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ABSTRACT. This article presents stochastic and nonstochastic methods 
of spatial prediction, using a unified notation. The geostatistical 
method (i.e., kriging in its various forms) has an advantage over other 
predictors in that it adapts to the quantity and quality of spatial 
dependence demonstrated by the data. Properties of the various methods 
are discussed very briefly. 

1 • INTRODUCTION 
Variability is everywhere. How much of it is due to controllable fac
tors and exogeneous variables (mean structure), and how much is due to 
purely stochastic fluctuations (error structure), is usually determined 
by the scientists working within their substantive disciplines. But 
even then there is no unanimity since what is one person's mean struc
ture may be another person's error structure. When there is the 
opportunity to repeat an experiment, a purported explanatory variable 
in the mean structure can be tested. Otherwise the presence of an un
expected effect remains an intriguing mystery until an explanation is 
found that can be independently verified. 

In the earth sciences, soil science, hydrology, environmetrics, 
etc. studies are often observational rather than designed, and there is 
no replication since there is just one unit: the earth! Nevertheless, 
explanations for various phenomena can be conjectured and their con
sistency across time or space can be assessed. It is this stationarity 
that, in its various guises, will be exploited below. 

Spatial prediction is the prediction of unobserved values from ob
served data where, for the purposes of this article, the only exogenous 
variables are spatial locations. Specifically, suppose that measure
ments, both actual and potential, are denoted 

{z(s): SED}, (1.1) 
where sis a spatial location v:ctor-in If (or more generally in ~d). 
The index set D gives the extent of the region of interest and s varies 
continuously over it. The quantity z(•) in (1.1) has been called a 
regionalized variable by Matheron (1963). Now data 
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~ _ (z(~ 1 ), •.• ,z(~n))' 

are observed at known sites 

N.CRESSffi 

( 1. 2) 

~~1····•!n}. (1.3) 

This article is concerned with the prediction of z(!0 ), an unknown 
value at a known location ~o· I shall present, in a unified notation, 
various suggestions for the predictor 

~ 

z<!o) = g(~; ~o). < 1.4) 

Section 2 presents methods that are derived from stochastic consider
ations, while Section 3 presents deterministic-based methods. Descrip
tions are far too brief, but the author was faced with a page limit; 
more details are given in Cressie (1988b). Section 4 gives some con
clusions; much more remains to be said. 

2. STOCHASTIC METHODS OF SPATIAL PREDICTION 
When studying one particular oilfield or one particular aquifer, it has 
been argued (Matheron, 1964; Journel, 1985) that there is no random 
variation in {z(s): seD} at all (apart from measurement error). Then 
a prediction theory is built assuming the data z are a probability sam
pling from a fixed but unknown z(•) defined by (1.1). This parallels 
the controversy in classical sampling theory between model-based and 
design-based methods of inference. 

The presentation here will be completely model-based, where (1.1) 
will be thought of as a realization from a stochastic process 

{Z(~): ~eD}. ( 2. 1) 

But what is the source of the randomness in (2.1)? 
A standard tactic in science is that when there are infinitely 

many possible surfaces to choose from, those possibilities are dealt 
with statistically. With no data, but with experience in the way oil
fields of a particular type behave, one might assume (2.1) is station
ary, say. Then in the light of observations z on Z{•), this "prior" 
can be updated, yielding a "posterior" which amounts to the distribu
tion of Z(•) conditioned on the data~: 

(2.2) 

Thus any inference on the process, in particular prediction of Z(~0 ), 

should involve the conditional distribution of (2.2). 
Following (1.4), the error of prediction is 

(2.3) 

with mean-square, 
2 

mse(g; !:!o) = E(Z(~0 ) - g(~; !:!o)) , (2.4) 

where the expectation is taken over both the random variable Z(~0 ) and 
the random vector of data, 

~ = ( Z (! 1 ) , ••• , Z ( ~n)) ' • ( 2. 5) 

Suppose that minimizing (2.4) with respect to g defines the best 
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predictor. 
It is easy to show that 

mse(g; ~0 ) ~ mse(g*; s0) , 

for all measurable g, where 

g*(~; ~0) = E(Z(~o)l~) 
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(2.6) 

