifurcation in the full system. The name mixed
type is used because these solutions contain an attracting slow seg-
ment followed by a repelling fast segment; hence, they differ from
classical TCs; mixed-type TCs appear near a subcritical HB as shown
in Figs. 2(c) and 2(d). This is different from the classical TCs, which
appear near a SN of cycles of the fast subsystem.

In the present paper, we are motivated by studying min-
imal elliptic bursters that can display all the solution types
mentioned above. Classical TCs have been studied in various
neuronal models.6–8 Mixed-type TCs have received less attention,
albeit they have been observed and described in a recent study
by Ju et al.,2 where the main focus is on the full system torus
bifurcation.

The canonical form proposed by Izhikevich1 for Bautin bursters
was adapted to the framework of elliptic bursting systems.2 Dynam-
ics relevant to elliptic bursting, in particular, torus canards, was
therein studied with this adapted canonical form. We will refer
to this adapted form as the canonical elliptic burster. This model
is considered to be a minimal system for general elliptic bursting
dynamics but, as we will show below, it does not support mixed-
type TCs. We first study this model and, in particular, we find that
one boundary of the elliptic bursting regime is degenerate, owing to
the presence of a continuum family of equilibria. At such a bound-
ary, the critical manifold S0 has a non-transversal intersection with
the slow nullcline. To overcome this limitation, we introduce a min-
imal perturbation of the canonical elliptic burster, which restores
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FIG. 2. Torus canard dynamics in the Wilson–Cowan-type model (5). Left and central panels show torus canard orbits in the (z, x) plane superimposed onto the fast
subsystem bifurcation diagram; the latter are zoomed views of the former. Right panels show the associated time series for x. Rows (a1), (b1), (c1), and (d1) correspond in
the same order to a headless TC, a TC with head, a headless mixed-type TC, and a mixed-type TC with head. Fixed parameter values are as in Fig. 1. Panels (a1) and (b1):
ε = 0.0001, k = 2.536 083 (a), and k = 2.536 084 (b). Panels (c1) and (d1): ε = 0.001, k = 3.60118 (c), and k = 3.6011 (d).
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transversality at the aforementioned boundary. Consequently, the
boundary in this new model is organized around mixed-type TCs.
Away from this boundary, the new model behaves just like the
canonical elliptic burster. Therefore, this new model appears to be
a minimal torus canard system capturing transitions to and from
the elliptic bursting regime.

In order to analyze all possible dynamics of the canonical ellip-
tic burster as well as our minimal model, we mostly use singular
flows and their concatenation, which define singular cycles. Full sys-
tem’s solutions, both of TC and of elliptic bursting type, stay close to
such singular cycles for ε 6= 0 small enough. Various singular limits
have been used to construct such a singular cycle in generic planar
canard systems,39 in systems displaying mixed-mode oscillations,44

and in some bursting systems.45–47 Here, we construct all possible
singular cycles in canonical elliptic bursting systems, that is, in the
phase-space region in between the fast subsystem’s Hopf and cyclic
saddle-node bifurcation points. We obtain a complete description
of elliptic bursting cycles in this phase-space region, including clas-
sical and mixed-type TCs for ε > 0 small enough. To do so, we
use an additional subsystem obtained in the singular limit ε = 0,
the so-called average slow subsystem. This subsystem approximates
the slow flow on the manifold of limit cycles of the fast subsys-
tem by averaging out the fast oscillations. As a result, the average
slow flow retains a slowly varying observable from the drifting fast
oscillations of the burst, and it allows to trace segments of singu-
lar solutions in an additional ε = 0 slow limit. We then can realize
all possible singular cycles by suitably concatenating segments from
fast, slow, and average slow subsystems, and we can understand
how to recover singular equivalents of both classical and mixed-type
TCs.

The manuscript is organized as follows. In Sec. II, we intro-
duce the concept of singular orbits and explain how they help us to
understand all possible dynamics of the full system, using the classi-
cal Van der Pol model. Then, in Sec. III, we present and analyze both
the canonical elliptic burster and our proposed generalized form;
in particular, we focus on their singular orbits and relate them to
full system’s dynamics. Finally, in Sec. V, we summarize our find-
ings and propose a number of perspectives and questions for future
work.

II. SINGULAR ORBITS

We review here the concept of singular orbit,39,44,48 which will
be relevant for the analysis of elliptic bursters presented below. The
main idea behind singular orbits is to extract information on solu-
tions to the slow–fast dynamical system (1), with 0 < ε � 1, by
constructing orbits for ε = 0. The latter are, therefore, candidate
orbits that are hopefully descriptive of the perturbed orbits with
ε 6= 0. As we have seen, there exist two non-equivalent singular
limits in an m-slow n-fast dynamical system, namely, the fast sub-
system (3) and the slow subsystem (4), respectively. It is, therefore,
natural to construct a singular orbit by concatenating orbit seg-
ments of the fast and slow subsystems, as the following definition
suggests.

