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The spatial cumulative distribution function (SCDF) is a random function that provides a statistical summary of a random field 
over a spatial domain of interest. In this article we develop a spatial subsampling method for predicting an SCDF based on 
observations made on a hexagonal grid, similar to the one used in the Environmental Monitoring and Assessment Program of the 
U.S. Environmental Protection Agency. We show that under quite general conditions, the proposed subsampling method provides 
accurate data-based approximations to the sampling distributions of various functionals of the SCDF predictor. In particular, it 
produces estimators of different population characteristics, such as the quantiles and weighted mean integrated squared errors of 
the empirical predictor. As an illustration, we apply the subsampling method to construct large-sample prediction bands for the 
SCDF of an ecological index for foliage condition of red maple trees in the state of Maine. 

KEY WORDS: Environmental monitoring; Increasing domain asymptotics; Infill asymptotics; Simultaneous prediction intervals; 
Spatial subsampling. 

1. INTRODUCTION 

Nature provides a rich resource of spatial processes to 
study. Scientists and engineers concerned with environmen- 
tal questions such as hazardous waste site characterization, 
monitoring for ecological health, and global warming must 
deal with spatially incomplete, statistically dependent data. 
Statistical methodology needs to recognize these features 
and incorporate them into models fit to the data. In this 
article we define the spatial cumulative distribution func- 
tion (SCDF) of a process and develop a spatial subsam- 
pling method for performing inference on it. We apply the 
methodology to forest health monitoring data based on a 
spatially regular network of monitoring sites in the United 
States. 

Ecological resources have global and national value, and 
their monitoring should be viewed from this perspective. 
From a national and regional monitoring program, changes 
of a long-term and large-scale nature can be detected with 
known statistical confidence, in contrast to local ecologi- 
cal studies with data collected sporadically in space and 
time. Between 1987 and 1994, the U.S. Environmental Pro- 
tection Agency (USEPA)'s Environmental Monitoring and 
Assessment Program (EMAP) took a national and regional 
perspective with a well-designed (based on probability sam- 
pling), large-scale, long-term monitoring program (Messer, 
Linthurst, and Overton 1991; Stevens 1994). Subsequent di- 
rections taken by the USEPA have led to a termination of 
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many aspects of the program's basic design. Nevertheless, a 
rich resource of data are available for those years of collec- 
tion, allowing study of "current" status of selected indices 
of ecological resources on a regional basis with known sta- 
tistical confidence. 

This article considers extensions of the original statistical 
summaries planned for EMAP (Messer et al. 1991) into the 
realm of spatial statistics. The summaries provided and the 
associations sought for data collected throughout any large 
region should be given at the most local level possible, yet 
with enough precision to provide narrow confidence inter- 
vals and bands. The more local the level of aggregation, the 
less likely it is that perceived associations are artifacts of 
the aggregation. These artifacts are a consequence of a phe- 
nomenon sometimes called the ecological fallacy (Robinson 
1950). Cressie (1996) has given a statistical discussion of 
the fallacy. 

Here we consider the SCDF defined with respect to a 
given geographical region (Majure et al. 1995). Use of the 
SCDF was proposed by Overton (1989) in the context of 
analysis of survey data from the National Surface Water 
Surveys. The SCDF is a random function of the spatial 
process of interest, 

{Z(s): s E D}, (1) 

where s is the spatial location attributed to the random vari- 
able Z(s) and D is the domain on which the process Z(.) is 
defined. For example, Z(s) might be the crown defoliation 
index (CDI) of red maple trees in a plot centered at s and D 
the red maple forested portion of the northeastern United 
States. We investigate the variability of this index in a given 
subregion; for example, the state of Maine is considered in 
Section 5. 

More generally, let R denote a subregion of D over which 
one wishes to summarize the behavior of the Z process. One 
summary measure might be the regional mean, 

Z(R)_ JZ(s) dsRlRI, 
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where IRI I_R ds denotes the area of R. Consider also the 
regional variance, 

S2(R) J (Z(s) - Z(R) )2 ds/lRI, 

which is a measure of how variable the Z process is across 
R. When Z(.) is an ecological index, such as the CDI, it is 
of interest to track the proportion of area in R that is in, 
say, a superior ecological condition. For the example given 
in Section 5, this corresponds to the areal proportion of red 
maple forested portion of Maine with a CDI of red maple 
trees less than or equal to 12.5; that is, 

I(Z(s) < 12.5) ds/lRI, 

where I(A) is the indicator function, equal to 1 if the state- 
ment A is true and 0 otherwise. We show that all of these 
spatial statistics can be obtained from the SCDF. 

For a region R C D, the SCDF is defined as 

Foo(z; R) I(Z(s) < z) ds/lRI; z E R, (2) 

which is a function defined on the real line that increases 
from 0 to 1 and is right continuous. Thus Fo, shares all 
of the properties of a cumulative distribution function but 
with one major difference. It is a function of actual and 
potential observations and so should be viewed as a random 
functional, all of whose realizations have the properties of a 
cumulative distribution function. Furthermore, it cannot be 
computed from a finite sample of the Z process, explaining 
why we have chosen to use the subscript oo in (2). 

In particular, the SCDF is not the theoretical cumulative 
distribution function, 

G(z; s) -P{Z(s) < z}; z E IR, (3) 

associated with the Z process at the spatial location s. The 
difference between F,, and G is most easily seen when R = 
{s}. In (2), Foo(z; {s}) can then be interpreted as I(Z(s) < 
z), a step function that in no way resembles G(z; s) in (3). 
Another simple way to see the difference is to note that 
EFO,(z; R) = G(z; 0) for all z E ]R, if the Z process is 
stationary. 