(2.7) 
In other words, the optimal predictor is the conditional expectation, 
which depends on the (n+1)-dimensional joint distribution of 2(~0 ), 
Z(~ 1 ), •.• ,Z(~n). Its estimation from n pieces of data is not advisable 
unless some simplifying model assumptions are made. Specifically, if 
the stochastic process Z(·) is written as 

Z(~) = ~(~) + o(~); ~ED , (2.8) 
where o(•) is a zero-mean stochastic process, then these assumptions 
might refer to the form of~(·), or to the finite-dimensional distribu
tions of o, or to a stationarity condition on o(•). Also, simplifying 
assumptions are often made about the form of g(~; ~0 ); e.g., unbiased, 
linear, etc. Optimal (i.e., minimum mse) predictors are then sought 
from the restricted class satisfying these predictor assumptions. 

In what is to follow, eight predictors g will be given. Journel 
(1977) is a useful resource for most of the "kriging" predictors. It 
will be assumed henceforth that it is the process Z(•) that is to be 
predicted and not a noiseless version of it (Cressie, 1986, 1988a). 

2.1 Optimal linear prediction, or simple kriging (Wold, 1938; 
Kolmogorov, 1941; Wiener, 1949; Matheron, 1963) 

Assume~(·) and covariances in (2.8) are known, and g given by (1.4) is 
n 

linear in~; i.e., g(~; ~0 ) L i.z(s.)+k. The optimal predictor is 
i=1 1 -1 

(2.9) 

where c' = (C(~1 .~0 ), ... ,C(~n'~O)), Cis the nxn matrix whose (i,j)-th 
element is C(s.,s.) = cov(Z(s.),Z(s.)), and"' = (~(s 1 ), •..• ~(s )). -1 -J -1 -J s: - -n 

The mean-squared error is, 

mse(g; ~0 ) 

-1 where ( :~. 1 , ..• , :\. ) ' = C c 
n -

2.2 Ordinary kriging (Gandin, 1963; Matheron, 1963) 

(2.10) 

Assume~(~) =~(unknown), and o(•) is intrinsically stationary; i.e., 
var(o(~ + ~)- o(~)) = 2Y(~); for all ~·~+~£Q, (2.11) 

a quantity known as the variogram (Matheron, 1963). Also assume g 
given by (1.4) is linear in~ and is uniformly unbiased. This latter 
assumption can be replaced by uniform equivariance under location and 
scale change; i.e., g(al + b~; §o) =a+ bg(~; §0), for all a£n4 b>O. 
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The optimal predictor is, 
n 

g(~; ~0 ) = L A.z(s.) , 
i=1 l -l 

where coefficients x1, .•• ,Xn solve 

n = Y 

N.CRESSIE 

(2.12) 

(2. 13) 

~ = (A1 , ••• ,An' m)', r is a symmetric (n+1)x(n+1) matrix whose (i,j)-th 

element is, 

r .. Y(s. s.); i 1, ••• ,n, j 
lJ -l -J 

1 i n + 1 • j 

0 i n + 1 • j 

and!= (Y(~ 1 - ~0 ), ... ,Y(~n- ~0 ), 1)'. 

The mean-squared error is 
n 

mse(g; ~0 ) = L AiY(s. - ~0 ) + m 
i=1 -l 

n 
m is a Lagrange multiplier ensuring L Xi= 1. 

i=1 

= 1, ••• ,n, 

1, ••• ,n, 

n + 1' 

2.3 Universal kriging (Goldberger, 1962; Matheron, 1969) 
Assume in (2.8), 

a= (a0, ..• ,a )'Eif+1, unknown, 
- p 

( 2. 14) 

(2.15) 

and o(•) is intrinsically stationary according to (2.11). Also assume 
g given by (1.4) is linear in~· and is uniformly unbiased; i.e., 

The optimal predictor is 

p 
L a~f~(~0 ), for all ~Eif+l 

R.=O 

n 
g(~; ~0) = L A.Z(S.) ' 

i=1 l -1 

where coefficients x1 , ••. ,An solve 

ru~u Yu ; 