Definition (Singular orbit): Let 0 = t0 < t1 < · · · < tl = T
be a partition of [0, T] ⊂ R, for some T > 0. A singular orbit starting

at p is a continuous curve γ : [0, T] → R
n+m

γ (t) =























γ1(t) t ∈ [t0, t1],

γ2(t) t ∈ [t1, t2],
...

γm(t) t ∈ [tm−1, tm],

γ1(t) = ϕt
1(p), γi(t) = ϕt

i (γi−1(ti−1)), i = 2, . . . , l,

where, for each i = 1, . . . , l, (t, p) 7→ ϕt
i (p) is the flow associated to

either (3) or (4).
In the analysis below, we will also be interested in periodic solu-

tions to the full problem, and hence, in closed singular orbits. We
exemplify the construction of open and closed singular orbits using
the classical Van der Pol system,37–39 known to be a prototypical
planar canard system

x′ = x −
x3

3
− µ, µ′ = ε(x − µ). (7)

In Fig. 3, we show examples of singular trajectories. The top row
sketches slow and fast flows associated to (7), using single and dou-
ble arrows, respectively. The sketches are made for different values
of k, for which the slow nullcline intersects the critical manifold to
the left of p0 (a1), at p0 (b1), and to the right of p0 (c1).

When the intersection is to the right of p0, an equilibrium p of
the full problem exists to the left stable branch of S0. From panels
(a2)–(a4), we see that singular orbits are not unique: concatenating
slow (green) and fast (red) segments and respecting the orientation
on curve patches, one can construct infinitely many singular orbits
starting at p0, and terminating at p. In (a2), we see that an initial slow
segment starting from p0 can be concatenated to any of the purple
segments, giving rise to orbits that jump to the left attracting branch
of S0, and terminate at p. Of all such orbits, we highlight one that
leaves the repelling branch of S0 at the origin (red segment). In (a3),
we present a singular orbit that starts at p0 but then jumps at the ori-
gin to the right attracting branch of S0, highlighting in purple other
potential concatenations. In (a4), we present a singular orbit that
starts at p0, from where it jumps to the right attracting branch of S0

at p1; in this case, the singular orbit must follow S0 up to the fold at
p2, from where it jumps towards p3: it is impossible to concatenate
to a fast segment before reaching the fold at p2 while respecting the
singular orbit definition.

When the intersection of the w-nullcline is exactly at p0, one
can construct singular cycles [panels (b1)–(b4)]. Singular cycles may
start at p0, follow the repelling branch and then jump to the left (b2)
or to the right (b3) attracting branch of S0. A singular cycle that
jumps from the starting point p0 to the right attracting branch of
S0 can also be uniquely constructed. When ε > 0, the singular solu-
tions give rise to headless canard cycles (b2), canard cycles with head
(b3), and relaxation a unique relaxation oscillation (b4).

Finally, when the intersection of the w-nullcline is to the right
of p0, one can also construct a unique singular cycle corresponding
to a relaxation oscillation.

Canard cycles were first found in the Van der Pol model37

and they have been extensively studied in one-parameter families of
slow–fast planar vector fields.37,39,49 In such systems, a stable equilib-
rium loses stability via a Hopf bifurcation, and the emergent family
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FIG. 3. Examples of singular orbits in the Van der Pol system (7) for different values of k for which the slow nullcline intersects the critical manifold to the left of p0 (a1)–(a4),
at p0 (b1)–(b4), and to the right of p0 (c1)–(c2). (a1), (b1), and (c1): sketches of slow (single arrow) and fast (double arrows) flows associated to (7), which give an indication of
how one can construct singular orbits. (a2)–(a4): singular orbits starting at p0 can follow the repelling branch of the critical manifold S0 and then jump to the left (a2) or to the
right (a3) attracting branch; we indicate slow segments in green and fast segments in red; singular orbits are nonunique, and we sketch in purple alternative fast segments;
in (a4), we show an orbit starting at p0 and jumping directly to the right attracting branch S0; this singular orbit must follow S0 up to the fold at p2, from where it jumps toward
p3: it is impossible to concatenate to a fast segment before reaching the fold at p2 while respecting the singular orbit definition, and indeed no purple segment is indicated.
(b2)–(b4): singular cycles can be constructed when the slow nullcline intersect S0 at p0, and similar considerations to (a2)–(a4) apply here; when ε > 0, these singular orbits
perturb to headless canard cycles (a2), canard cycles with head (a3), and relaxation oscillations, respectively. (c2): when the w-nullcline intersects S0 to the right of p0, one
can construct a unique singular cycle corresponding to a relaxation oscillation.

