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Spatio-temporal smoothing and EM
estimation for massive remote-sensing data
sets
Matthias Katzfussa,*,† and Noel Cressiea

The use of satellite measurements in climate studies promises many new scientific insights if those data can be
efficiently exploited. Due to sparseness of daily data sets, there is a need to fill spatial gaps and to borrow strength
from adjacent days. Nonetheless, these satellites are typically capable of conducting on the order of 100,000
retrievals per day, which makes it impossible to apply traditional spatio-temporal statistical methods, even in
supercomputing environments. To overcome these challenges, we make use of a spatio-temporal mixed-effects
model. For each massive daily data set, dimension reduction is achieved by essentially modelling the underlying
process as a linear combination of spatial basis functions on the globe. The application of a dynamical
autoregressive model in time, over the reduced space, allows rapid sequential computation of optimal smoothing
predictions via the Kalman smoother; this is known as Fixed Rank Smoothing (FRS). The dimension-reduced mixed-
effects model contains a number of unknown parameters, including covariance and propagator matrices, which
describe the spatial and temporal dependence structure in the reduced-dimensional process. We take an empirical-
Bayes approach to inference, which involves estimating the parameters and substituting them into the optimal
predictors. Method-of-moments (MM) parameter estimation (currently used in FRS) is typically inefficient compared
to maximum likelihood (ML) estimation and can result in large sampling variability. Here, we develop ML
estimation via an expectation-maximization (EM) algorithm, which offers stable computation of valid estimators
and makes efficient use of spatial and temporal dependence in the data. The two parameter-estimation
approaches, MM and ML, are compared in a simulation study. We also apply our methodology to global satellite
CO2 measurements: We optimally smooth the sparse daily CO2 maps obtained by the Atmospheric InfraRed
Sounder (AIRS) instrument on the Aqua satellite; then, using FRS with EM-estimated parameters, a complete
sequence of the daily global CO2 fields can be obtained, together with their associated prediction uncertainties.

Keywords: AIRS instrument; EM algorithm; maximum likelihood estimation; mixed effects models; spatio-temporal
statistics; fixed rank smoothing; global CO2.
JEL classification: C23.

1. INTRODUCTION

Many data sets have spatial and temporal information attached to the attribute information, and nearer observations in space or time
generally result in higher statistical correlation. This dependence can be described through specification of a spatio-temporal
covariance function, or it can be explained through a dynamical model that gives either a probabilistic or a statistical-physical
mechanism for the evolution of the ‘present’ from the ‘past’. It is the dynamical-modelling approach that we take in this article.

The spatial domain is discretized, and so it can be thought of as a (generally) large m-dimensional vector, where m denotes the
number of pixels in the discretization. Should the spatial domain evolve also, there might be mt pixels at time t. We define Yt to be
the mt-dimensional vector of the true spatial process at time t. In this article, time is discrete and, hence, the true spatio-temporal
process is a vector-valued time series,

Y1;Y2; . . . ;Yt;Ytþ1; . . . :

Observations on Yt result in its degradation; here we are concerned with ‘missingness’ and ‘noise’ (measurement error). That is,
Zt is an nt-dimensional vector (nt < mt) of observations at time t given by,

Zt ¼ OtYt þ �t; t ¼ 1; 2; . . . ; ð1Þ

where f�tg are independent Nnt
ð0; r2

�;t V�;tÞ, respectively, and Ot is an nt · mt incidence matrix of mostly 0s and a 1 in each row. In eqn
(1), Ot captures the missingness and �t captures the measurement error (assumed to be independent in both space and time); we call
eqn (1) the data model, following Berliner (1996). Modelling the temporal evolution of fYt : t ¼ 1, 2, . . . g is discussed at length in
Cressie and Wikle (2011); in this article, we choose a vector-autoregressive process.
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This article is concerned with applications of spatio-temporal statistics to global remote sensing. Here, nt and mt can be very large,
on the order of tens or hundreds of thousands, and the tendency is towards massive (gigabytes and beyond). Therefore, while the
model above can in principal lead to inference using the Kalman filter (Kalman, 1960), there are severe computational problems that
require some form of dimension reduction. Furthermore, the Kalman filter requires parameters like the propagator matrix and the
innovation covariance matrix (see eqn (4) below) to be specified, which in practice usually means they must be estimated (or a prior
could be put on them). It is at the confluence of dimension reduction and parameter estimation that this article takes its place.

Denote as Yt(s) the element of Yt that corresponds to spatial location s. In this article, we assume a spatio-temporal mixed effects
(STME) model,

YtðsÞ ¼ xtðsÞ0bt þ mtðsÞ; s 2 Ds; t ¼ 1; 2; . . . ; ð2Þ

where Ds is the discretized spatial domain, xt(Æ) is a known p-dimensional vector of covariates, bt is a vector of fixed but unknown
trend coefficients, and mt(Æ) (and its vector mt) captures the spatio-temporal dependence. We impose dimension reduction on fmtg by
modelling it as a spatio-temporal random effects (STRE) process,

mtðsÞ ¼ btðsÞ0gt þ dtðsÞ; s 2 Ds; t ¼ 1; 2; . . . ; ð3Þ

where bt(Æ) :¼ [b1,t(Æ), . . . , br,t(Æ)]0 is a vector of r (known) spatial basis functions. The coefficient vectors fgtg are assumed to follow a
vector-autoregressive process of order one,

gt j gt�1; . . . ; g1 � NrðHtgt�1;UtÞ; t ¼ 1; 2; . . . ; ð4Þ

with initial state g0 � Nr(0,K0). The r · r matrices Ht and Ut are often referred to as propagator and innovation matrices, respectively.
The fine-scale-variation component dt(Æ) in eqn (3) is assumed to be uncorrelated across time and space and independent of fgtg,
with dtðsÞ � Nð0; r2

d;tvd;tðsÞÞ. Here, vd,t(Æ) is typically considered known, although this assumption can be weakened considerably (see
Section 3.4). The component dt(Æ) is an important part of the model, as it is an attempt to account for the error that is introduced by
the dimension reduction in replacing mt(Æ) by bt(Æ)0gt.

There are numerous examples of dimension-reduction models similar to eqn (3) in the literature on spatial-only modelling
(e.g. Wikle, 2010). Outside of the massive-data setting, so-called spatial linear mixed models have received a great deal of attention
(e.g. Christensen and Waagepetersen, 2002; Zhang, 2002). Nychka et al. (2002) consider a wavelet basis and enforce sparsity on the
covariance matrix K :¼ var(g), via thresholding in the wavelet-transformed space; Stein (2008) parameterizes K with only a handful of
parameters by assuming axial symmetry for total column ozone on the globe, but he allows the fine-scale variation to exhibit spatial
dependence; Stein and Jun (2008) apply the discrete Fourier transform to data on a regular grid to achieve fast computation times.
Banerjee et al. (2008) take a Bayesian approach, replacing the data locations with a smaller set of space-filling locations and
approximating the original process with a predictive process depending on a fixed number of knots. Furrer et al. (2007) and Lopes
et al. (2008) also take a Bayesian perspective, but they assume K to be diagonal. There has also been work on such models for Markov
random fields (see Zhu et al., 2007, and references therein).

Equations (1)–(4) above describe what is referred to as a standard state-space model in the time-series literature (see, e.g.
Hamilton, 1994, Chapter 13; Shumway and Stoffer, 2006, Chapter 6). The idea of extending the state-space model to the spatio-
temporal case by using spatial basis functions in the vector bt (Æ) goes back at least as far as Smith et al. (1996) and Kaplan et al.
(1998).

A key feature of our model is the dimension reduction that makes it possible to deal with a very large number of observations at
each time point. The use of a vector-autoregressive (VAR) model of order one allows for sequential processing of subsequent time
points via the Kalman filter and smoother (Kalman, 1960; Shumway and Stoffer, 2006). Examples of the use of Kalman filters for
reduced-dimension spatio-temporal models can be found in Mardia et al. (1998), Wikle and Cressie (1999), Farrell and Ioannou (2001),
Cressie and Wikle (2002), Wikle and Hooten (2006), and Voutilainen et al. (2007). A component similar to our fine-scale-variation term
dt(Æ) has been included in Wikle and Cressie (1999), Berliner et al. (2000), Wikle et al. (2001), and Cressie et al. (2010).