Now, it is straightforward to show that 

Z(R) z dFoo (z; R) 

and 

S2 (R) J (z - Z(R) )2 dFc, (z; R). 

Thus all spatial moments, areal proportions, and spatial 
quantiles can be recovered from the SCDF. Further, sup- 
pose that the SCDF is differentiable; that is, the derivative 
F. (z; R) exists for all z E IR. Then a popular measure of 
diversity in the ecological community is the amount of en- 
tropy in R, 

-r 
o ci; )d~z ) 

which again depends on the SCDF. From the standpoint of 
environmental monitoring over a region R, we would argue 
that the SCDF is a basic (random) functional whose prop- 
erties can be used to indicate environmental improvement 
or decline. 

We turn our attention to predicting the SCDF (2) based 
on a finite sample, {Z(si), . . ., Z(SN)}, from {Z(s): s E R}. 
Associated with the spatial sampling locations {sl, .. , SN} 

is a set of known weights {u(sl),... , u(sN)}, such as the 
inverse inclusion probabilities from a sampling design. A 
basic predictor of (2) is 

N N 

FN(z; R) Zu(si)I(Z(si) < z)/ u(si) (4) 
i=l i-1 

In this article we restrict attention to the empirical predictor 
of the SCDF FOO, which is given by (4) with u(si) = 1 for 
all i = 1, ... , N. We wish to obtain measures of precision 
for the spatial statistical functional FN in (4), as a predictor 
of its complete-data version FOO in (2). One such measure 
is the 100 a% prediction region for FO, 

Ic,- IF: IIFN(; FR) -F( ) IlP < qN(aR, Al, 

where, for a Borel-measurable function g: R -* Et, 

lglp-X ( g(z) Pw(z)dz), 1 ?p < oo, (5) 

Ilgllo _= sup{fg(z)Iw(z): z E ]R}, (6) 

qN(ce, p) is the ath quantile of the random variable 
QN(P) = ||FN(z; R) -FO (z; R) IIP, and w(.) is a nonnega- 
tive weight function. An important special case is where w 
is an indicator function for z E (a, b), in which case QN(P) 
is a measure of discrepancy for the spatial distribution re- 
stricted to ranges of the ecological index in the interval 
(a, b). 

The goal of this article is to provide statistical method- 
ology for inference on the SCDF defined by (2) and to 
show how it applies to forest health monitoring data col- 
lected in the state of Maine. Note from (2) or (4) that 
the SCDF is a statistic based on spatially dependent data 
whose realizations are real-valued functions. To deal with 
this nonstandard situation, we propose a generalization of 
the subsampling method used in the context of time series 
and lattice processes (see, e.g., Hall and Jing 1996; Poli- 
tis and Romano 1994; Possolo 1991; Sherman and Carl- 
stein 1994) to random fields with continuous spatial index. 
This form of subsampling is useful for nonparametric in- 
ference about SCDFs and other spatial statistical function- 
als of {Z(s): s E D}, when the sampling sites fill in any 
given part of the sampling region increasingly densely and 
the region of interest increases with sample size. A similar 
sampling scheme has been used by Hardle and Tuan (1986) 
in the context of smoothing time-series data and by Hall 
and Patil (1994) in the context of nonparametric estimation 
of the autocovariance function of a random field. 

The article is organized as follows. In Section 2 we con- 
sider the process of formulating a conceptual random field, 
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with continuous spatial index, from random variables asso- 
ciated with discrete objects. We describe the generic sub- 
sampling method in Section 3, and provide more theoretical 
statistical aspects in Section 4. We apply the method to an 
index of red maple foliage condition for the state of Maine 
in Section 5; we compute the SCDF and produce predic- 
tion bands using the subsampling methodology. In Section 
6 we discuss the methodology that we propose. We provide 
technical details establishing the validity of the proposed 
subsampling method in the Appendix. 

2. DEFINING RANDOM FIELDS WITH CONTINUOUS 
SPATIAL INDEX 

In this article, the quantity of fundamental interest is as- 
sumed to be the SCDF (2), which takes the form of an 
areally integrated indicator function. Thus, for inferences 
based on the methodology of Section 3 to be valid, it is im- 
portant that the physical problem of interest allow concep- 
tualization of a random field with continuous spatial index. 
Given the inherently discrete nature of any mensuration op- 
eration, this becomes more than a matter of semantics alone. 
In some instances, of which the index of tree condition an- 
alyzed in Section 5 provides an example, measurements are 
actually obtained in the form of an areal average. Although 
measurements were made on individual trees, which are dis- 
crete objects in space, these measurements were then com- 
bined as follows. A weighted average over the number of 
trees present within a given sampling plot was taken, so that 
each datum obtained is interpreted as a characteristic of an 
areal unit. We have previously referred to such a unit as the 
"spatial support unit" (Majure et al. 1996). The smaller the 
spatial support unit, the less potential for harmful impacts 
of the ecological fallacy referred to in Section 1, although 
the price paid is greater variability in the observation asso- 
ciated with the areal unit. 

If data do indeed come prepackaged as areal averages of 
measures made on discrete objects, then it is natural to de- 
fine the spatial support unit as the generic region used in 
defining a datum. When the spatial support units all have 
equal size and shape, then a geometric feature of a unit (typ- 
ically a centroid) can be used to define its spatial location 
s. Thus a continuous-index random field can be obtained 
by fixing the size and shape of a spatial support unit and 
allowing its location s to vary continuously over the do- 
main of interest, yielding (1). If the location index assumes 
a value s' such that the associated support unit contains no 
measurable objects (trees in the example of Sec. 5), then we 
say that Z(s') is undefined. Similarly, if a local region R 
contains no support units for which the process is defined, 
then we say that the SCDF for R is undefined. 