of limit cycles becomes rapidly (in terms of parameter variation)
of relaxation type. Canard cycles appear at the interface between
small Hopf cycles and relaxation oscillations, which corresponds
to an exponentially narrow parameter interval. Associated orbits

are characterized by the fact that they spend long time near the
repelling branch of the (classically cubic-shaped) critical mani-
fold [see Figs. 3(a2), 3(a3), 3(b2), 3(b3)]. Therefore, Van der Pol
type canard cycles follow subsequently branches of stable and then
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unstable equilibria of the corresponding fast subsystem, and pass
near an associated fold bifurcation point of equilibria.

In higher-dimensional slow–fast systems, the fast subsystem
can produce oscillatory dynamics and different types of canard solu-
tions can occur. In particular, certain full system solutions may
follow attracting branches of limit cycles of the fast subsystem, pass
near a fold bifurcation of cycles and then follow repelling branches
of limit cycles. These solutions exist in exponentially small param-
eter intervals near a torus bifurcation of the full systems and they
are referred to as classical torus canards in the present work [see
Figs. 2(a1)–2(a3), 2(b1)–2(b3) and Figs. 5(b1)–5(b3)]. Another pos-
sibility to obtain canard dynamics, that is, solutions passing near
attracting and then near repelling branches of the fast subsystem’s
bifurcation diagram is what we call mixed-type torus canards, where
the solution follows attracting equilibria and then unstable limit
cycles of the fast subsystem. The fast subsystem bifurcation at the
transition is a subcritical Hopf bifurcation, and the full system still
displays a torus bifurcation. Hence, such solutions are torus canards
and they are of mixed type since they follow different kinds of attrac-
tors/repellors of the fast subsystem (see Ref. 10), where such canards
were first encountered.

III. CANONICAL FORMS FOR ELLIPTIC BURSTING

We now proceed to study the two canonical systems for ellip-
tic bursting of interest to us. The first one is the canonical elliptic
burster in Ref. 2, adapted from Theorem 2.1 of Ref. 1, which we
repeat here for convenience,

x′ = −y + x
(

µ + 2(x2 + y2) − (x2 + y2)
2
)

,

y′ = x + y
(

µ + 2(x2 + y2) − (x2 + y2)
2
)

,

µ′ = ε(k − x2 − y2).

(8)

A polar coordinate transformation (x, y) = (r cos θ , r sin θ) leads to
the system

r′ = r(µ + 2r2 − r4),

θ ′ = 1,

µ′ = ε(k − r2).

(9)

We will consider three subsystems for the canonical elliptic burster,
in addition to the fast and slow subsystems of (8), written as

x′ = −y + x
(

µ + 2(x2 + y2) − (x2 + y2)
2
)

,

y′ = x + y
(

µ + 2(x2 + y2) − (x2 + y2)
2
)

,

µ′ = 0,

(10)

and

0 = −y + x
(

µ + 2(x2 + y2) − (x2 + y2)
2
)

,

0 = x + y
(

µ + 2(x2 + y2) − (x2 + y2)
2
)

,

µ̇ = (k − r2),

(11)

respectively, we will consider the averaged slow subsystem,33,50

which is obtained by averaging the slow equation µ in the slow-
time parameterization of (8) over one period of the fast limit cycles
of the fast subsystem (10), and approximating µ by its average 〈µ〉.
The fast-subsystem limit cycles, which we denote (xp(t; µ), yp(t; µ)),
have period 2π for every µ > 0; hence, we obtain

˙〈µ〉 =
1

2π

∫ 2π

0

(

k − x2
p(t; 〈µ〉) − y2

p(t; 〈µ〉)
)

dt. (12)

The fast, slow, and averaged slow subsystems discussed above
have a compact representation in polar coordinates, given by

r′ = r(µ + 2r2 − r4), θ ′ = 1, µ′ = 0, (13)

0 = r, µ̇ = k − r2, (14)

0 = µ + 2r2 − r4, µ̇ = k − r2, (15)

respectively, where we have replaced 〈µ〉 by µ in the last equation.
Note that there is no θ dynamics in none of the slow and average
slow subsystems.