A different approach to the analysis of very large (spatio-)temporal data sets is to assume a multi-resolutional tree structure to
describe the spatial-dependence structure (Cressie et al., 2002; Johannesson and Cressie, 2004; Tzeng et al., 2005; Johannesson et al.,
2007). These models also offer rapid computation via Kalman-filter-type algorithms. Apart from Tzeng et al. (2005), this approach
results in covariance functions and predictions that tend to be ‘blocky’, and the models have some arbitrariness in specifying which
pixels are ‘close’ at smaller scales.

In this article, we assume a fixed-rank STME model as in eqn (2), which was proposed by Cressie et al. (2010) and Kang et al. (2010),
motivated by the spatial-only fixed-rank model of Cressie and Johannesson (2008). In this fixed-rank framework, the spatial basis
functions, b1(Æ), . . . ,br(Æ), are not necessarily orthogonal. Shi and Cressie (2007) also considered a spatial-only version of the model, and
they proposed the use of W-wavelet basis functions instead of the bisquare functions employed by Cressie and Johannesson (2008).
In fixed-rank models, because r is typically much smaller than the number of observations, optimal predictors can be calculated
exactly, even in large-data settings (see the end of Section 2.2).

In many of these articles on the fixed-rank approach, covariance parameters are estimated using a binned-method-of-moments
(MM) technique that was first described in Cressie and Johannesson (2008). Katzfuss and Cressie (2009) proposed maximum
likelihood (ML) estimation via an expectation-maximization (EM) algorithm for the spatial-only case, and they showed this approach
to be more unsupervised and, in some aspects, more efficient.
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The EM algorithm is very well suited for ML estimation of parameters in STRE models. This idea is usually attributed to Shumway
and Stoffer (1982). Mardia et al. (1998) take this EM-estimation approach while reducing dimensionality by projecting the state-
process on a set of spectral basis functions. Xu and Wikle (2007) consider different parameterizations for the matrix parameters. They
show how an advection-diffusion equation can be used to derive a parameterization of the propagator matrix H, and they allow for
spatial dependence in the error component. For some of these parameterizations, generalizations or modifications of the ordinary
EM algorithm have to be employed.

A very similar approach to ours is taken by Fassò and Cameletti (2009a, b). They also make use of the EM algorithm to estimate
parameters in their state-space model. In addition, they quantify estimation uncertainty by performing a parametric bootstrap
procedure. However, their model is not feasible for the remote-sensing data considered here. They assume that measurement
locations are identical at each time point. Additionally, their dense fine-scale-variation covariance matrices result in a computational
complexity of OðTn3Þ for their procedure, where n is their number of measurement locations (identical for each time point); this
prohibits the analysis of very large data sets.

With continuing increases in computing power, it has become feasible to fit fully Bayesian STRE models. Often, assumptions are
made to reduce the number of parameters in the covariance matrices and the propagator matrix. Zhao et al. (2006) assume K to be
diagonal. Stroud et al. (2001) introduce a STRE model with weighting kernels on linear basis functions in a Bayesian framework with
simple random-walk dynamics. The Bayesian spatial dynamic factor-analysis model of Lopes et al. (2008) assumes K to be diagonal.
There has also been some work on incorporating physical or biological models directly into the parameterization (e.g. Wikle, 2003;
Wikle and Hooten, 2006). In the spatial-only fixed-rank setting, Kang and Cressie (2011) describe a fully Bayesian approach, and they
develop a multi-resolution prior for the (non-diagonal) covariance matrix K.

In light of this extensive body of literature on parameter estimation for reduced-dimension state-space models, the main
contributions of our article are the following: We have a strong focus on very large data sets as obtained by remote-sensing
platforms, which take measurements at arbitrary, non-gridded locations (or even areal footprints) that can differ over time and can be
sparse with respect to the spatial domain of interest. In addition to the standard EM algorithm for state-space models, we incorporate
the estimation of trend coefficients and fine-scale-variation parameters into the algorithm. We also give some possible extensions of
our EM algorithm (Section 3.4). Finally, we see this article as a valuable resource for practitioners who analyze data using the fixed-
rank models described in earlier papers by Cressie and coauthors, referred to above. We show that the previously used MM
estimation can be improved upon by the EM approach described here, and we give further practical insights on the analysis of global
remote-sensing data with areal footprints.

The rest of this article is organized as follows. Section 2 introduces Fixed Rank Smoothing (FRS) for the STME model, where the
parameters are assumed known. Section 3 describes how the STME-model parameters can be estimated using the EM algorithm.
A simulation study comparing FRS based on the EM estimators and FRS based on the MM estimators is given in Section 4. Section 5
contains an application of our methodology to global retrievals of mid-tropospheric CO2 from NASA’s AIRS instrument, and
discussion and conclusions are given in Section 6.

2. FIXED RANK SMOOTHING IN THE SPATIO-TEMPORAL MIXED-EFFECTS MODEL

2.1. The spatio-temporal mixed-effects model

As established in Section 1, our interest is in a spatio-temporal process fYt (s) : s 2 Ds, t ¼ 1,2, . . . g, which is modelled as a STME
process as in eqns (2) and (3).

For the purpose of this article, we shall take a smoothing perspective. That is, we are interested in predicting Yt(s0) at locations
s0 2 Ds for any t 2 f1, . . . ,Tg, from a number of measurements taken at spatial locations fsi,tg and time points t ¼ 1, . . . ,T.
As described in eqn (1), we assume that the measurements Zt(si,t) of the process are degraded by additive measurement error:

Ztðsi;tÞ ¼ Ytðsi;tÞ þ �tðsi;tÞ; i ¼ 1; . . . ; nt; t ¼ 1; . . . ; T ; ð5Þ

where �tðsi;tÞ � N ð0; r2
�;t v�;tðsi;tÞÞ is assumed to be independent across time and space and independent of Yt(Æ). Throughout this

article, we assume both the function v�,t(Æ) and the measurement-error variance r2
�;t to be known. If there is no independent

information on r2
�;t (e.g. from prior experiments), this variance term can be estimated from the data via an estimation technique

based on extrapolating the variogram to the origin (for more information, see Kang et al., 2010).
The main application of the STME model eqn (2) is to massive spatial or spatio-temporal data sets, for which traditional statistical

approaches are infeasible due to the large number of observations. The key to this approach is the dimension reduction that is
achieved because r, the dimension of gt, is typically much smaller than nt, the number of observations at time t. This point will be
further elaborated upon at the end of Section 2.2 below.

Let SO
t :¼ fs1;t; . . . ; snt ;tg be the set of locations at which there are observations at time t. Evaluating all model components at

these sets of locations, stacking the resulting scalars into column vectors, and stacking row vectors into matrices, we can write
Zt :¼ [Zt (s1,t), . . . ,Zt (snt

,t)]0, the vector of measurements at time t, as,

Zt ¼ Xtbt þ Btgt þ dt þ �t; t ¼ 1; 2; . . . : ð6Þ

Here, Bt is an nt · r matrix with ith row given by bt(si,t)
0, dt :¼ [dt (s1,t), . . . ,dt (snt

,t)]0, and the other matrices and vectors are defined
analogously. Corresponding covariance matrices are Kt :¼ var(gt), and
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Dt :¼ varðdt þ �tÞ ¼ r2
d;tVd;t þ r2

�;t V�;t; ð7Þ

which is diagonal with Vd,t :¼ diag(vd,t(s1,t), . . . ,vd,t(snt
,t)) and V�,t :¼ diag(v�,t(s1,t), . . . ,v�,t(snt

,t)).
The model, in its most general form as described above, depends on several parameters, many of them matrix-valued. The vector

of the unknown parameters, denoted by h, consists of the trend coefficients fbt : t ¼ 1, . . . ,Tg, the fine-scale-variation variances
fr2

d;t : t ¼ 1; . . . ; Tg, and the elements defining the matrices that describe the VAR process, K0, fHt : t ¼ 1, . . . ,Tg, and
fUt : t ¼ 1, . . . ,Tg.