(2.16) 

( 2. 17) 

(2.18) 

~U = (X 1, ••• ,An' m0 , ••• ,mp)', 

whose (i,j)-th element is 

ru.. Y(s. - s.); i 

r is a symmetric (n+p+1)x(n+p+1) matrix 

and ru 

,lJ -l -J 

fi-n-1(~j); i 
0 i 

1, ••• ,n, j = 1, •.• ,n, 

n+1, •.• ,n+p+1, j 1, ••• ,n, 

n+1, ••• ,n+p+1, j = n+1, ••• , n+p+1, 
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The mean-squared error is, 

n P 
mse(g; s 0) = I X.Y(s. - ~0 ) + L m.f.<~0 ) 

- i=1 1 -l R.=O ~ ~ 
(2.19) 

m0, ••• ,mp are Lagrange multipliers ensuring the unbiasedness through 

n 
I A 1 f.t(~i) = f.t(~0 ) ; .t = o, ... ,p 

i=1 
(2.20) 

If 6(•) is in fact a white-noise process, then the best linear 
unbiased predictor (2.17) reduces to 

-1 
g(z; s ) = f'(F'F) F'z , 

- -0 - -
where f = (f0 (~0 ), •.• ,fp(~0 ))' and F is an nx(p+1) matrix whose 

(i,j)-th element is f. 1<si). 
J- -

2.4 Kriging with intrinsic random functions (Matheron, 1973; Delfiner, 
1976; Cressie, 1987) 

Assume in (2.8), 6(•) is a zero-mean intrinsic random function of order 

k (IRF-k) with generalized covariance K(h); heEf. And~(·) is given by 
(2.15), where f.t's are polynomials of degree-S k. Also assume g given 

by (1.4) is linear in z, and its coefficients satisfy (2.20), so 
guaranteeing unbiasedness. The optimal predictor is 

n 
g(~; ~0 ) = L A.z(si) , 

i=1 1 -

( 2. 21) 

where coefficients A1, ••• ,An solve (2.18) with Y(•) replaced by K(•). 

The mean-squared error is, 

mse(g; ~0 ) 
n P 

K(Q) - I X.K(s. - s0) - I m.f.<~0 ), 
i=1 1 - 1 - R.=O ~ ~ 

(2.22) 

where m0, ••• ,mp are the Lagrange multipliers ensuring unbiasedness. 

The generalized covariance is more general than the variogram and 
allows spatial prediction to be carried out for processes that do not 
possess a variogram. One property that illustrates this is, 

K(h) 
lim 

IIQII -> "' 
--~-~~= 0 • 
IIQII 2k+2 

(2.23) 

Notice that Y(Q) = o<l IQI 12). In fact an IRF-0 is precisely an intrin
sically stationary process with K(~) = -Y(~). 

2.5 Markov-random-field prediction (Besag, 1974) 
In (2.8), 6(•) is assumed to be a Gaussian process such that (Z(~0 ), 

Z(a1), ••. ,Z(s )) constitutes a Markov random field with distance-based -n 
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2 
neighborhood structure, and conditional variance o . Also assume g 
given by (1.4) is linear in~· with coefficients that are proportional 
to distance between ~0 and data locations. The optimal predictor is 

n 
~<~o) +a L h(do i)(z(~i)- ~(~1· )) , 

i=1 • 
(2.24) 

where a is a spatial dependence parameter to be estimated (by maximum 
likelihood); ~(·) is given by (2.8); dO,i = I 1~0 - ~il I• the distance 

between locations s 0 and s.; and h(d0 . ) is a known function of 
- -1 ,1 

distance. Some common examples are 
-k 

h(d0 . ) = d0 ii(d0 . ::; r); k = 0,1,2, (2.25) 
,1 • , 1 

where the radius r defines the neighborhood structure for the Gaussian 
Markov random field. 