As stated in the introduction, in addition to the canonical ellip-
tic burster, we consider an extended model, with a perturbative term
in the slow equation for µ,

x′ = −y + x
(

µ + 2(x2 + y2) − (x2 + y2)
2
)

,

y′ = x + y
(

µ + 2(x2 + y2) − (x2 + y2)
2
)

,

µ′ = ε(k − x2 − y2 − αµ),

(16)

where α > 0. We will henceforth refer to the model above, or to its
polar representation,

r′ = r(µ + 2r2 − r4),

θ ′ = 1,

µ′ = ε(k − r2 − αµ),

(17)

as the Leidenator model. A stochastic version of this model was sim-
ulated in a study on epilepsy (see the supplementary material of
Ref. 51). Reasoning as for the canonical elliptic burster, we arrive
at the following slow, fast, and averaged slow subsystems for the
Leidenator,

r′ = r(µ + 2r2 − r4), θ ′ = 1, µ′ = 0, (18)

0 = r, µ̇ = k − r2 − αµ, (19)

0 = µ + 2r2 − r4, µ̇ = k − r2 − αµ, (20)

respectively. As expected, the canonical and the Leidenator bursters
differ only in the slow subsystems.

Note that our presentation started from the canonical
form (8), which is the simplest form for elliptic bursting. In gen-
eral, one should consider cases where the θ equation contains terms
in r2. We do not present this case here because such a term does
not affect the fast subsystem’s bifurcation diagram and the direc-
tion of the averaged slow flow. In particular, it is easy to verify that
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starting from a perturbation of system (8), such that Eq. (9) features
θ ′ = 1 + pr2, then the equations for the fast, slow, and averaged slow
flows (13)–(15) would only change by a pr2 term in (13). This change
does not affect the singular cycles presented in Secs. III A–III C.
Hence, we keep this minimal setup. However, this and higher-order
terms in the θ equation could induce breakup of the tori born
at Neimark–Sacker bifurcations and persisting all through when
θ ′ = 1 (see Fig. 5 of Ref. 2 for an example). The persistence of tori
goes beyond the scope of the present paper, which focuses on sin-
gular cycles and how they affect full system’s limit cycles organizing
the elliptic bursting regime.

In the following, we will analyze for each k interval both the
standard canonical form and the Leidenator model in terms of sin-
gular and perturbed (non-singular) dynamics. We will focus on
selected singular orbits in each case, which are the most relevant for
the bursting.

A. Canonical elliptic burster

We now consider the fast subsystem (13) of the canonical ellip-
tic burster. The critical manifold is given by the horizontal line r = 0.
The fast subsystem has two main bifurcations, a subcritical Hopf,
HB, and a saddle-node of cycles, SN, as shown in Fig. 4. The fast
subsystem is, therefore, bistable, and the branch of periodic orbits
emanating from HB are circles of radius r = √

µ, and lie in the (r, µ)

plane on the curve 0 = µ + 2r2 − r4.

We will study the dynamics of the full system when k is varied.
As we shall see below, the asymptotic dynamics of the full system
is either a stable limit cycle, or a bursting cycle, and the transition
between these regimes occurs around a value k = √

rSN, where rSN

is the fold point of 0 = µ + 2r2 − r4. Henceforth, we will pose kSN

= √
rSN. We will also show below that the bursting regime termi-

nates around k = 0, where the dynamics is degenerate.

1. Case 1: k>kSN

a. Singular dynamics. The slow average subsystem has a unique
stable equilibrium at p3 as shown in Fig. 4(a). All singular orbits
terminate at p3 in this region of parameter space. We show the con-
struction of a typical orbit, which starts on the critical manifold at
p0, follows the critical manifold past HB, up to an arbitrarily large
value p1. From p1, the orbit concatenates with a fast segment to p2;
the final segment from p2 to p3 is on the slow averaged flow. There
is a one-parameter family of orbits connecting p0 to p3; this family is
parameterized by p1.

b. Nonsingular dynamics. The full system (ε 6= 0) selects a
unique orbit starting at p0; this orbit approaches an ε-perturbation
of p3, that is, a tonic firing solution of the full system. This orbit
lifts off from an ε-neighborhood of the critical manifold, at a point

FIG. 4. Sketches of the singular orbits generated by the canonical burster as k varies. Subfigures (a), (b1)–(b3), (c), (d), and (e) correspond to cases 1, 2, 3, 4, and 5,
respectively. Orbit segments of the slow/average slow subsystems (14) and (15) are indicated in green, and segments of the fast subsystem (13) are indicated in red. We
denote by SN and HB the bifurcations of the fast subsystem. Singular orbits are constructed by concatenating red and green segments, with concatenation points indicated
by dots. Purple fast segments indicate alternative fast orbit segments. Solid (dashed) curves indicate branches of stable (unstable) attractors of the fast subsystem.
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uniquely determined using the so-called way-in-way-out function52

once k, ε, and p0 are fixed.

2. Case 2: k=kSN

c. Singular dynamics. In this case, the µ-nullcline crosses the
fold at SN; hence, the slow average system does not have an equilib-
rium, but a turning point at SN and, as for the Van der Pol system,
this generates singular canard cycles, as presented in the three panels
[Figs. 4(b1)–4(b3)].