2.2. Fixed rank smoothing

As mentioned above, our main focus in this article is on smoothing. That is, after having observed Z1 ¼ z1, . . . ,ZT ¼ zT, we are
interested in inference on the hidden process fYt(s0)g at any spatial location s0 2 Ds and for any time t ¼ 1, . . . ,T. Let the set SP

t

consist of all mt (observed or not observed) spatial locations at which we want to predict the hidden process Yt(Æ) at time t. Often, SP
t

is a grid over the spatial domain of interest that does not depend on t.
To make clear the distinction between observed quantities and predicted quantities, for the remainder of this article we shall use a

superscript P for vectors and matrices that were derived by evaluation of model components at the set of prediction locations. The
process vector of interest is therefore,

YP
t :¼ XP

t bt þ BP
t gt þ dP

t ; t ¼ 1; . . . ; T; ð8Þ

where now evaluation is at the set of mt prediction locations, SP
t . The diagonal variance matrix, varðdP

t Þ :¼ r2
d;t VP

d;t , is defined
correspondingly.

From eqn (8), we see that inference on YP
t essentially consists of predicting gt and dP

t (and estimating the trend coefficients, bt). For
now we assume that bt is known, along with all other parameters in h. Parameter estimation will be addressed separately in Section 3.

Let z1:~t :¼ ½z01; . . . ; z0~t�
0, for any time point ~t > 0. For the conditional expectations of gt and dt based on data z1:~t , we will use the

notation gt j~t :¼ Eðgt j z1:~tÞ and dP
t j~t :¼ EðdP

t j z1:~tÞ. The conditional covariance matrix of gt will be denoted as Pt j~t :¼ varðgt j z1:~tÞ,
and RP

t j~t :¼ varðdP
t j z1:~tÞ is the conditional covariance matrix of dP

t .
To obtain the smoothing distributions of fgtg and fdP

t g, we make use of a technique called FRS, which is an extension of the
Kalman smoother (see Cressie et al., 2010, for more details). Similar to the original Kalman smoother, this technique consists of two
parts: forward-filtering and backward-smoothing.

The filtering algorithm is initialized by setting g0|0 ¼ 0 and P0|0 ¼ K0. Then, for t ¼ 1, . . . ,T, the filtering quantities are calculated
sequentially as,

gt j t ¼ gt j t�1 þ Pt j t�1B0t½Bt Pt j t�1B0t þ Dt��1ðzt � Xtbt � Btgt j t�1Þ
dP

t j t ¼ r2
d;tVP

d;t O0t½Bt Pt j t�1B0t þ Dt��1ðzt � Xtbt � Btgt j t�1Þ
Pt j t ¼ Pt j t�1 � Pt j t�1B0t½Bt Pt j t�1B0t þ Dt��1Bt Pt j t�1

RP
t j t ¼ r2

d;tVP
d;t � r2

d;t VP
d;tO0t½Bt Pt j t�1B0t þ Dt��1Ot VP

d;tr
2
d;t;

ð9Þ

where Ot is defined in eqn (1), Bt and Xt are defined in eqn (6), Dt is defined in eqn (7), and the one-step-ahead forecasts are,

gt j t�1 ¼ Htgt�1 j t�1

Pt j t�1 ¼ Ht Pt�1 j t�1H0t þ Ut:

The smoothing quantities are then obtained by updating ‘backwards’ in time. The smoothing expectations and covariances for the
last time point t ¼ T are already calculated as the last step in eqn (9). For t ¼ T � 1, T � 2, . . . , 1, we calculate,

gt j T ¼ gt j t þ Jtðgtþ1 j T � gtþ1 j tÞ
dP

t j T ¼ dP
t j t �Mtðgtþ1 j T � gtþ1 j tÞ

Pt j T ¼ Pt j t þ JtðPtþ1 j T � Ptþ1 j tÞJ0t
RP

t j T ¼ RP
t j t þMtðPtþ1 j T � Ptþ1 j tÞM0t;

ð10Þ

where

Jt :¼ Pt j tH0tþ1P�1
tþ1 j t

Mt :¼ r2
d;tVP

d;t O0tPt j t�1B0t½Bt Pt j t�1B0t þ Dt��1H0tþ1P�1
tþ1 j t:

For the EM algorithm in Section 3, we also need the smoothing distribution of the initial state g0, specified by

g0 j T ¼ g0 j 0 þ J0ðg1 j T � g1 j tÞ
P0 j T ¼ P0 j 0 þ J0ðP1 j T � P1 j tÞJ00:

ð11Þ

The cross-covariance term, Pt,t�1 | T :¼ cov(gt,gt�1 | z1:T), is given in Shumway and Stoffer (2006, pp. 337–8):
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PT;T�1 j T ¼ ðIr � PT j T�1B0T ½BT PT j T�1B0T þ DT ��1BTÞHT PT�1 j T�1

Pt;t�1 j T ¼ Pt j t J0t�1 þ JtðPtþ1;t j T � Htþ1Pt j tÞJ0t�1; t ¼ T � 1; T � 2; . . . ; 1:
ð12Þ

Clearly, all the filtering and smoothing distributions of gt and dP
t are normal distributions, because they are linear combinations of

z1:T, which we defined to be normal in Section 2.1. The filtering and smoothing distributions are therefore fully determined by their
first two moments given in eqns (9) and (10).

Finally, we obtain the FRS prediction vectors as,

YP
t j T :¼ EðYP

t j z1:TÞ ¼ XP
t bt þ BP

t gt j T þ dP
t j T ; t ¼ 1; . . . ; T: ð13Þ

An important advantage of statistical approaches to prediction problems, over ad hoc engineering solutions, is the possibility of
uncertainty evaluation. For t ¼ 1, . . . ,T, the vectors of mean squared prediction errors (MSPEs) corresponding to YP

t j T can be
calculated as,

r2
t j T :¼ diagfEð½YP

t � YP
t j T �½YP

t � YP
t j T �
0Þg

¼ diagfBP
t Pt j T BP0

t þ RP
t j T � 2r2

d;t BP
t Pt j t�1B0t½Bt Pt j t�1B0t þ Dt��1Ot VP

d;tg;
ð14Þ

where here diagfAg denotes the vector of diagonal elements of a matrix A.
The great strength of the STME model eqn (2) is in reducing the computational cost of deriving these distributions. The Kalman

filtering/smoothing technique employs sequential updating, and so we need only consider the nt observations taken at a particular
time point t at each step (instead of all

PT
t¼1 nt observations simultaneously). The inversion of the nt · nt matrix required at each

‘naive’ Kalman filter update can still prove to be prohibitively expensive in some massive-data situations, such as for remote-sensing
applications. However, due to the dimension reduction achieved by the basis functions in the vector b(Æ) in eqn (3), direct inversion of
varðzt j z1:t�1Þ ¼ ½Bt Pt j t�1B0t þ Dt� in eqn (9) can be averted by making use of a Sherman-Morrison-Woodbury formula (e.g.
Henderson and Searle, 1981),

½Bt Pt j t�1B0t þ Dt��1 ¼ D�1
t � D�1

t Bt½P�1
t j t�1 þ B0tD�1

t Bt��1B0t D�1
t : ð15Þ

From eqn (15), we only have to invert r · r matrices and diagonal nt · nt matrices. The number of basis functions, r, is typically
chosen to be much smaller than nt. At each filtering step, the computational complexity is therefore reduced from Oðn3

t Þ to Oðr3ntÞ;
that is, the required number of operations now increases linearly in nt (instead of cubic in nt). This ensures computational feasibility,
even for very large or massive data sets.

3. MAXIMUM LIKELIHOOD ESTIMATION VIA AN EM ALGORITHM

The inference described in Section 2.2 assumes that the entire vector of parameters, h, is known. Of course, this will typically not be
the case in practice. Here we describe how to obtain maximum likelihood estimates (MLEs) of the parameters of our spatio-temporal
model via an EM algorithm. These estimates can then be substituted into the filtering or smoothing equations to obtain empirical
spatio-temporal predictions.