The mean-squared error is, 

(2.26) 

where~= (-1,9h(d0 , 1), ..• ,9h(d0 ,n))'; and the (i,j)-th element of His 

h(d .. ), 0 ~ i,j ~ n. 
1,J 

Under the assumption above, (Z(s1), •.. ,Z(s )) is also a Gaussian 
Markov random field with conditional-variance -n 

var(Z(si)I£Z(s.):1~j~i~n}) 
- -J 

where var(Z(s. )) is obtained 
-1 2 - 1 

(I-SH) o . Then 

= o2+a2h2(d 0 .)var(Z(s.)) = o2
1 (a), 

, 1 -1 
(2.27) 

from the i-th diagonal element of 

-1 
(Z(~ 1 ), .•. ,Z(~n))' - N(~, (I- 9H0 ) M(9)), (2.28) 

where ~ 

ment is 

(2.27). 

(~(s 1 ), ••• ,~(s ))'; H0 is an nxn matrix whose (i,j)-th ele-
- -n 

h(d .. ), 1 ~ i,j S n; M(S) = diag(o12(a), ... ,o2 (a)), defined by 
1 ,J n 

Thus a can be obtained by maximum likelihood from (2.28). 

2.6 Transgaussian kriging 
Assume Z(s) = ~(G(s)); SED, where G(•) is a Gaussian process satisfying 
(2.8). To keep the development simple, assume that G(•) = ~ + o(•), a 
second-order stationary random function with cov(G(s), G(u)) 
C(~ ~); ~.~£D. The (approximately) optimal linear predictor is 

n -1 <l>"(~)r 2 
g(~; ~0 ) = ~(~Ai~ (z(~i))) + ~(1/2)ok(~0 ) - m}, (2.29) 

1 

where~ !'C- 1 ~/!'C- 1 !; ~and C = (C(~i-~j)) are the parameters of the 

second-order stationary G(•) process; A1 , ... ,A , m solve (2.13) with 
n 2 

2Y(h) = 2(C(O) - C(h)), the variogram of the G(•) process; and ok(~0 ) 
is given by (2.14).-
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The approximate mean-squared error is, 

n 2 
mse(g; ~0 ) ={_I AiY(~i- ~0 ) + m} {~·(~)} • 

1=1 
(2.30) 

The special case of ~(x) = exp(x); -= < x < =, yields the familiar 
lognormal kriging for which the approximations (2.29) and (2.30) can be 
modified to give exact expressions (Dowd, 1982). 

2.7 Disjunctive kriging (Matheron, 1976) 
Assume Z(s) = ~(Y(s)); SED, where Y(•) is a stationary process whose 
univariate distribution-is unit Gaussian and whose bivariate distribu
tions are Gaussian. Also assume g given by (1.4) is a sum of measur
able L2-functions of one variable. The optimal predictor is 

n 
g(~; ~0 ) = L f.(z(s. )) , 

i=1 1 -1 
( 2. 31 ) 

where {f.: i = 1, •.. ,n} satisfies 
1 

n 
I E(f.(Z(s.))IZCs.)) = E(Z(s0)iZ(s.)); j = 1, ... ,n. 

i=1 1 -1 -J - -J 
(2.32) 

Equations (2.32) cannot be solved in general. Instead use Hermite 
polynomial expansions (see e.g., Beckmann, 1973) for h.(•) =f.(~(·)) 

1 1 and for~(·), and truncate at the K-th term: 

K 

hi(y) = k~O aiknk(y) 
K 

~(y) = I bknk(y) , 
k=O 

(2.33) 

where {nk(•): k = 0,1,2, ... } are the Hermite polynomials, having the 

= -1/2 - 212 orthonormality property that f nk(y)n.(y)(2~) e Y dy = 0, and 
2 -~ J 

J~ 2( )(2 )-1/ 2 -y 12d 1 · 1 k 0 1 2 E t· (2 32) -~ nk Y ~ e y = ; J .. = , , , • . . . qua 1 on • 
then reduces to solving K sets of n equations in n unknowns: for 
k = 1, ... ,K, solve for {aik: i = 1, ... ,n} in, 

n k k L a.kp .. = bkpO,J" j = 1, ... ,n (2.34) 
i=1 1 1 'J 

where p .. ::E(Y(s.)Y(s.)). The approximately optimal predictor is 1,J -1 -J 

g(z; s ) = - -o 
n K 1 
L L a.knk(~- (z(s. ))) 

i=1 k=O 1 - 1 

The approximate mean-squared error is 

K K n k 
mse(g; ~0 ) = L b2 - L b L a.kpO . 