In the first scenario, which is illustrated in Fig. 4(b1), we con-
struct a one-parameter family of singular orbits parameterized by
p1, consisting of one average slow segment, which goes through SN,
and one fast segment. SN is a canard point for the (r, µ) averaged
slow flow system (15). Each member of this one-parameter family is
uniquely defined based on the location of p1, which can vary between
SN and HB (excluded), thereby generating singular canard orbits in
(15). We call these orbits singular TC orbits because they correspond
to TC orbits in the full system.

In the second scenario, in Fig. 4(b2), p1 occurs at HB, or at an
arbitrary point to the right of HB on the critical manifold. These
orbits are the so-called singular maximal TCs, because their repelling
segment on the branch of periodic orbits of the fast subsystem has
maximal length.

In the third scenario, we observe a two-parameter family of sin-
gular TCs with head (with two fast segments) and parameterized by
p1 and p3 [see Fig. 4(b3)]. The location of p1, which is arbitrarily cho-
sen between SN and HB, determines the canard’s head size. As in the
second scenario, p3 can be located anywhere on the unstable critical
manifold.

d. Nonsingular dynamics. When ε 6= 0, we expect to find TC
cycles in the full system (8); these orbits will be close to singular
orbits from the three scenarios mentioned above, and parameterized
by k in an exponentially small region of parameter space. This one-
parameter family of TC cycles starts with headless TCs realized from
Fig. 4(b1). Out of the singular maximum TC cycles of Fig. 4(b2),
we expect that only one is realized, namely, the one for which p1

is at HB. This is best understood by looking at the third scenario
[Fig. 4(b3)]: computing the way-in-way-out function, we see that p2

and p3 must be equidistant from HB. This also implies that, when
ε 6= 0, the TC cycles realized in the full system are a one-parameter
family, depending solely on p2, as opposed to their singular coun-
terpart that appears in a two-parameter family parameterized by p2

and p3.

3. Case 3: 0<k<kSN

e. Singular dynamics. In this case, the equilibrium of the aver-
aged slow system (15) is on the unstable branch of limit cycles;
therefore, singular orbits do not display canard segments, as they
connect SN to a point p1 on the critical manifold. One can construct
a one-parameter family of singular cycles, parameterized by the

value of p2 at which the singular orbit is concatenated to a fast seg-
ment, as shown in Fig. 4(c). We call these orbits singular elliptic
bursting cycles.

f. Nonsingular dynamics. For each k, ε > 0, we expect that only
elliptic bursting orbit persists, selected by the way-in-out function as
above.

4. Case 4: k=0

g. Singular dynamics. In this case, the slow subsystem has a con-
tinuum of trivial equilibria on the critical manifold, as illustrated in
Fig. 4(d). All singular orbits starting at a point p0 on the stable slow
average branch terminate at p1, the projection of SN on S0. One can
construct other singular orbits, terminating at any of the stable equi-
libria on S0, by varying p0. This corresponds to singular orbits with
a single fast segment starting anywhere on the unstable branch of
cycles below SN and connecting down to any of the stable equilibria
between p1 and HB.

h. Non-singular dynamics. S0 is now also a line of equilibria for
the full system (10). The non-singular behavior is qualitatively the
same of the singular one: the system comes to a rest on S0, after a
jump from the branch of stable limit cycles.

5. Case 5: k<0

i. Singular and nonsingular dynamics. There is no equilib-
rium of the slow subsystems. Both the singular and the nonsin-
gular dynamics display a drift in µ toward −∞, while r(t) tends
monotonically to 0.

B. The Leidenator model

The canonical bursting model captures well the transition
from tonic firing to elliptic bursting via TCs, observed in most
known elliptic bursters, by decreasing k. However, as k decreases
further, the end of the elliptic bursting regime occurs via a contin-
uum of equilibria, which is nongeneric, because the fast nullcine
(the critical manifold) intersects nontransversally the µ-nullcline
(the two coincide). In addition, in numerical simulations of the
Wilson–Cowan-type model (5), we have seen that the end of the
bursting regime occurs via mixed-type TC cycles, like the ones pre-
sented in Figs. 2(c1)–2(d1). The canonical elliptic burster cannot
capture solutions of this type.

We introduce the Leidenator model in order to overcome
these problems. In this model, the slow nullcline is the parabola
µ = (k − r2)/α and it intersects transversally the critical mani-
fold for all k values. For sufficiently small α > 0, one, therefore,
obtains an isolated equilibrium of the slow flow (see Fig. 4). In addi-
tion, for k > 0, this equilibrium corresponds to a so-called buffer
point,52 which affects the non-singular dynamics as will be explained
below. Note that one recovers the canonical elliptic burster from the
Leidenator for α = 0.
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1. Cases 1–3: k>0

As seen in Figs. 5(a)–5(c), the Leidenator behaves like the
canonical elliptic bursting model for k > 0. The only difference is
the existence of pb, which determines an upper bound for the points
on S0, where the right-most fast segment can be placed. For ε 6= 0,
the buffer point at pb marks the maximal delay that any full system
trajectory can have.