In this article we consider spatial processes at a fixed 
point in time. However, nothing in the methodology pre- 
sented here precludes its use with a random field indexed 
over both space and time. 

3. SUBSAMPLING METHOD 

In this section we describe an extension of the stan- 
dard subsampling method, used previously in the context of 

purely increasing-domain asymptotics for time-series and 
lattice processes (see, e.g., Hall and Jing 1996; Politis and 
Romano 1994; Possolo 1991; Sherman and Carlstein 1994), 
to allow infill sampling of random fields on the plane with 
continuous spatial index. The main idea behind the pro- 
posed subsampling method is to use several smaller regions 
within the sampling region R of similar shape (cf. Sherman 
and Carlstein 1994) and to exploit the (grid) structure of 
the sampling design to recreate the effect of "sample" and 
"population" among the subsamples. 

To motivate the subsampling method for spatial random 
processes, it is helpful to consider subsampling first in the 
context of time-series data. Let X, _ {XX,,...,X4l de- 
note observations from a sequence of temporally stationary 
random variables X1, X2, .... Let I > 1 be an integer such 
that i/n is small. Here I specifies the length of the subsam- 
ples. A typical choice of I is given by the integer part of 
n' for some 0 < d < 1. However, we do not make any 
such assumptions in the following. Define the subsamples 
Bi=_ Xi, .. ,Xi+,_jjjZi = 1, . .. , n -I+l1, contained in the 
data X,. Then different versions of the subsampling method 
are obtained by considering suitable subsets of the collec- 
tion {LBi: Bi c XJ}. The two most commonly used versions 
of the subsampling method in the time-series case are the 
maximum overlapping version, where one uses the whole 
collection {LBi: i = 1, . . ., n -lI+} of available subsamples, 
and the nonoverlapping version, where one restricts atten- 
tion to the collection of disjoint subsamples, {B(i-,)i+?: 
1, ... . k}, with k denoting the largest integer not exceeding 
n/i. Any version of the subsampling method readily yields 
estimators of mean, variance, or even the sampling distri- 
bution of a random quantity of the form t, (X,; 0), where 0 
is a population parameter. If {LBi: i E I} denotes the sub- 
samples, then the subsampling estimator of the distribution 
function of t,(X,; 0) is given by the empirical distribution 
function of its subsample copies, {t*' = ti((Bi; On): i E I}, 
where O, is an estimator of 0 based on the complete data 
X, and I denotes the size of the subsamples. For example, 
if t,(X,; 0) = n/2(X - 0), with Xn = n- 1 Xi and 
0 = EX1, then a subsampling estimator of P(tn(Xn; 0) < 
x) is given by 171-1 EjI(Il/2(X ,1-Xn) < x), x E IR, 
where I-El denotes the number of elements in the set IT and 
Xi,1 I - 1 (Xi + + Xi+, - 1X). In particular, this implies that 
a subsampling estimator of var(n1/2Xn) _ E(t?l(Xn; 0))2iS 
given by I_TJ -1 LE I(t*i)2 = _J - 1 EiE l(Xi,_ -Xn) 

Using the time-series case as motivation, we formulate 
the subsampling method for observations from a spatial pro- 
cess with a continuous spatial index. Suppose that the pro- 
cess Z(.) is observed at the sampling sites {s 1,.. , SN} C R 
that lie on a grid P (e.g., triangular or square). Also, for any 
set A, let ZA {Z(s): s E A} denote the spatial process re- 
stricted to A. Thus ZPnR {Z(Sl),... , Z(SN)} denotes the 
observed dataset and ZR denotes the spatial process over 
the entire region of interest R. Our objective is to define 
a subsampling estimator of the sampling distribution of a 
random quantity of the form tN(ZPOR; ZR) (e.g., tTh(X?l; 0) 
in the time-series case). In this article we are concerned 
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primarily with the particular choice, 

tN(ZPnR; ZR) bN(FN -FOO), 

where bN is a suitable scaling constant depending on the 
sample size N = 0F n RI. Here the empirical predictor FN, 
given by (4), is defined in terms of the process Z(.) over 
P n R and F,, is given by (2). Thus in the context of spatial 
prediction, the role of the parameter 0 in t, (X,; 0) is played 
by the unobservable random quantity FOO, which depends 
on the process Z(.) over the entire region R. 

To define the subsample versions of tN(Z1PnR; ZR), we 
consider subregions of the form R*i = i + ER, i E Q, where 
0 < E < 1 is a scaling factor and Q is a suitable grid 
that determines the amount of overlap between the adja- 
cent subregions R*i. (In the time series case, R = [0, n], E = 
I/n, Q = Z, the set of all integers, for the maximum over- 
lapping version, and Q = {(j - 1)1 + 1: j E Z} for the 
nonoverlapping version.) That is, for spatial data, the sub- 
regions are formed by translating the scaled-down "copy" 
ER of the original sampling region R. Then the collection 
{R*i: i E Q, R*i c R} gives the set of subregions in R 
having the same shape as the original sampling region R it- 
self, but with a smaller area and with the amount of overlap 
controlled by the choice of the grid Q. 