k=O k k=O k j =1 1 'J 

(2.35) 

(2.36) 
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Approximations to the equations (2.32) are not limited to 
Hermitian expansions; provided appropriate univariate and bivariate 
assumptions are made about Y(•), a larger class of isofactorial 
models can be used (see e.g., Armstrong and Matheron, 1986). Regard
less, practical difficulties with disjunctive kriging still remain, in 
particular the estimation of ~- Not only is an assumption of an invar
iant distribution required (i.e., Pr(Z(s) ~ z) does not depend on s), 
but then it has to be estimated from dependent observations ~· -

2.8 Bayesian nonparametric smoothing (Weerahandi and Zidek, 1985) 
Assume for every ~· the second-order stationary process Z(~) is locally 
expandable about predictor location ~0 , in a Taylor series up to order 
k. For purposes of presentation assume k = 2. Then 

Z X~ + D (2.37) 

where B is a 6x1 matrix with Bo Z(~0 ), B1 = azc~0 )/ax0 , B2 = 
- 2 2 2 2 2 

azc~0 );ay0 , a3 = a zc~0 );ax0 , a4 = a zc~0 );ax0ay0 , a5 = a zc~0 );ay0 ; 

X is an nx6 matrix whos~ i-th row is (1, xi-x0, y1-y0, (x1-x0)212, 

(x.-x0)(y.-y0), (y.-y0) /2); and n = (n(s1), ... ,n(s ))' is an nxl 
1 1 1 - - -n 

vector whose entries are the remainder terms in the Taylor series 
expansions of Z(~i) about~= ~a· Then a prior distribution is put on 
~ and n: 

~- N(~0 , I>. independent from !J- N(O,o2H(~0 )) (2.38) 

where HC~0 ) diag(l+tl 1~,-~0 1 16, •.• ,1+tl l~n-~ol 16>; o ~ t ~ ~ Under 

the model (2.37) and (2.38), the posterior distribution of B given Z is 
normal; choose the posterior expectation E(~~~) as the predictor. As-

sume I-1 --> 0, so that the prior for ~ is diffuse. The predictor is, 

g(~; ~0 ) =first element of, ~ = (X'H(~0 )- 1 X)- 1 X'H(~0 )- 1 ~; (2.39) 
~ 

the second, third etc. elements of B yield predictors of the deriva-
tives of Z(•) at ~o· The mean-squared error is the (1,1)-th element of 

o2(X'H(~0)-1X)-1 

3. NONSTOCHASTIC METHODS OF SPATIAL PREDICTION 
The nonstochastic methods available in the literature are mostly sensi
ble, ad-hoc approaches to spatial interpolation or smoothing (rather 
than prediction). Except for measurement error, a stochastic model is 
not assumed, and so they are not justifiable from a mean-squared error 
point of view. Occasionally a physical model is assumed. 

3.1 Global measure or central tendency 

n 
g(;; ~0 ) = I z(~i)/n , 

i .. 1 
(3.1) 



THE MANY FACES OF SPATIAL PREDICTION 171 

or 
(3.2) 

This predictor is too smooth, since it does not allow for local 
fluctuations of Z(•). In the parlance of Section 2, it could be viewed 
as an estimator of a constant unknown mean v in (2.8). 

3.2 Simple moving average 

n n 
g(z; s 0) = I z(s.)I(d0 . ~ r)/ I I(d0 . ~ r) , 

- - i=1 - 1 ' 1 i=1 ' 1 
(3.3) 

where I(A) denotes the indicator function of the event A, 
dO,i = I 1~0 - ~il 1. and r defines a fixed-neighborhood radius. Alterna-

tively, let d[0, 1] ~ d[0, 2] ~ ••. ~ d[O,n] denote the ordered Euclidean 
distances; the k-th nearest neighbor predictor is, 

n 
g(~; ~0 ) = I z(s.)I(d0 . ~ d[O,k])/k i=1 -1 ,1 

(3.4) 

The predictors do not depend formally on model parameters, 
although choice of r in (3.3) or of k in (3.4) does require judgement 
from problem to problem. 