2. Case 4: k=0

a. Singular dynamics. This case differs substantially from the
canonical elliptic burster. Indeed, pb coincides with HB and there
is no equilibrium of the average slow flow [point p from Fig. 4(c)
is no longer present]. This provides a new way to concatenate sin-
gular segments, namely, slow and average slow segments, so as to

form new types of singular canard cycles. We refer to these cycles
as singular mixed-type TC cycles. Similar to all singular canard
cycles, we come both with and without head, which are shown in
Figs. 5(d1) and 5(d2), respectively. At the transition between these
two subfamilies, there is a unique singular maximal mixed-type TC
cycle.

b. Non-singular dynamics. When ε 6= 0, we expect to find
mixed-type TC cycles in the full system (16); these orbits will be
parameterized by k in an exponentially small region of parameter
space and will span canard cycles with and without head.

3. Case 5: k<0

This case is identical to Case 5 in the canonical elliptic burster.

FIG. 5. Sketches of the singular orbits generated by the Leidenator model. Subfigures (a), (b1–(b3), (c), (d1)–(d2), and (e) correspond to cases 1, 2, 3, 4, and 5, respectively.
Graphical conventions as in Fig. 4. A buffer point pb arises and is indicated by a blue dot. Panels (d1) and (d2) show new configurations, which give rise to singular mixed-type
TC with head and without head, respectively.
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FIG. 6. TC cycles computed in the Leidenator model. From top to bottom: headless TC, maximal TC, and TC with head. Panels (a1)–(a3) display the time profile of the
x-variable (x = r cos θ ). Panels (b1)–(b3) show the projection of the solution onto the (µ, r) phase plane together with the fast subsystem bifurcation diagram (the dots
correspond to the HB and the SN points). Solutions of these types are also supported by the canonical elliptic burster. Parameter values: ε = 0.001 and α = 0.2. The value
of k is different in each row with numerical values within 10−12 of 0.799 849 901 82.

C. Numerical results

We have used numerical continuation with the software pack-
age AUTO53 in order to compute canard cycles in the (r, µ) system
and, therefore, obtain TC cycles in the Leidenator model via the
polar coordinate transform. The results are included in Fig. 6, which
shows TC cycles corresponding to Case 2, as well as in Fig. 7, which
shows mixed-type TC cycles corresponding to Case 4.

IV. NON-CANONICAL ELLIPTIC BURSTERS AS

THREE-TIMESCALE SYSTEMS

The canonical forms that we have studied in Sec. III cap-
ture well the transition to and from the elliptic bursting regime
via two different torus canard explosions. In particular, the Leide-
nator model allows to shedding light on both the classical torus
canard and the mixed-type torus canard regimes, which bound
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FIG. 7. Mixed-type TC cycles computed in the Leidenator model. From top to bottom: headless mixed-type TC, maximal mixed-type TC, and mixed-type TC with head.
Panels (a1)–(a3) display the time profile of the x-variable (x = r cos θ ). Panels (b1)–(b3) show the projection of the solution onto the (µ, r) phase plane together with the
fast subsystem bifurcation diagram (the dots correspond to the HB and the SN points). These solutions are not supported by the canonical elliptic burster. Parameter values:
ε = 0.05 and α = 0.2. The value of k is different in each row with numerical values within 10−14 of 0.001 512 843 800 2.

the elliptic bursting regime, without any degeneracy. However, a
number of elliptic bursting models, which are not written in canon-
ical forms, effectively have three timescales, as opposed to sys-
tems (8) and (16), which have two time scales. This is the case in
the Wilson–Cowan-type model that motivated the present study

[in (5), 0 < ε � δ � 1], but similar considerations are valid for
the 3D version of the Morris–Lecar model studied by Izhikevich,12

and for the FitzHugh–Rinzel model.1,11 Three-timescale versions of
the delayed Hopf bifurcation have been studied in the context of
folded-saddle-node singularities by various authors.54,55 Below, we
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present a link between three-timescale elliptic bursters, mixed-type
torus canards, and folded-saddle-node singularities. We consider a
model elliptic burster with generic slow and superslow variables,
and with a quadratic critical manifold, so as to simplify the prob-
lem’s geometry. This model differs from the canonical forms studied
above, in that the critical manifold is folded, so as to allow folded
singularities.