Once the subregions are formed, the subsampling method 
for the spatial prediction problem proceeds somewhat dif- 
ferently from the subsampling method for the time-series 
estimation problem given earlier. To reproduce the relation 
between the data ZPnR and the unobserved random process 
ZR over the region R in our prediction problem, we define 
the subsamples in the spatial case using a further rarefac- 
tion of the sampling sites within each subregion R*j. We 
do this by considering a coarser subgrid 7P' of XP and define 
the spatial subsample from the subregion R*j as ZP/nR*i, 
comprised of the data values {Z(s): s E 'I n R*jI in the 
subregion R*j from the coarser grid 7'. Thus it is ZP'nR*i 
that is analogous to subsample Bi in the time-series ex- 
ample. 

To define the subsample version of tN(ZPnR; ZR) on R*j, 
notice that on each subregion R*j, the process Z(.) is ob- 
served on two (nested) grids, 7)' and 7, with the observa- 
tions {Z(s): s E '7) n R*jI} on the coarser grid 7)' play- 
ing the role of the "sample" and the observations {Z(s): 
s E 7) n R*iI} on the finer grid 7) playing the role of the 
"population" in R*j. Thus we define the subsample "copy" 
of tN(ZPnR; ZR) on R*j as 

t*i = tm (Z19/nR*i; Z19nR*i) 7 

where m 7_ )' n R*j1. For the particular case where 
tN(Z1PnR; ZR) = bN(FN - FO), this amounts to defining 

- bm(FPI - Ft,), where we use the observations in the 
subregion R*j from the coarser grid P' to define the sub- 
sample copy F)NJ Of the predictor FN; that is, 

FN(Z =|tt Rill IZ() 
cz, ER1, 

7 

and use the observations in R*i from the finer grid XP to 
define the subsample copy FOO of FOO; that is, 

FOO(z) = 7)0 n R*1i I I(Z(s) < z), z EE R. (8) 
sEPnR*i 

The subsample estimator of the distribution function of 
tN(Z-PnR; ZR) is given by the empirical distribution of 
the subsample versions {t*i}, namely, HN(x) =l{i E Q: 
R*i C R}-1 EiEQ:R iCR I(t*i < x), x E R. 

Apart from factors like the spatial dependence structure 
of the random field Z(.) and the shape of the region R, 
performance of the proposed subsampling method depends 
on the choice of the subgrid 7)' and the grid Q that deter- 
mine the amount of overlap between adjacent subregions 
{R*i}. Although we have described the key ideas involved 
in the formulation of the spatial subsampling method for 
samples from a fixed sampling region R on a fixed grid 7), 
theoretical justification of the method hinges on asymptotic 
results, just as in the time-series case (cf. Politis and Ro- 
mano 1994). In particular, this requires that the sampling 
region R and the grid XP be embedded in a suitable asymp- 
totic framework that yields a nontrivial limit distribution 
for the random quantity tN. In the next section we describe 
the asymptotic framework and provide a more precise for- 
mulation of the subsampling method. 

4. THEORETICAL ASPECTS 

For clarity of exposition and for its direct connection with 
the forest health monitoring (FHM) data considered here, 
we describe theoretical aspects of the subsampling method 
only for the case where 7P is a triangular grid (equivalently, 
the center points of a hexagonal tessellation) in the plane 
and the random quantity of interest tN(ZPnR; ZR) is given 
by 

tN(ZPnR; ZR) = bN(FN -Foo) (9) 

Extensions of the methodology can be made to other grid 
structures and random processes. For example, a description 
of the method in Rd under rectangular grids has been given 
by Lahiri (1999). 

4.1 The Asymptotic Framework 

Large-sample properties of estimators and predictors 
based on spatial observations have been studied under sev- 
eral different asymptotic structures. However, all studies ap- 
pear to arise from different combinations of two "basic" 
sampling paradigms. When all sampling sites are separated 
by a distance greater than some fixed positive number, and 
the sampling region R = R, becomes unbounded as the 
sample size increases, the resulting structure leads to what is 
known as increasing-domain asymptotics (Cressie 1993, p. 
350). This is the most common framework used for asymp- 
totics for spatial data (see, e.g., Gidas 1988; Mardia and 
Marshall 1984; Pickard 1987; Sherman and Carlstein 1994; 
and the references therein). The other form, known as infill 
asymptotics (Cressie 1993, p. 350), is inherently different 
and is more suitable for making inferences about a contin- 
uously indexed random field observed on a bounded region. 
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When an increasing number of samples are collected from 
within a bounded sampling region R (that does not grow 
with the sample size), we obtain the "infill" structure. Prop- 
erties of estimators under pure infill asymptotics have been 
studied by Lahiri (1996a), Morris and Ebey (1984), Stein 
(1990a,b), and Stein and Handcock (1989), among others. 
For the purpose of our study, we assume a sampling scheme 
that is a mixture of both in the sense that we allow the 
sampling region R = Rn to grow and, at the same time, we 
allow "infilling" of any fixed bounded subregion of Rn,. A 
similar mixed structure has been used by Hardle and Tuan 
(1986) in the context of smoothing time-series data and by 
Hall and Patil (1994) in the context of nonparametric esti- 
mation of the autocovariance function of a random field. 