Maximum likelihood estimates of variance terms in mixed models are known to be biased downward, since the estimation does
not take into account the uncertainty in estimating the fixed effects (McLachlan and Krishnan, 2008 p. 187). Restricted-maximum-
likelihood (REML) approaches can remedy this problem. However, here we are interested in data-rich applications. From large data
sets, a small number of fixed effects can be estimated with extremely high precision, and hence the difference between REML and ML
estimates will be negligible. We therefore focus our attention on maximizing the likelihood function.

3.1. The likelihood function

The likelihood is the probability density function of the data as a function of the unknown parameter vector h. An MLE of h is a
value of the vector that maximizes the likelihood. For the STME model eqn (2), this likelihood is rather complicated; see the end of
Section 2.1 where all the components of h are given. To derive the likelihood functions, it is helpful to define so-called innovations,
at :¼ zt � Xtbt � Btgt|t�1, t ¼ 1, . . . ,T, as in Shumway and Stoffer (2006, pp. 312–3). These innovations are independent normal
random vectors with mean zero and covariance matrix, Rat

:¼ Bt Pt j t�1B0t þ Dt; t ¼ 1; . . . ; T , respectively. Then,

�2 log LðhÞ :¼ �2f ða1; . . . ; aT j hÞ ¼
XT

t¼1

log jRat
ðhÞ j þ

XT

t¼1

atðhÞ0Rat
ðhÞ�1

atðhÞ þ const.; ð16Þ

where henceforth ‘const.’ denotes a constant that does not depend on h, and we have emphasized that both the innovations and
their covariance matrices are functions of the parameter vector.

Clearly, analytical optimization of this function with respect to the parameters is highly problematic. Indeed, Katzfuss and Cressie
(2009) gave a simple example in the spatial-only case (T ¼ 1) that indicates the impossibility of finding MLEs analytically.

Note also that this function depends on Ht and Ut only through gt|t�1 :¼ Ht gt�1|t�1 and Ptjt�1 :¼ Ht Pt�1jt�1H0t þ Ut . Since we place
no constraints on Ht and Ut (other than Ut being a valid covariance matrix), it is clear that there cannot be a unique MLE if Ht and Ut
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are both allowed to vary freely with t. To achieve identifiability of these parameters, we set H :¼ H1 ¼ � � � ¼ HT and
U :¼ U1 ¼ � � � ¼ UT for the remainder of this article.

3.2. EM estimation

The EM algorithm (Dempster et al., 1977) has traditionally been employed for ML estimation in STRE models (see, e.g. Shumway and
Stoffer, 1982, 2006; Xu and Wikle, 2007). We shall extend this approach here to an STME model of the form given by eqn (2). This
allows estimation of K0, H and U, along with fr2

d;tg and fbtg, where the index t ¼ 1, . . . ,T, all in a single algorithm. A related
EM-estimation approach of both random and fixed effects has been considered in Shumway (2000) in a time series context.

We begin with a short review of the EM algorithm. It is an iterative computational technique that can be used to find MLEs in
situations where knowledge of some unobserved random variable (called the ‘missing data’), in addition to the observed data, would
make the complete-data likelihood (i.e. the joint distribution function of the observed and the missing data) much easier to evaluate
and maximize than the observed likelihood. At each iteration, the algorithm consists of an expectation step and a maximization step.
In our case, if we were able to observe gt and dt for all t directly, then the corresponding terms in the resulting log-likelihood become
additive, and we can treat the terms containing gt and dt separately when maximizing the function with respect to the parameters.
Thus, in the EM context, we define the missing data to be g1:T :¼ ½g01; . . . ; g0T �

0 and d1:T :¼ ½d01; . . . ; d0T �
0. Then, the so-called complete-

data log-likelihood is given by,

�2 log LcðhÞ :¼ �2 log f ðz1:T ; g1:T ; d1:T j hÞ

¼
XT

t¼1

trðV�1
�;t ½zt � Xtbt � Btgt � dt�½zt � Xtbt � Btgt � dt�0Þ=r2

�;t

þ
XT

t¼1

nt log r2
d;t þ

XT

t¼1

trðV�1
d;t dtd

0
tÞ=r2

d;t þ log j K0 j þ trðK�1
0 g0g

0
0Þ

þ T log jU j þ
XT

t¼1

trðU�1½gt � Hgt�1�½gt � Hgt�1�0Þ þ const.

ð17Þ

Assume we are at iteration l + 1 of the EM algorithm. The expectation step of the algorithm consists of finding
Q(h;hl) :¼ Eh[l]f�2 log Lc(h) | z1:Tg, essentially the conditional expectation of the complete-data log-likelihood for h ¼ hl (given the
observed data) with respect to the missing data. From a smoothing perspective, the observed data vector is z1:T. Using the current
value of the parameter vector, h ¼ h[l], we apply the FRS eqs (9)–(12) to obtain the conditional expectations and covariance matrices
of the ‘missing data’, g

½l�
t j T :¼ E

h½l� ðgt j z1:TÞ, d
½l�
t j T :¼ E

h½l� ðdt j z1:TÞ, along with P
½l�
t j T :¼ var

h½l� ðgt j z1:TÞ, R
½l�
t j T :¼ var

h½l� ðdt j z1:TÞ, and
P
½l�
t;t�1 j T :¼ covh½l� ðgt; gt�1 j z1:TÞ, for all t. For the FRS procedure applied inside of the EM algorithm, the set of prediction locations is

temporarily equal to the observed locations, SP
t ¼ SO

t , for all t ¼ 1, . . . ,T. (After EM estimates are obtained, the actual prediction
locations SP

t are used in the FRS equations to obtain smoothing predictions and MSPEs.)
Defining the quantities K

½lþ1�
t :¼ P

½l�
t j T þ g

½l�
t j Tg

½l�
t j T
0 and L

½lþ1�
t :¼ P

½l�
t;t�1 j T þ g

½l�
t j Tg

½l�
t�1 j T

0, the expectation step is given by,

Qðh; h½l�Þ :¼ Eh½l� f�2 log LcðhÞ j z1:Tg

¼
XT

t¼1

1

r2
�;t

trðV�1
�;t ½zt � Xtbt � Btg

½l�
t j T � d

½l�
t j T �½zt � Xtbt � Btg

½l�
t j T � d

½l�
t j T �
0Þ

þ
XT

t¼1

nt log r2
d;t þ

XT

t¼1

trðV�1
d;t ½R

½l�
t j T þ d

½l�
t j Td

½l�
t j T
0�Þ=r2

d;t þ log jK0j þ tr ðK�1
0 K

½lþ1�
0 Þ

þ T log jUj þ
XT

t¼1

tr ðU�1½K ½lþ1�
t � HL

½lþ1�
t

0
� L

½lþ1�
t H0 þ HK

½lþ1�
t�1 H0�Þ þ const.

ð18Þ

In the maximization step, because we are considering the negative log-likelihood, we minimize eqn (18) with respect to each of
the parameters. This is fairly easy to do, in that (with the exception of H and U) each term of the summation in eqn (18) only contains
one of the parameters, so most other terms can be disregarded when taking the derivative with respect to that parameter. The
minima of eqn (18) then define the new value of the parameter vector, h[l+1]. The updates are,

b
½lþ1�
t ¼ ðX 0t V�1

�;t XtÞ�1X 0t V�1
�;t ½zt � Btg

½l�
t j T � d

½l�
t j T �

r2
d;t
½lþ1� ¼ trðV�1

d;t ½R
½l�
t j T þ d

½l�
t j Td

½l�
t j T
0�Þ=nt

K
½lþ1�
0 ¼ P

½l�
0 j T þ g

½l�
0 j Tg

½l�
0 j T
0

H½lþ1� ¼
XT

t¼1

L
½lþ1�
t

 ! XT�1

t¼0

K
½lþ1�
t

 !�1

U½lþ1� ¼
XT

t¼1

K
½lþ1�
t � H½lþ1�

XT

t¼1

L
½lþ1�
t

0

 !
=T :

ð19Þ
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Due to the large number of parameters, we have found it most convenient to monitor the convergence of the algorithm on the
basis of the sequence of likelihood values, obtained by evaluating the (observed negative log-) likelihood eqn (16) at the current
value of the parameter vector at each iteration of the EM algorithm. Note that to evaluate the log-likelihood, we must find the
determinants and the inverses of the nt · nt covariance matrices, Rat

¼ Bt Pt j t� 1B0t þ Dt , for t ¼ 1, . . . ,T. The inversions can be
obtained as described in eqn (15). A computationally convenient formula (e.g. Cressie and Johanneson, 2008) for determinants yields,

jRat
j ¼ jDtjjPt j t�1jjP�1

t j t�1 þ B0t D�1
t Btj: ð20Þ

Calculating these determinants directly leads to serious numerical instabilities for massive data sets. Fortunately, for the purpose of
monitoring convergence using the log-likelihood, we are really interested in the sum of the logarithm of these quantities. All three
quantities on the right-hand side of eqn (20) can be calculated by making use of the fact that the log-determinant of a generic N · N
matrix A is given by log jAj ¼

PN
i¼1 log ki , where ki are the eigenvalues of A.