Consider a three-timescale elliptic burster with a quadratic
non-linearity in the fast equation, as follows:

εv̇ = −w + v2,

ẇ = g(v, w, z),

ż = δh(v, w, z),

(21)

with 0 < ε and δ � 1. Therefore, system (21) has a critical
manifold S0 given by the parabolic cylinder {w = v2} and with
the fold line {v = 0}. Furthermore, it has a superslow manifold
S0 := {g(v, v2, z) = 0} traced on S0. We also assume that system
(21) has an elliptic bursting structure akin to the canonical form
(16), which implies that the (v, w) subsystem has a subcritical Hopf
bifurcation followed by a fold of cycles and that the z-nullcline
{h = 0} intersects the bursting critical manifold {w = v2} ∩ {g = 0},
which corresponds to S0, along its repelling component. Under
certain non-degeneracy condition, we will establish a link between
the occurrence of folded-saddle-node singularities in system (21),
seen as a three-timescale system, and the occurrence of mixed-
type torus canards in the same system, seen as an elliptic burster.
This link seems pertinently close to the double singular limit
ε = δ = 0. Several existing biophysical or biophysically inspired
elliptic bursters, such as the FitzHugh–Rinzel model,2 the 3D
Wilson–Cowan model,7,10 the 3D Morris–Lecar model7,31,56 pos-
sess these characteristics locally (near their bursting critical
manifold).

The ε-slow subsystem associated with (21) is constrained onto
the now 2D quadratic critical manifold S0. The 1D manifold S0,
as bursting critical manifold of system (21), is, therefore, associated
with the δ-singular limit of system (21). These different slow–fast
objects are shown, together with an elliptic bursting cycle solution
0, in Fig. 8, for the FitzHugh–Rinzel burster.2,11,12 The computation
shows that the quiescent phase of 0 (in black) follows closely S0

(blue curve), whereas the beginning and end of the quiescent phase,
as well as the burst phase (gray), follow well S0 (green surface); this
illustrates convincingly the three-timescale nature of the underlying
dynamics.

Considering the ε = 0 singular limit of (21) gives a planar slow
subsystem constrained on S0, which is folded along the line {(0, 0, z)}
in R

3, and the associated slow flow may have turning points on these
lines. Such turning points are the equivalent of canard points in sys-
tems with one slow variable like Van der Pol; they are called folded
singularities. Because the slow flow is singular along each fold line,
the usual procedure is to desingularize it by applying a nonlinear
time rescaling, which brings on an auxiliary system called the desin-
gularized reduced system (DRS) (see, e.g., Ref. 44 for details). The
DRS is then regular everywhere and it can generically have isolated
equilibria on any of the fold curves; this corresponds to a folded

FIG. 8. Elliptic bursting cycle 0 (quiescent phase in black, burst phase in
grey) of the FitzHugh–Rinzel model:2,11,12 εv̇ = v − v3/3 − w + z + I, ẇ = 0.7
+ v − 0.8w, and ż = δ(c − z − v). Also shown are the critical manifold S0, the
superslow manifold S0, and the Hopf bifurcation point HB of the fast subsystem.
Parameter values are: ε = 0.08, I = 0.31, δ = 0.000 125, and c = −0.775.

singularity. The DRS associated with system (21) is given by

v′ = −g(v, v2, z),

z′ = −2δvh(v, v2, z),
(22)

where we substitute v2 for w because of the constraint to be on S0.
Equilibria of (22) satisfying the fold condition (v = 0) are the folded
equilibria; hence, they also satisfy g(0, 0, zfs) = 0. One can compute
the Jacobian matrix evaluated at a folded equilibrium and find the
condition for one of its eigenvalues to be 0, which corresponds
to this folded equilibrium to be a folded-saddle-node singularity,
namely, δh(0, 0, zfs)gz(0, 0, zfs) = 0. Hence, for small enough δ > 0,
the only possibility to have one zero eigenvalue, which defines
the folded-saddle-node singularity, is that h(0, 0, zfs) = 0, provided
gz(0, 0, zfs) 6= 0, which can be seen as a non-degeneracy condition
regarding S0). This, together with the condition to be an equilib-
rium of (22), implies also that g(0, 0, zfs = 0), which then yields
h(0, 0, zfs) = g(0, 0, zfs) = 0.