We begin by specifying the structure of the regions Rn, 
which quantifies the "increasing-domain" component of our 
sampling structure. Let Al (-1/2,1/2]2 denote the unit 
square in 1R2 with center at the origin, and let R1 be a 
subset of Al with nonzero area and center of gravity at 
the origin. We assume that the sampling region R _ R,, 
which contains the sample sites {s1, . . ., SN}, iS obtained by 
"inflating" the initial prototype set R1 by a suitable scaling 
factor A,; that is, Rn = A,.R1, where {A,}n?> is a sequence 
of positive real numbers that increases to infinity with n. 
Because the origin is assumed to lie at the center of gravity 
of R1, the shape of the sampling region is preserved for 
different values of n. In particular, the results presented 
here hold for elliptic, polygonal, and star-shaped regions 
(which can be nonconvex) in the plane. 

Next we describe the sampling grid P Pn. Let A be 
the 2 x 2 matrix given by 

A tn 11/). (1.0) 
0 1 

Let Z2 denote the image of the integer lattice Z2 under the 
mapping z -X Az; that is, 

Z2 -AZ2 

- {(i+ j/3,j): t, jEZ}, 

where Z {0, +1, +2, . . } denotes the set of all integers. 
The points in Z2 yield a triangular grid over R2, and we 
assume that data are collected from a scaled version of the 
triangular grid Z2. To that end, let {hn } be a sequence of 
positive real numbers that tends to 0 as n tends to infinity. 
We assume that data are collected at every point s where the 
scaled-down triangular grid hnZ2 intersects the sampling 
region Rn. This yields a collection of data locations similar 
to the uniform triangular sampling design of the EMAP 
grid, on which the grid for forest health monitoring was 
based; see Figure 1. 

Note that under the uniform sampling design described 
earlier, the number of sampling sites N _Nn, say, in Rn 
satisfies the growth condition 

. ... .. ... X _ 

(a) (b) (c) 

Figure 1. Sampling Designs: (a) Rectangular Grid; (b) Hexagonal 
Grid; (c) Environmental Monitoring Grid in a Domain of Interest Rn. 

N~~n |R /n v 

as n -+ o0. Here, for any two sequences {rn} and {tn4 of 
positive real numbers, we write rn tn if rn/tn - 1 as 
n -X oo. 

4.2 The Subsampling Method 
In this section we formalize the definitions of different 

quantities, such as P' and Q, associated with the subsam- 
pling method described in Section 3, and define the subsam- 
pling estimator of different population characteristics of the 
basic process bN(FN- F,). For notational simplicity, we 
set Fn = FN and bn bNn and write 

, = b :Fn - F,) A (11) 

for the basic process of interest. Let 1 (_ ln) denote an 
integer such that I -e oo and i/n -+ 0 as n -4 o. Here 
1 determines the scaling factor E (see Sec. 3) for the sub- 
regions {R*i} with centers on points of the grid Q _ QT. 
To define the grid Qn, let {fOn} be a sequence of positive 
real numbers such that 0 < 3n < A1 for all n. Then Qn is 
defined as 

Qn = iOn, i E Z2. 

Thus 3On (or, equivalently, QJ) determines the amount of 
overlap between adjacent subsampling regions, with the 
larger values of O3n corresponding to subregions {R*i} that 
overlap less. To define the subregions R*i, let {SI, .. , SK} 
denote the set of all square subregions of the form 

ioJn + (-1/2,1/2]2 . A1l i E Z2C 

but restricted so that each square lies inside the given region 
Rn. Then, define the subsampling regions, 

R*1, I ,. R*Ki 

by inscribing (a translate of) the region A1R1 inside each 
one of the squares Sl, . . ., SK such that the origin (which 
lies inside AAR1) is mapped onto the center of Si. This cor- 
responds to using E = Al/An in the definition of R*i in 
Section 3. Furthermore, this formulation yields a collection 
of subregions that are of the same shape as the original sam- 
pling region Rn, and these are contained in Rn, as desired. 
When 4= A1, the subregions Rr 1,...n, R*K are disjoint, 
and we obtain the nonoverlapping version of the subsam- 
pling method. For /3n <A1, we obtain various overlapping 
versions; see Figure 2. 
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(a) (b) 

Figure 2. The Subregions Corresponding to (a) Nonoverlapping Sub- 
sampling Method; (b) Overlapping Subsampling Method. 

The coarser grid 2' is now defined as 2' - P = Z2hi 
using the scaling constant h, at the level of the subsamples. 
Thus, corresponding to I and n, the triangular grids PI = 
Z2hi and P Z -2h, induce partitions of each R*i 
at two levels of resolution. Importantly, we choose 1 and 
Sn such that the sampling sites corresponding to P1 and Pn 
are nested, ensuring the requirement that P' c P. Then the 
subsample version of the process n on R* is given by 

n*i(z) =_ b, (F:* (z) - Fz (z)), C R, (12) 

i-1, ... , K, where FJ and F,* are the subsample ver- 
sions of F -FNn and F,, on R*i defined by (7) and (8), 
with P' -P and P _ 1Pn. Note that the scaling constant 
b, used to define Cl depends on 1, because the size of the 
subregion R*i is determined by Al and the grid spacing in 
P, is hl. This corresponds to setting bi = bN, in the descrip- 
tion of the method in Section 3, because N1 is the sample 
size in R*i n 1. The subsampling estimator of the sampling 
distribution of the process (n is now given by the empir- 
ical distribution of the copies (*1K... *K. In particular, 
for the distribution of any finite-dimensional functional of 
the process ,n, the subsampling estimator of its distribution 
is given by the empirical distribution of the corresponding 
functional applied to each of the copies . ., (nK. As an 
illustration, here we define the subsampling estimator of the 
distribution of certain weighted LP norms of the process ,n, 
which will be useful for constructing a prediction band for 
F,. Let 

Fn(t;P p)POW|nlp <_ t), t C RI (13) 

denote the (theoretical) cumulative distribution function of 
the random variable Ill Il1P, 1 < p < oc, where the weighted 
norm 11 IlP is as defined in (5) and (6) in Section 1. Then we 
define the subsampling estimator of the unknown sampling 
distribution Pn(t;p) of 11WJp as 

K 

Fn(t; p)-K-1ZI(lR4n*ijP<t), tRE . (14) 
i=1 

The following theorem, stated and proved as Theorem 
A.2 in the Appendix, justifies using the proposed subsam- 
pling method for constructing prediction bands for Foo. 