3.3. Properties of the EM estimator

Let the EM estimator be ĥEM, the value of the parameter vector (or one of them, if there are multiple) that is obtained from the EM
algorithm when the sequence of likelihood values has converged. Because Q(h;h[l]) given by eqn (18) is continuous in both
arguments (i.e. h, h[l] 2 H), this convergence is guaranteed for our algorithm by a theorem in Wu (1983). According to the same
theorem, ĥEM must be a solution to the likelihood equations (the set of equations obtained by setting the partial derivatives of
eqn (16) equal to zero). This does not mean that ĥEM is, in fact, the unique MLE, as there could be several (or even infinitely many)
solutions to the likelihood equations. Nevertheless, under some general conditions, ĥEM is both consistent and asymptotically
normal (see Hannan and Deistler, 1988, Chapter 4, for more details). Unfortunately, asymptotic results are often of little use when
the number of unknown parameters is large relative to the number of time points T. For time series of short-to-moderate length,
Shumway and Stoffer (2006) discuss a bootstrapping approach to assess the uncertainty in the parameter estimates. Our emphasis
in this article is instead on smoothing the unknown process, for which parameter estimates of h are needed.

If the algorithm is initialized with parameters in the parameter space (i.e. h[0] 2 H), then we can see from eqn (19) that h[l] 2 H,
l ¼ 1,2, . . . . Specifically, this means that if the initial values for the covariance-matrix parameters K0 and U are proper covariance
matrices, then the EM updates, K

½lþ1�
0 ¼ P

½l�
0 j T þ g

½l�
0 j Tg

½l�
0 j T
0 and U½lþ1� ¼

PT
t¼1 E

h½l� ð½gt � Hgt�1�½gt � Hgt�1�0 j z1:TÞ=T , and hence the EM
estimators of these matrix parameters, are also symmetric and at least non-negative-definite. Similarly, if we choose r2

d;t
½0�
> 0, then

it is guaranteed that r̂2
d;t;EM � 0. This is a very desirable property, as the constraints on a positive-definite matrix can be very hard to

handle when optimizing a function with respect to that matrix (see, e.g. Katzfuss and Cressie, 2009). Here, these constraints are
satisfied automatically.

Since the research in this article is geared toward computational efficiency for massive data sets, the computational cost of the
algorithm is highly relevant. As we have described at the end of Section 2.2, the computational complexity of the FRS that needs to
be carried out at each iteration of the EM algorithm is linear in each nt. The fact that this smoothing procedure has to be carried out
several times for the EM algorithm (until convergence is reached) does not change its theoretical computational complexity, and so
the algorithm as a whole is scalable. It should be noted though that the stability and other desirable features of the EM algorithm
come at the cost of a rather slow convergence (McLachlan and Krishnan, 2008), so if a high precision in estimating the parameters is
required, the number of iterations needed until convergence might be quite large.

3.4. Possible extensions

The EM algorithm described above can be easily modified to the spatial-only case. If all measurements are regarded to be from
the same time point (say time t ¼ 1), interest is in estimating the unknown parameters b1, r2

d;1, and K1 ¼ HK0H0 + U, from data z1.
Thus, if we put T ¼ 1, the EM algorithm becomes much simpler. The FRS algorithm reduces to a spatial-only Fixed Rank Kriging
procedure (Cressie and Johannesson, 2008). For details of the EM algorithm in the spatial-only case, see Katzfuss and Cressie
(2009).

Note that we might also want to force the trend coefficients, fbtg, and/or the fine-scale-variation variances, fr2
d;tg, to be constant

for a certain number of time steps, so as to achieve greater stability for estimation of these parameters when the data are sparse. In
addition, if the total number of time steps T is large, we might not want the propagator matrices fHtg and the innovation matrices
fUtg to be constant for all time steps, but they might be allowed to change every few time steps. The EM algorithm can be easily
modified to accommodate such modelling assumptions. All that one needs to change is the form of the updates in eqn (19), by
summing (or not summing) quantities on the right-hand side of eqn (18) over appropriate time steps. For example, if we assume that
H1 ¼ � � � ¼ HT1

6¼ HT1
+ 1 ¼ � � � ¼ HT and U1 ¼ � � � ¼ UT1

6¼ UT1
+ 1 ¼ � � � ¼ UT, the EM updates for H1 and U1 become,

Summary of the EM Algorithm for the STME Model

1. Choose initial values h[0] in the parameter space h for the parameters.
2. For l ¼ 0, 1, 2, . . . (until convergence):
(a) Carry out FRS (with SP

t ¼ SO
t Þ using h ¼ h[l] to obtain the smoothing quantities as described in eqns (9)–(12).

(b) Obtain h[l+1] by calculating the updates given in eqn (19).
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H
½lþ1�
1 ¼

XT1

t¼1

L
½lþ1�
t

 ! XT1�1

t¼0

K
½lþ1�
t

 !�1

U
½lþ1�
1 ¼

XT1

t¼1

K
½lþ1�
t � H

½lþ1�
1

XT1

t¼1

L
½lþ1�0
t

 !
=T1:

Similarly, if we assume r2
d;t to be constant for all t¼1, . . . ,T, then the EM update for this parameter becomes,

r2
d
½lþ1� ¼

XT

t¼1
trðV�1

d;t ½R
½l�
t j T þ d

½l�
t j Td

½l�0
t j T �Þ

.XT

t¼1
nt: ð21Þ

As we briefly mentioned in Section 1, one might want to avoid having to make the assumption that the function vd,t(Æ), which describes
the variance of the fine-scale variation, is known. While one could, for simplicity, always set vd,t(Æ) ” 1, this might not be appropriate in
some situations. If no expert knowledge about the form of this variance function is available, the function could be modelled as
vd,t(Æ) ¼ expfbd(Æ)0gdg, where bd(Æ) is a vector of rd basis functions, with typically rd < r. The vector gd is not identifiable if both r2

d and gd

are allowed to vary freely, and so we assume gd � Nrdð0; r2
gd

IrdÞ, for some fixed r2
gd

. This parameter can be chosen according to prior
beliefs via a calibration exercise. For example, if one chooses 1/2 and 2 as the lower and upper endpoints of a 95% credible interval for the
ratio of two fine-scale-variation variances at two distant locations in the spatial domain Ds, we obtain r2

gd
� 0:252 (for more details, see

Katzfuss and Cressie, 2011). We can estimate gd by augmenting the EM updates in eqn (19) by one Newton-Raphson step,

g
½lþ1�
d ¼ g

½l�
d �

@Qðh; h½l�Þ
@g0d@gd

�����
gd¼g

½l�
d

0
@

1
A
�1

@Qðh; h½l�Þ
@gd

�����
gd¼g

½l�
d

0
@

1
A;

where

@Qðh; h½l�Þ
@gd

¼
XT

t¼1

B0d;tðInt
� Kt=r

2
d;tÞ1nt

þ 2gd=r
2
gd

@Qðh; h½l�Þ
@g0d@gd

¼
XT

t¼1

B0d;tKt Bd;t=r
2
d;t þ 2Ird=r

2
gd
;

and Kt :¼ diag(fE(d(si,t)
2 | z1:T) exp(�bd(si,t)

0gd): i ¼ 1, . . . ,ntg). The resulting algorithm is now a Generalized EM algorithm (see
McLachlan and Krishnan, 2008, for details).