The property of exact interpolation is often important to retain. 
A prediction surface that does not reproduce the original data is 
thought to be too smooth. 

3.3 Inverse-distance-squared weighted average 

n -2 n -2 
g(~; ~o) = I do .z(~i)/ I do . 

i=1 ' 1 i=1 ' 1 

(It is also possible to define a weighted median predictor: 

-2 -2 
g(~; ~0 ) = wt med{~; d0 , 1, ..• ,d0,n} , 

(3.5) 

(3.6) 

~ -2 where the right hand side of (3.6) solves L d0 . sgn(z(~i) - 6) = 0 , 
i=1 ' 1 

for 6; and sgn(u) = -1 if x < 0, = 0 if x 
Moving-average versions of (3.5) could 

0, =1 ifx>O.) 
also be defined by modify-

-2 ing (3.3) and (3.4) to include weights d0 i in their summand. Notice 

also that any positive decreasing functio~ of dO,i could replace d~~i 
in (3.5), and achieve the same effect of giving less weight to observa
tions further away from predictor location. Other ad hoc weights that 
express the "neighborliness" of surrounding data have been proposed 
(Cliff et al., 1975, Section 10.2; Tobler and Kennedy, 1985). Moving 
average versions of (3.6), or indeed those based on other resistant 
summaries, have been considered in one dimension by Cleveland (1979). 
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He has developed a locally weighted regression (lowess) smoother; it is 
a resistant weighted moving average, of the k-th nearest neighbor form 
of (3.4) (rather than of the fixed neighborhood form of (3.3)). 
Cleveland et al. (1988) adapt lowess to two or more dimensions. 

3.4 Delauney triangulation 
Consider the locus of points Vi that are closer to ~i than any other 

data location. The union of all such loci partition D into Voronoi 
polygons, the i-th polygon referring to the data location ~i· If the 
j-th polygon shares a common boundary with the i-th polygon, join ~i 
and s. with a straight line. The set of all such joins defines the 

-J 
Delauney triangulation. Then, 

g(~0 ; ~) = T(z(~i), z(~j), z(~k); ~0 , ~i, ~j, ~k) , (3. 7) 

where ~O is contained in the Delauney triangle defined by vertices ~i' 
~j' ~k' and T(•) is the planar interpolant through the coordinates 

(~i' z(~i)), (~j' z(~j)), and (~k' z(~k)), at ~o· By joining ~0 to ~i' 
sj, sk, three subtriangles are formed; let A. denote the area of the 
- - 1 
subtriangle opposite vertex i, etc. Then ~0 = (x0, y0) has the proper-

ty that ~0 = (Ai~i + Aj~j + ~~k)/(Ai + Aj + ~), and the planar inter

polant in (3.7) is 

(3.8) 

The surface produced is continuous but not differentiable, due to 
abrupt changes of slope at the edges of the triangulation. 

3.5 Natural-neighbor interpolation (Sibson, 1981) 
Let V. denote the Voronoi polygon around si, when only {s1, ••• ,s} are 

1 - - -n 
used to tesselateD; vi,j is that part of Vi which is closest to ~j in 

the event that ~i is removed. Similarly define v0 (~0 ) and v0 ,j(~0 ) as 

the analogous quantities when {~0 .~ 1 , ••• ,~n} is used to tesselateD. 

Then a continuous but not everywhere differentiable predictor is, 

g(O) (z; s ) 
- -o 

where, 

n 

I >.0 , J < ~0 ) z < ~ J > 
j=l 

>.o,j<~o> = lvo,j<~o>l 1 1vo<~o>l 

a ratio of areas. Now define 

(3.9) 

(3.10) 

(3.11) 
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>. • • 
1,J 

z;<~o) 

n 
LA. .(s.- s.)(z(s.) 