Theorem. Suppose that the conditions of Theorem A.2 
in the Appendix hold and that bn-Anhn1. Then, for any 

p [1,o, 

sup Irn(t; p)- rn(t; p) 0 in probability, as n -X o. 
tCR 

We now illustrate the application of the subsampling 
method for constructing simultaneous prediction bands for 
F,. Let q, denote the oth quantile of the distribution of 
n lIoo, defined by 

q, _ inf{t: rn(t; o) >?}, 0 < a<1. (15) 

If q, were known, then a 100 o a% prediction band for Fo, 
would be given by 

-l {F: bnlFo(.; Rn) - Flloo < qa}. 

Because q<, depends on the unknown distribution function 
rnE(; 0o) of the random variable Il, In l, in practice it re- 
mains unknown. We replace q, by its subsampling estima- 
tor to obtain an estimated subsampling prediction band for 
Fo,. Let q. denote the ath quantile of >(-; oo), defined by 
replacing rn(.; oc) in (15) with Fn(; oo), given by (14) with 
p = oc. Then an approximate 100 ca% prediction band for 
F0,, can be obtained from subsampling via the estimated 
quantile, 

l = {F: bnjlFn(; Rn) - Ffl10 < 6,}. (16) 

Note that q, is given by the [Ka]th order statistic of the 
values jjn` 11,i 1, ... ,K, where [x] denotes the largest 
integer not exceeding the real number x. From the theorem, 
it readily follows that 

P(FaIa)-c, as nr-?oc. 

Hence the prediction region h, attains the target coverage 
probability of ae, asymptotically. Indeed, the subsampling 
method not only provides valid large-sample prediction re- 
gions without any specific model assumption, other than a 
weak form of stationarity, but also is implemented quite 
easily in practice. In the next section we apply the sub- 
sampling method to construct prediction bands for SCDFs 
using the red maple data for the state of Maine. 

5. FOLIAGE CONDITION OF MAPLE 
TREES IN MAINE 

The subsampling methodology of Sections 3 and 4 was 
applied to an index of foliage condition for red maple trees 
(Acer rubrum L.) in the state of Maine. Maine is a portion 
of a larger area in the northeastern United States for which 
the USEPA and the U.S. Forest Service have been conduct- 
ing a forest health monitoring (FHM) program on an annual 
basis. There were 77 sampling locations in Maine, as shown 
by solid dots in Figure 3. The crosses in Figure 3 denote 
locations for which measurements were not available, and 
values for these locations were imputed by a procedure dis- 
cussed later. 

The index of foliage condition used, the CDI, is con- 
structed from three variables measured on individual trees: 
crown dieback, foliage transparency, and diameter at breast 
height. Crown dieback and foliage transparency are mea- 
sures of visible pollutant injury in the tree "crown," the 
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foliated portion of a tree viewed in profile (e.g., Miller, 
Parameter, Taylor, and Cardiff 1963). Visible injury to the 
tree crown indicates physiological damage to photosyn- 
thetic cells but may or may not correspond to damage at 
the organismal level (Pye 1988). Nevertheless, the USEPA 
uses CDI as an index of visible injury to individual trees, 
aggregated to a plot-level variable, for the assessment of 
overall forest health (Lewis and Conkling 1994). Estimation 
of the probabilities with which this index assumes various 
values across a geographical region of interest may be used 
as one of the principal indicators of overall forest health in 
that region. Thus reliable estimation of these probabilities 
for sampled areas, and prediction for regional areas as a 
whole, is of central concern in monitoring the ecological 
condition of forests. 

In the FHM program, crown dieback and foliage trans- 
parency were recorded as discrete variables, both with sup- 
port on the set {0, 5, . .. , 100}%. Diameter at breast height 
was recorded in centimeters and modeled as a continuous 
variable with support on the positive line. Observed values 
of crown dieback result from a visual assessment of the 
proportion of branches in the exposed tree crown that have 
died. The reliability of this observational process when con- 
ducted by trained personnel has been addressed by Hors- 
fall and Barratt (1945) and more recently by Gumpertz, 
Tingey, and Hogsett (1982). Foliage transparency is a mea- 
sure of the proportion of incipient light that penetrates fo- 
liated branches of the tree. This is estimated by trained 
observers by comparing the light visible through the foli- 
ated portion of a tree crown with a standardized scoring 
card (Tallent-Halsell 1994). Both crown dieback and fo- 
liage transparency are related to a tree's potential for car- 
bon fixation and nutrient storage, with low scores indicating 
increased potential in both cases. Although airborne pollu- 
tants can be a major factor in increased crown dieback and 

transparency values, these indicators of foliage condition 
have also been related to insect defoliation (Kulman 1971). 
Diameter at breast height is a standard measure of tree size 
and was used to weight the contribution of each individual 
tree to the plot-level CDI. 