The algorithm can also be modified to take a filtering perspective. In this context, for the conditional expectations in eqn (18), the
conditioning would be on z1:t (instead of z1:T). The FRS component of the EM algorithm can be easily modified to a Fixed Rank
Filtering (FRF) approach, by carrying out only eqns (9) and (12), and leaving out eqns (10) and (11). The smoothing quantities in
eqn (19) would be replaced by the corresponding FRF quantities. At each time point t, we obtain a new set of data, zt, and a new EM
algorithm can be run to estimate the time-dependent quantities bt and r2

d;t . Unfortunately, it is not so clear how Ht and Ut would be
handled. As mentioned above, it is not sensible to allow them to vary freely for each time point. On the other hand, making them
constant for all time points requires running the EM algorithm again for all measurements z1:t observed so far, every time a new set of
data zt is obtained. This would quickly become infeasible as t increases. More practically, one could hold Ht and Ut constant only for a
certain number of time units (eight, say), as described in the previous paragraph. This way, one has to ‘go back’ only eight time units
when estimating the current Ht and Ut.

4. SIMULATION STUDY: COMPARISON OF EM ESTIMATION TO BINNED
METHOD-OF-MOMENTS ESTIMATION

Previously, frequentist estimation of the STME model eqn (2) was carried out using a binned method-of-moments (MM) technique
(Cressie and Johannesson, 2008; Kang et al., 2010). As such, the MM estimation is the natural candidate for a comparison to our
proposed EM estimation.

4.1. Simulation Setup

Our simulated data are meant to resemble a very simplistic version of satellite data in only one spatial dimension. The spatial domain
consists of the locations SP ¼ f1; . . . ; 256g, and there are T ¼ 16 time points. The ‘satellite’ here has a repeat cycle of two time units.
The two tracks of the satellite have a width of 64: For odd time points, the tracks are f1, . . . ,64g and f129, . . . ,192g; for even time
points, the tracks are f65, . . . ,128g and f193, . . . ,256g. Within each track at each time point, 50% of the values are declared missing at
random. This is meant to simulate non-retrieval due to cloud cover and other problems. This setup leaves us with 64 observations at
each time point.

As basis functions, we use bisquare functions,

gbiðsÞ :¼ f1� ðks� ck=wÞ2g2Iðks� ck < wÞ; ð22Þ
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where c is the center point, w is the range, and I(Æ) is an indicator function. In this simulation study, we have r ¼ 5 bisquare basis
functions (see, e.g. Cressie and Johannesson, 2008), all with a range of w ¼ 96, and centered at 0.5, 64.5, 128.5, 192.5, and 256.5
respectively. An example of the data simulated from the STME model eqns (2)–(5) is shown in Figure 1. (We only show the first four
time points; the setup for the rest of the time points is analogous.)

The true parameters are calibrated in a manner similar to that of the simulation study described in Cressie et al. (2010). The
covariance matrix of gt, namely Kt, is taken to be stationary. The matrix parameters K0, H, and U are chosen to match (as measured by
the Frobenius norm) an exponential-covariance matrix with (i,j)-th entry, exp(� | i � j | /25), and a lag-1 temporal correlation of 0.8.
Choosing a fine-scale-variation pro portion of 0.05 results in r2

d ¼ 0:0321, which is held constant over time. The measurement-error
variance is also constant over time. It is determined by the signal-to-noise ratio (SNR), for which we chose two levels: SNR ¼ 2,
resulting in r2

� ¼ 0:3206, and SNR¼5, resulting in r2
� ¼ 0:1282. This variance is assumed known for both estimation procedures.

Finally, we chose a constant mean of l¼5 (i.e. xt(Æ) ” 1 and bt ” 5).
The EM estimation is described in Section 3, but due to the constant fine-scale variance r2

d, the update for this term in the
algorithm will be of the form given in eqn (21). As there is some sensitivity to the initial values in the algorithm (which is evidence for
multiple local maxima of the likelihood, at least for some of the simulated data sets), we initialized the algorithm at the true
parameter values in this simulation study.

The MM estimation is largely as described in Kang et al. (2010). We begin by obtaining an ordinary-least-squares estimate of the
trend at each time point, which in this case is simply the data mean for each t. We also obtain a pooled estimate of r2

d by using the
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Figure 1. Example of the data observed at the first four time points in our simulation study for signal-to-noise ratio (SNR) ¼ 2. Also
shown are the FRS predictions using the true parameter values, the EM parameter estimates, and the MM parameter estimates,
respectively, as solid lines; dotted lines are the respective 95% confidence intervals. These should be compared to the true-process
values in black
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variogram-extrapolation technique from Kang et al. (2010), but accounting for the fact that r2
� is already known, and using all pairs of

adjacent data points from all times t. To estimate the matrix parameters, we divided the spatial domain into 16 bins of size 16 each.
Due to the missing data, many bins at each time point will have very few or even no observations. To avoid unnecessary instability in
the estimates, we discard all bins containing less than five observations. Kang et al. (2010) let both H and U vary with time. To allow
for estimation of a constant propagator matrix and innovation matrix, we have to modify the MM approach slightly. After having
obtained MM estimates fK̂MM;1; . . . ; K̂MM;Tg and fL̂MM;2; . . . ; L̂MM;Tg as described in Kang et al. (2010), we combine these estimates in a
similar fashion as in the EM algorithm given in eqn (19), which results in:

ĤMM ¼
XT

t¼2

L̂MM;t

 ! XT�1

t¼1

K̂MM;t

 !�1

ÛMM ¼
XT

t¼2

K̂MM;t � ĤMM

XT

t¼2

L̂0MM;t

 !
=ðT � 1Þ:

Finally, we substitute both sets of parameters into the FRS equations, to obtain the smoothed predictions at all 256 spatial
locations at all T ¼ 16 time points. As a reference, we also obtain predictions using the true parameters h.

For the MM procedure, there is no estimate of K0, since there are no data at t ¼ 0. To obtain predictions using the MM estimates,
we modify the filtering updates eqn (9) for time point t¼1 as follows. The conditional expectations and variance-covariance matrices
of g1 and dP

1 are,

g1j1 ¼ K1B01½B1K1B01 þ D1��1ðz1 � X1b1Þ
dP

1j1 ¼ r2
d;1VP

d;1O01½B1K1B01 þ D1��1ðz1 � X1b1Þ
P1j1 ¼ K1 � K1B01R

�1
1 B1K1

RP
1j1 ¼ r2

d;1VP
d;1 � r2

d;1VP
d;1O01½B1K1B01 þ D1��1O1VP

d;1r
2
d;1:

ð23Þ

Then the filtering steps for t ¼ 2, . . . ,T are the same as before. So is the smoothing procedure, but now P1|0 ¼ K1, and we stop the
backward smoothing at t ¼ 1 (instead of t ¼ 0).

4.2. Simulation Results

Using the setup described in Section 4.1, we generated 2,000 data sets for both levels of the SNR. For each data set, we carried out
both EM and MM estimation, and we obtained predictions and standard errors via FRS using (i) the known true parameters h, (ii) the
EM parameter estimates, and (iii) the MM parameter estimates. One such spatio-temporal data set, along with the true process,
predictions, and prediction intervals (PIs) is shown in Figure 1.

Due to the large amount of missing data, and the medium-to-small SNR, this is a fairly hard problem to handle. In many cases, it
was not possible to preserve the total variability when lifting eigenvalues in the MM procedure (Kang et al., 2010). In addition, even in
cases where Kt and Lt were estimated successfully, the MM estimate of U was not always positive-definite. Sometimes the EM
algorithm did not converge in (the aribitrarily set maximum number of) 200 iterations. The proportion of successful estimations for
both procedures are summarized in the first line of Table 1. All results in this section are based on only the data sets for which both
estimation procedures produced valid estimates.