. 1 1 ,J -1 - J -1 J= 

= IV .. I!IV.I Also, 1,J 1 

where 

and 
z;. <so) 
J -

' z ( s . ) + b . (so - s . ) , -J -J - -J 

Finally, the natural neighbor interpolant is, 
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(3. 12) 

(3. 13) 

(3.14) 

g(1)(~; ~o) = {a,<~o)g(O)<~o) + a2<~o)z;(~o)}/{a,<~o) + a2<~o)} ' (3.15) 

where a1 (~0 ) 

3.6 Splines (Whittaker, 1923; Duchon, 1976; Wahba, 1978) 
The two-dimensional Laplacian smoothing spline of degree 2 is, 

n 
g(~; ~o) = ao + a,xo + a2yo + .L bie<~o - ~1) ' 

1=1 

where e(~) = ll~ll 2log(ll~ll 2 )/16n; and~= (a0 , a 1, a 2 )•, 
b = (b 1 , ••. , b ) ' solve 
- n 

(3.16) 

(K + npi)~ + T~ = ~· T'~ = 0, (3.17) 
where K is the nxn matrix with (i,j)-th entry e(s. s.), Tis the nx3 

) d 0 < < -1 -J matrix with i-th row, (1, xi' yi , an = p = ®. 

The predictor (3.16) minimizes, 

n 
L {z(s. )-g(s.)}2/n + pff{(3 2g/3x2)2 + 2(3 2g/3x3y) 2 + (3 2g/3y2)2}ctxdy, 

i=1 -1 -1 

a trade-off between goodness-of-fit to the data (measured by the first 
term) and surface roughness (measured by the second term); the parame
ter p measures the trade-off. Higher-degree Laplacian smoothing 
splines are available should more smoothness be required. Then (3.16) 
becomes the sum of a higher-order polynomial trend surface plus the 

weighted sum withe(~)= I 1~1 12(k-l)log(l 1~1 12)/1611. Both (3.16) and 
the predictor to follow share some common features. They have a formal 
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equivalence to kriging with intrinsic random functions (Section 2.4), 
and their associated generalized covariances are radial basis functions 
(Micchelli, 1986). 

3.7 Hultiquadric-biharmonic interpolation (Hardy, 1971) 

n 
g(~; ~o> =a+ I bit<~o - ~i)' 

i=1 

{ 62 + II s_ll2} 1 /2; and ( ) a,~= b1, ••. ,bn ' solve 

Lb + 1a = ~· l'~ = 0, 

where Lis the nxn matrix with (i,j)-th entry t(s. - s.). 
-1 -J 

4. DISCUSSION 

(3.18) 

(3.19) 

Confronted with a set of data, which is the best method to apply? 
Depending upon which model is true, the answer will change drastically. 
For this reason, several authors have conducted investigations where 
the values to be predicted were actually known. They then compared the 
performance of various methods by determining the closeness of pre
dicted to actual. In all comparisons, on real and simulated data, 
universal kriging generally did as well or better than the other 
methods. Laslett et al. (1987) found interpolating methods in general 
to be poor, and Laplacian smoothing splines to be as good as kriging 
(for predicting soil pH). These studies reinforce the intuition that 
the prediction method has to be flexible, according to the underlying 
spatial variation in the data. Kriging has this flexibility since 
spatial dependence structure is first gauged from an initial data 
analysis, before the kriging equations are solved. 

A number of the methods proposed are incomplete in the sense that 
unknown model parameters or unknown constants have to be chosen before 
the algorithm for g(~; ~0 ) can be computed. Often they are chosen 
(estimated) adaptively, according to the data at hand, and this leads 
to another source of error which has not been considered here. In cal
culating the mse's in Section 3, it was assumed that such parameters 
were fixed and known. Therefore the mse's are actually means of the 
square of the probabilistic prediction error. By adding to this prob
abilistic error, the statistical error due to parameter estimation, the 
final prediction error is obtained. It is the mean of this squared 
prediction error that strictly speaking should be reported, yet lack of 
a computable expression usually prevents it from being so. 
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