On the other hand, the δ = 0 singular limits associated with
system (21) and that of its equivalent slow-time formulation
(for δ), give access to the δ-fast and to the δ-slow subsystems, respec-
tively. The δ-fast subsystem [the (v, w) system with z acting as a
parameter] can be shown by computing the Jacobian matrix, to
have a Hopf bifurcation ε-near the fold line of S0, namely, where
2v + εgw(v, v2, zH) = 0. This Hopf bifurcation point hence con-
verges to the fold line satisfying v = 0 in the limit ε → 0. One
such point near v = −1 is labeled HB on Fig. 8; it is the most sig-
nificant one since it lies on S0 and hence is responsible for the
quiescence of the bursting cycle 0. On the other hand, the δ-slow
subsystem is the z-equation of (21) (without the δ factor) con-
strained on S0. Therefore, the equilibrium of the δ-slow flow is
given by h(v, v2, ze) = g(v, v2, ze) = 0. Therefore, when the slow flow
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equilibrium agrees with the Hopf bifurcation point of the fast sub-
system at v = 0, we obtain the same conditions as before, namely,
h(0, 0, zH) = g(0, 0, zH) = 0.

Putting all above elements about the ε-singular and the
δ-singular limits of system (21) together, one then obtains that, as ε

tends to 0, the folded-saddle-node singularity converges to the point
where the equilibrium of the δ-slow flow meets the Hopf bifurca-
tion of the δ-fast flow. According to the analysis done in Secs. I–IV,
this point corresponds to the point where mixed-type torus canards
emerge. Consequently, we envisage that an interesting link exists
between mixed-type torus canards, folded-saddle-node singularities,
and elliptic bursting, which deserves further attention and will be the
topic of future work.

V. CONCLUSION

In this paper, we analyzed the dynamical repertoire of elliptic
bursting systems by using two minimal systems, namely, the canon-
ical elliptic burster (8) and the Leidenator (16). The presented results
focus on singular orbits in order to show that the canonical elliptic
burster cannot produce all dynamical patterns that an elliptic burster
may display. More precisely, it cannot possess mixed-type TCs due
to the presence of a continuum of equilibria, which correspond to
one boundary of the elliptic bursting regime where mixed-type TC
should appear. For this reason, we extended the canonical ellip-
tic burster into the Leidenator, which manages to overcome this
limitation and possesses generic transitions involving torus canards
(classical and mixed type) at both ends of the bursting regime.

Our approach is based on the singular limits of slow–fast sys-
tems of elliptic bursting type, and it employs three limiting systems
obtained for ε = 0: the fast, slow, and average slow subsystems.
We define a singular orbit as a compatible concatenation of orbit
segments solutions to these three subsystems. The idea behind the
singular orbits is to extract information about the full system with
0 < ε � 1 by constructing piecewise-defined orbits valid for ε = 0.
The orbits of the full system remain close to the singular orbits.
Therefore, the singular orbits contain information about the full
system within a simplified setting.

In parameter space, the transition to and from elliptic bursting
is organized by TCs, which appear in exponentially small parame-
ter intervals. Two families of TCs are then of interest: classical and
mixed type. In both families, canard solutions are divided into head-
less canards, maximal canard, and canards with head. We relate such
TC solutions, as well as the bursting and tonic spiking solutions, to
appropriately constructed singular orbits. As we do so, the fact that
the canonical elliptic burster (8) cannot produce mixed-type TCs
becomes clear and show the limitation of this model, as mixed-type
TCs are observed in elliptic bursters, e.g., in the Wilson–Cowan-type
model given by (5) and in the FitzHugh–Nagumo–Rinzel model.11

This is due to the presence of a continuum of equilibria resulting
from a nontransversal intersection between the (slow) µ nullcline
and the critical manifold for k = 0, as shown in Fig. 4(d1). We then
propose the Leidenator system, in which we introduce a perturbative
term in the slow flow that minimally suffices to overcome this prob-
lem. This term makes the µ nullcline (a parabola) keep a transversal
intersection with the critical manifold for any k value, as shown
in Fig. 5. Consequently, this guarantees that, for proper parameter

choices, the full system has a unique equilibrium when k = 0. At
the level of singular systems, it enables the construction of singular
mixed-type TCs when k = 0, which is not possible in the case of the
canonical elliptic burster.

Using various ε = 0 systems in order to construct singular
cycles, and hence infer the possible dynamics of a slow–fast sys-
tem, is a standard tool that has been regularly used in problems with
canard cycles39 or mixed-mode oscillations.44 However, it has hardly
been used in the context of bursting systems, where a third singu-
lar flow must be considered. The present paper shows the advantage
of this approach in order to derive valuable information in a given
family of bursting systems, namely, elliptic bursters. We anticipate
that it could give useful in order type of bursters, starting by the
other two classes introduced by Rinzel,20 which are square-wave and
parabolic bursters. This is an interesting question for future work.
Also, the question of the rigorous existence of mixed-type TCs is
very natural and we will consider it in a follow-up study. Finally, the
occurrence of mixed-type TCs in the biophysical neuron model, and
their physiological relevance, is also of interest, possibly in link with
resonator neurons that display subthreshold oscillations, as well as
the possibility to find such structures in a spatially extended context.
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