Elementwise medians of the valid EM and MM matrix-parameter estimates, along with the true parameters, are shown in Figure 2
for the SNR¼2 scenario. Even in this relatively high-noise situation, the EM parameter estimates are acceptable. Due to the small
sample sizes at each time unit, the typical negative bias of maximum likelihood estimation (here, EM estimation) of variance terms is
apparent, which leads to an overfitting of the elements of H. The MM estimation is heavily affected by the presence or absence of
data. The MM estimates of variances that correspond to basis functions in off-track regions are much bigger than the true values.

Table 1. Results of the simulation experiment

SNR ¼ 2 SNR ¼ 5

True h EM MM MM/EM True h EM MM MM/EM

Success rate — 0.9775 0.2615 — — 0.9495 0.5965 —
MSPE 0.1151 0.2028 0.4440 2.1899 0.0920 0.1589 0.2358 1.4840
MSPE - on track 0.0503 0.0556 0.0577 1.0376 0.0375 0.0394 0.0402 1.0215
MSPE - off track 0.1798 0.3499 0.8303 2.3732 0.1464 0.2785 0.4314 1.5493
PIC (t ¼ 8, s ¼ 96) 0.9511 0.9159 0.8317 — 0.9615 0.9453 0.9444 —
PIC (t ¼ 7, s ¼ 96) 0.9511 0.8102 0.8650 — 0.9552 0.8737 0.9194 —
PIC (t ¼ 2, s ¼ 32) 0.9550 0.4442 0.8924 — 0.9489 0.4633 0.9203 —
MSEE (r2

d) ·100 — 0.0058 0.0614 10.501 — 0.0026 0.0121 4.6345
MSEE (lt) — 0.2345 0.2379 1.0145 — 0.2333 0.2403 1.0297

MSPE ¼ (Empirical) Mean Squared Prediction Error, PIC ¼ (Empirical) Prediction Interval Coverage (95%), MSEE ¼ (Empirical) Mean Squared Estimation
Error.
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From Table 1, spatio-temporal prediction using the EM estimates is much more accurate than the prediction using MM estimates;
this effect is especially strong at off-track locations, which are locations in a swath where no data were observed (at every other time
point). For SNR ¼ 2, the empirical mean squared prediction error (MSPE) is almost 2.5 times as big for MM than for EM at these off-
track locations.

Table 1 also shows some other summaries of the experiment. It is clear that parameter estimation is more efficient using the EM
algorithm, and the difference between the results based on EM and MM is more pronounced when the SNR is lower (i.e. when the
estimation is more challenging). The estimation of the mean is fairly easy, and so the difference between EM and MM in terms of the
(empirical) mean squared estimation error (MSEE) is relatively small there. When estimating the fine-scale variance, r2

d, EM estimation
is far superior to MM estimation.

We also examined the validity of 95% prediction intervals (PIs) produced by FRS based on the true parameters and both
parameter-estimation methods. Figure 3 shows the proportion of times (out of the 2000 simulated data sets) that these prediction
intervals covered the true process value Yt(i) at each location i ¼ 1, . . . ,256 and at each time point t ¼ 1, . . . ,16. Reassuringly, using
the true parameters in the FRS procedure leads to very precise assessment of the variability associated with the FRS predictions; the
PI coverage (PIC) shown in the left panel is very close to 95% for all s and all t. The empirical-Bayes approach (i.e. ‘plugging in’ of
parameter estimates) taken in this article does not account for uncertainty in the estimation of parameters. This becomes plainly
apparent in the middle and right panels of Figure 3. The PIs produced with the MM estimates are generally too liberal, but the
coverage is never too bad, due to the severe overestimation of variance terms corresponding to off-track locations, especially at the
edges of the spatial domain (see again Figure 2). The EM estimates of the covariance matrices, fKtg, were closer to the truth, and so
not accounting for the uncertainty in parameter estimation results in severe undercoverage of the PIs in off-track regions at the edge
of the spatial domain (s � 32 for t even, s � 193 for t odd), despite the higher prediction accuracy. This edge effect is likely to be
much less problematic for an analysis of real data on the globe, which does not have edges.
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5. APPLICATION: ANALYSIS OF GLOBAL SATELLITE CO2 DATA

Here, we shall demonstrate an application of the proposed FRS prediction and EM parameter estimation to real data. Despite a high-
dimensional parameter space, smoothing a very large, spatio-temporal data set of global CO2 measurements is fast and produces
reasonable results.

5.1. Mid-troposheric CO2 measurements by AIRS

We consider a spatio-temporal data set consisting of 16 days of measurements of global mid-tropospheric CO2. The data (see Ray,
2010) were recorded by the Atmospheric InfraRed Sounder (AIRS) (Chahine et al., 2006) on board the Aqua satellite, which is part of
the ‘A-train’ of Earth-observing satellites. Remote sensing via satellites provides information on the Earth’s land, atmosphere, and
ocean that would otherwise be too costly or too dangerous to obtain. Measurements from these platforms can be actual images, but
spectra are more useful for many purposes (for an introduction to remote sensing, see, e.g. Landgrebe, 2003). Satellite measurements
of CO2 are based on the latter approach: using an elaborate retrieval algorithm, the spectral radiances obtained by the AIRS
instrument are converted to CO2 concentrations in the mid-troposphere (Chahine et al., 2006; Bréon and Ciais, 2010).

The data represent measurements of mid-tropospheric CO2 between �60s and 90s latitude at roughly 1:30 pm local time on
1 May through 16 May 2003, from now on referred to as days 1 through 16, respectively; data at latitudes south of �60s have not
been released yet. The unit of measurement is parts per million (ppm).

While our methodology does not require gridded data, higher-level data products derived from remote-sensing measurements are
often provided in more or less aggregated and gridded form, and hence we moved the original data to a regular grid. The gridding is
purely for illustration, as concepts such as the proportion of missing data are clearer in a gridded setting, and we want to emphasize
that our methodology can deal with arbitrary and changing (over time) measurement locations. Treating the grid locations as the
true measurement locations results in a slight location error, but this error tends to have a very small effect on the prediction error
(Cressie and Kornak, 2003). For the remainder of this section, we regard the process evaluated at the grid to be the quantity of
interest.

Using DGGRID software (Sahr, 2003), we generated a hexagonal grid across the globe, with the goal of matching the area of the
roughly circular AIRS footprint of about 45 km radius as closely as possible (ISEA Aperture 3 Hexagons at resolution 8). Discarding all
grid cells with centers south of �60s latitude, we obtain m ¼ 61,236 grid cells at which the process is to be predicted. If a particular
grid cell contains several of the original measurements on a particular day, the data value at that grid cell was taken to be the
average of those measurements and the measurement-error covariance matrix, V�,t, was appropriately modified (e.g. Cressie and
Johannesson. 2008). The resulting gridded data for the first day is shown in the top panel of Figure 4. The number of observed grid
cells per day, fntg, was fairly stable over time, between 11,862 and 12,971. This puts the proportion of grid cells with missing data at
each time point at around 80%.

As mentioned before in Section 2.1, our EM-estimation scheme assumes that the measurement-error variances, r2
�;t , are known for

all time points t ¼ 1, . . . ,T. For this analysis of AIRS data, we obtained estimates of these variances using the variogram-extrapolation
technique described in Kang et al. (2010), accounting for the number of measurements that went into each grid cell average. As r̂2

�;t

was fairly constant over time, we used a pooled estimate, r̂2
� ¼ 5:6062. To account for the averaging that occurred in obtaining the

gridded data from the original measurements, we set v�,t(Si,t) ¼ 1/Nt(Si,t), where Nt(Si,t) is the number of measurements going into
grid cell Si,t at time t; see eqn (7).

For simplicity, we assumed that the variance of the fine-scale variation term is constant over both time and space:
r2

d :¼ r2
d;1 ¼ . . . ¼ r2

d;16 and vd,t(Si,t) ” 1 for all i and t. Based on exploratory data analysis and consultation with carbon-cycle experts,
the large-scale spatial trend in CO2 was modeled by an intercept and a latitudinal gradient; that is, we set xt(Æ) ¼ [1 lat(Æ)]0,
independent of t. However, the vector of trend coefficients bt is assumed to vary with time index t.