Using Xli to denote crown dieback, X2i to denote foliage 
transparency, and X3i to denote diameter at breast height, 
for tree i in a field plot centered at s;i = 1,...n (s), the 
CDI is defined as 

z (s) _ X3i(Xli + X2i)/2 (17) Z(s) . 
(17)) 

Li=l X3i 

The plot is an area large enough to allow averaging over a 
number of trees and yet small enough so that local varia- 
tions in CDI are retained, and was taken to define the spatial 
support unit used here. (For a more precise discussion of the 
geometric configuration used to define these field-sampling 
plots, see Majure et al. 1996.) Weighting the contributions 
of individual trees by their size (diameter at breast height) 
is in concert with a view of the forest as a continuous ran- 
dom field. A large tree constitutes more of the forest than 
a small tree, and thus a large tree also contributes more to 
an observed value of the spatial process Z(s) than a small 
tree. 

Our goal in this analysis is to construct simultaneous pre- 
diction intervals for the SCDF of the CDI for red maple 
trees in Maine. To illustrate implementation of the subsam- 
pling procedure, we used an imputation method to gener- 
ate values for the locations appearing as crosses in Fig- 
ure 3. The basic sampling grid used by the USEPA is de- 
fined by a complete hexagonal tessellation over the geo- 
graphic domain of interest, here the state of Maine. Each 
hexagon contains a center point and six points equidistant 
from the center. These hexagons were considered the basic 
unit for assessing similarity in the imputation procedure. 
Under an assumption of stationarity of the random field 
Z(.), the joint distribution of points within each hexagon 
is invariant under translation of the entire hexagonal con- 
figuration, and it is assumed that values in two hexagons 
are nearly independent if they are far apart. Define H(s) to 
be the hexagon centered at location s that contains the six 
neighbours {S1,S2,** ,S6}. The indexing of these six val- 
ues represents an ordering that was arbitrary but remained 
fixed throughout the imputation procedure. We measured 
the similarity between data defined on the two hexagons 
H(s) and H(t) by the Euclidean distance between the vec- 
tors (z(sl), z(s2), .,z(s6))' and (z(t1),z(t2), . .. Z(t6)) 
For a location so with no observed value, we searched for 
the "most similar" hexagon to H(so) among all possible 
choices, say H(s*), and used the value z(s*) to impute 
z(so). After three iterations of the spatial imputation pro- 
cedure, we obtained 129 data points, including 77 sampled 
values and 52 imputed values. We treated all of the im- 
puted values in the same manner as actual observed values 
in the analysis; the method of imputation attempts to pre- 
serve the variability and spatial dependence found in the 
original 77 data values. Note that we are not trying to sim- 
ply fill in missing values; our main purpose is to achieve 
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a large enough regular sampling grid amenable to spatial 
subsampling. In using the imputation method described, 
we attempted to preserve the spatial structure of the CDI 
process. 

We used an overlapping version of the subsampling 
method because of the relatively small number of sampling 
locations. We describe our procedure using the notation of 
Section 3 as much as possible. To connect with the theo- 
retical development, note that 7) and h are 7P, and hn of 
Section 4, and 7)' and h' are 7P, and hl, also of Section 4. 
Similarly, the length of the actual sampling region is de- 
noted by A and that of a subsampling region is denoted by 
A'; the corresponding quantities from Section 4 are A, and 
A1. Finally, all quantities from Section 4 are denoted here 
with the subscript N rather than the asymptotic index n, to, 
emphasize the use of a single finite sample [e.g., ( of (12) 
becomes (*i, etc.]. 

To implement the subsampling method in practice, the 
translation grid Q and the coarse grid ' must be deter- 
mined in such a way that (a) the actual grid used for sam- 
pling 7) and the coarse subsampling grid ' are nested (i.e., 
7)' c 7)); (b) the ratio of spacing on 7) to that on ' (i.e., 
h/h') is small; and (c) the spacing h' is small relative to the 
scale of a subsampling region A'. Requirements (b) and (c) 
stem from the need to have, in the notation of Section 4, 
hl, A-', h,,/hl, and A1/A], all tend to 0 as n -X oo. In prac- 
tice, for a single application, the spacing h and size A of the 
actual sampling grid are determined by physical reality, and 
we choose the spacing h' and size A' to meet the foregoing 
requirements. 

For this example, the domain of interest, R, was the state 
of Maine. Spacing on the actual sampling grid 7) was h = 
27 km, which resulted in A = lOh. Also, recall that 7) n 
RI = 129. The translation grid Q, which determines the 
amount of overlap for adjacent subsampling regions, was 
defined as Q ih; i E 32. The coarse grid ' was defined 
by the spacing h' = 2h, and the subsampling region size 
was determined by choosing A' = 6h. This resulted in 21 
subsampling regions of the form R*i = i + ER; i E Q, with 
E = AVA> = 6/ 10. For each R*i; i =. 1, ... ., 21, I-PnR*il = 36 
points were used to compute F:i in (8), and 1P' n R*iI = 9 
points were used to compute Fyi in (7). The choices of h' 
and A' then gave the scaling constant used to compute *Ni 
[which, in the notation of Sec. 4, is given by (*i of (12)] 
as b = A'/h' = 3. To summarize calculations, let Li be the 
set of indices for the 9 sampling locations in ' n R*i, and 
let Ji be the set of indices for the 36 locations in 7P n R*i. 
Then the quantities computed were, for i 1, . . ., 21, 

Fji (z) = (I/ 9) , I(Z(sj ) < z)) 
ieLi. 