The model eqn (2) assumes that observations were made at the point level. Here, our gridded data has areal support in the shape
of a hexagon. Denoting the set of prediction grid cells by SP ¼ fS1; . . . ; Smg (i.e. they are the same for all t), we modify the process
model to be,
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Figure 3. Proportion of times the 95% prediction interval covered the true Y at each spatial and temporal location (for SNR ¼ 2) in
the simulation study, for the predictions using the true parameters (left), the EM estimates (middle), and the MM estimates (right).
The rows in each panel correspond to the 16 time units, and the x-axis corresponds to the (one-dimensional) space
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YtðSiÞ ¼ xtðSiÞ0bt þ btðSiÞ0gt þ dtðSiÞ; i ¼ 1; . . . ;m; t ¼ 1; 2; . . . ;

where g(S):¼
R

S g(s)ds/|S| for a generic function g(Æ), and |S| is the area of S. The integrated fine-scale variation has the same
distributional assumptions as it had at the point level, and the variance parameters are described in the previous paragraph. The
integration over the trend xt(Æ) and the basis-function vector bt(Æ) is practically more challenging. For the purpose of this data analysis,
we approximated the terms xt(Si) and bt(Si) by a Monte Carlo integration, namely by drawing a uniform random sample of 40 points
within each grid hexagon, evaluating the functions at each point, and then averaging over the results. Then one can simply replace
xt(si) and bt(si) in the FRS eqns (9)–(12) by xt(Si) and bt(Si), respectively, to model observations (and obtain predictions) at the
hexagonal grid support (instead of at the point level).

5.2. Bisquare basis functions on the globe

It is a somewhat open problem how many and what type of basis functions to choose for the STRE component eqn (3) of the STME
model eqn (2). In this application, the spatial domain of interest is the globe, which we assume to be a perfect sphere. W-wavelets,
which have been successfully used in the STRE context (see, e.g. Kang et al., 2010), cannot be evaluated on the sphere. Instead, we
follow Cressie and Johannesson (2008) in using bisquare basis functions of the form eqn (22). This choice is only for illustration; our
methodology is purposely left very general to allow for any choice of basis functions (for a review of some common choices, see
Wikle, 2010). However, bisquare functions do have a number of desirable properties, in that they have a clear center and range, they
can be defined on any spatial domain for which a measure of distance is available, they can be evaluated at any point in space
(without interpolation), and they can be interpreted as convolution kernels.

It is generally recommended to employ several resolutions of basis functions, to capture different scales of spatial variation in the
underlying process. Using the same settings as for the prediction grid above (ISEA Aperture 3 Hexagons), the DGGRID software

Figure 4. Mid-tropospheric CO2 as measured by AIRS on 1 May 2003, with corresponding fixed rank smoothing predictions and
standard errors, both obtained using expectation-maximization parameter estimates. Units are ppm
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provides us with a suitable set of basis-function centers at the first three resolutions. Some previous simulation experiments, similar
to the one described in Section 4, have provided us with strong evidence that prediction results using our model are best when basis
functions of different resolutions do not share the same centers. When using the DGGRID program with the default orientation,
centers of coarser resolutions will always coalesce with centers of finer resolutions. To off-set the centers from different resolutions,
we shifted the orientation point for the second and third resolution.

Due to the lack of data south of �60s latitude, some of the basis functions near the south pole are not included in the model; we
deleted two centers of the second resolution and 14 centers of the third resolution. Following the recommendation of Cressie and
Johannesson (2008) to set the range w of the bisquare functions equal to 1.5 times the distance of two adjacent centers at the same
resolution, we finally obtained 32 bisquare functions with range w ¼ 6241 km in spherical distance, 90 bisquare functions with range
w ¼ 3491 km, and 258 bisquare functions with range w ¼ 2048 km, for the three resolutions, respectively. The resulting r ¼ 380
basis function centers are shown in Figure 5.

5.3. Parameter estimates and fixed rank smoothing results

For the AIRS data set, the EM algorithm is sensitive to the choice of initial values. Initializing K0 based on no data is problematic, and
hence we used the modification described around eqn (23) at the end of Section 1. This allowed us instead to specify an initial value
for the covariance matrix K1. Then the spatial-only EM algorithm of Katzfuss and Cressie (2009), which is based on the FRK procedure
eqn (23), yielded estimates of K1 and r2

d;1. We used these estimates as the initial values of K1 and r2
d , respectively, in the spatio-

temporal EM algorithm.
The resulting EM algorithm took 23 iterations until convergence was obtained. Each iteration took about 2.5 min to complete on

an eight-core server, resulting in a total time for estimation of about 58 min. The estimates of the matrix parameters are shown in
Figure 6. Clearly, there is some overfitting with regard to H again, causing the estimate of U to be damped somewhat. The EM
estimate for r2

d is 3.5650. The estimates of the intercept and the slope of the latitudinal gradient are very stable over time, being
around 375.3 and 0.05 respectively.

We obtain predictions and corresponding standard errors at all m ¼ 61,236 hexagons for all 16 days, by substituting the EM
estimates into the FRS eqns (9)–(12), with the modification given by eqn (23). The FRS predictions and standard errors for day 1 are
shown in the middle and lower panel of Figure 4 respectively. We can see that the standard-error map is dominated by the fine-scale
variance. At hexagons without data, the standard error is much higher than at hexagons with data. If the number of original retrievals
that went into a particular hexagon is two or more, the standard error for that cell is even lower. Figure 7 shows the FRS predictions
based on EM estimates of parameters, for all even-numbered days (on a scale different to that of Figure 4); accompanying plots of
FRS standard errors, like that shown in Figure 4, are not included here but could be. From the predictions, the AIRS measurements
clearly indicate that mid-tropospheric CO2 concentrations were much higher in the Northern Hemisphere than in the Southern
Hemisphere during the time period under consideration (1–16 May 2003). Accordingly, most of the temporal evolution takes place in
the Northern part of the globe.

6. DISCUSSION AND CONCLUSIONS

This article develops maximum likelihood estimation via an EM algorithm for the STME model. Once parameters are estimated, FRS
can be used for spatio-temporal smoothing of the data. Due to the scalability of FRS with regard to the number of observations at
each time point, this methodology is suitable even for massive data sets. An important application of the methodology is to remote
sensing, where the number of observations is typically large, big gaps between satellite tracks make exploitation of spatial and

Res 1
Res 2
Res 3

Figure 5. Locations of the basis function centers of all three resolutions on the globe
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temporal correlations in the underlying process imperative, and the non-stationarity of any process over the globe requires a flexible
spatial covariance model that does not rely on stationarity assumptions.

One issue with our STME model is the simple structure imposed on the fine-scale variation. Its covariance matrix, Vd,t, is diagonal
and, in our AIRS example, its diagonal elements are constant for each time point. This can lead to a map of FRS standard errors that
does not account for fine-scale heterogeneity (see bottom panel of Figure 4). To remedy this problem, we can estimate or model the
diagonal elements of Vd,t. For example, in Section 3.4, spatial structure in dt(Æ) has been accounted for by modelling the variance
heterogeneity through vd,t(Æ).

Currently, we make no assumptions on the structure of the matrix parameters K0, H, and U (other than K0 and U being positive-
definite). This results in a large number of parameters that have to be estimated, which in turn can favor overfitting of the temporal
evolution (as observed in Sections 2 and 3, where the assessment of uncertainty in the smoothing predictions was very liberal). This
stems from both an underestimation of the variances in the covariance matrix U and from our empirical-Bayes approach, which does
not account for uncertainty in the parameter estimation. The number of unknown parameters could be reduced in some cases if the
temporal evolution of the process can be described through partial differential equations, in the spirit of Xu and Wikle (2007). The use
of prior distributions in a fully Bayesian approach results in both regularization of the many parameters and a more correct
assessment of the parameter-estimation uncertainty (Katzfuss and Cressie, 2011).

In conclusion, we have presented a coherent approach to spatio-temporal smoothing and parameter estimation for potentially
massive data sets. The methodology is well suited to the analysis of remote-sensing data, crucially allowing for very fast computation.
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