FZ (z) = (1/36) E: I(Z(s J) _< z), 
ieii 

and 

~(NZ) =3 (Fyi(Z) -F* z 

z E R. A 90% (a = .9) simultaneous prediction interval for 
Foo was then computed as {F E F: I1O(FN(z) - F(z))I < 
O, for all z E R}, where the critical value q, =_ (.9) was 
given by the [21(.9)] = 18th order statistics of the subsam- 
pling replicates {supzR 1*i(z) : i 1, ... 21} [cf. (6) and 
(16)], and where F denotes the set of all distribution func- 
tions on the real line. 

We have conducted a separate simulation study to inves- 
tigate the performance of the subsampling method when 
applied to stationary standardized Gaussian processes and 
using various choices of the smoothing parameters A' and 
h' (Kaiser, Hsu, Cressie, and Lahiri 1997). Although con- 
ducted with a nonoverlapping version of the subsampling 
method, the results of that simulation study indicate that 
the values of these quantities used for this example should 
result in reliable performance of the subsampling method. 
In the simulation study, the choice of smoothing parameter 
values was related to characteristics of the variogram for a 
given spatial process, defined as 2-/(v) _ var(Z(s + v) - 
Z(s));v,s E R2 (e.g., Cressie 1993, p. 40). Of particular 
importance were the "nugget effect," defined as limN{-y(v)} 
as v - 0, and the "range," defined as the smallest value 
of llvll such that 2-y(v) 21im{-y(v)} as llvll - oo. The 
limiting value itself is known as the "sill" and is 1.0 for a 
standardized process. In the simulations conducted, if the 
nugget effect was between .4 and .8 and the range was 5.0 
or greater, then the lowest level of coverage observed for 
a nominal 90% subsampling prediction band of the SCDF 
was .815. This occurred only with relatively large values 
of ratios A'/h' and h'/h. If both of these ratios were kept 
small (A'/h' = 3 and h'/h = 6), then the worst performance 
observed was an actual coverage rate of .875 for a nominal 
90% prediction band. In applying the subsampling method 
to the forest health monitoring data considered here, we 
were able to utilize the same value of 3 for A'/h' as in the 
simulation study and a smaller value for h'/h. A spheri- 
cal variogram model (e.g., Cressie 1993, p. 61) fitted to the 
data of this example yielded an estimated nugget effect of 
18.34, an estimated sill of 23.42, and an estimated range of 
4.90. These values are comparable to a nugget effect of .78, 
a sill of 1.0, and a range of 4.9 for a standardized process. 
Thus the subsampling procedure designed for this example 
through choice of the smoothing parameters as A'/h' = 3 
and h'/h = 2 was similar to designs that gave reliable per- 
formance in the simulated datasets of Kaiser et al. (1997). 

Based on the method described in Section 4.2, we con- 
structed the 90% (a = .9) subsampling prediction band for 
the SCDF of red maple CDI in Maine for 1992, as shown 
in Figure 4. All CDI values are less than or equal to 45, and 
we show the SCDF for a range of possible values from 0 to 
50. For the purpose of drawing conclusions about the over- 
all health of the red maple forest in Maine, the subsampling 
method can be used to construct a prediction interval for the 
SCDF evaluated at a particular CDI threshold value zo. This 
is accomplished by choosing the weight function w(z), used 
to define llg1 1 in (6), as the indicator I (z = zT). The quan- 
tity Foo(zo; R) should be interpreted as the proportion of R 
for which the random field satisfies the event {Z(s) ? zo}. 
That quantity is predicted by FN (ZO; R), and endpoints of 
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Figure 4. Empirical Predictor and 90% Simultaneous Prediction Band 
for the SCDF of Red Maple CDI in the State of Maine. 

the resulting subsampling band form a prediction interval 
computed with known confidence. 

Forest ecologists continue to work on indices of health 
and their interpretation, including the CDI used here. It is 
clear that a designation of a completely unimpacted con- 
dition corresponds to extremely low values of CDI. In as- 
sessment of seedling and sapling vigor, the USEPA recom- 
mends that the highest rating be given to trees with less than 
5% crown dieback, which is one component quantity of the 
CDI (Tallent-Halsell, 1994, pp. 2-6). In a report on a FHM 
pilot program conducted in the southeastern U.S. (Lewis 
and Conkling 1994), a threshold value of 12.5 is given for 
an index similar to CDI calculated for loblolly and short- 
leaf pine. Values less than or equal to 12.5 are presented as 
indicating forest in a "superior" condition. Using this value 
of 12.5 for the purpose of illustration, the predicted value 
of Foo(12.5; R) was .73 with 90% subsampling prediction 
interval (.67, .79). Thus we would predict from 1992 data 
that about 3/4 of the red maple forest in Maine had supe- 
rior foliage condition, and we have 90% confidence that the 
true proportion is in the interval (.67, .79). 

Our conceptualization of problems in which prediction of 
the SCDF is appropriate is model-based, with probability 
introduced through the assumption that {Z(s): s E D} de- 
pends on an underlying stochastic process. It is this concep- 
tualization that leads to the distinction between the SCDF 
F,, of (2) and the theoretical cumulative distribution func- 
tion G of (3). Alternatively, one could attempt to concep- 
tualize the problem in terms of a population of physical 
units, and allow probability to be introduced through vari- 
ability in inherent (i.e., unchanging) characteristics of those 
units. Here, the physical units of interest would correspond 
to our spatial support units, and there would be no distinc- 
tion made between SCDFs and theoretical cumulative dis- 
tribution functions. That is, with no underlying stochastic 
process there would be only a population cumulative distri- 
bution function, which would be given essentially the same 
interpretation as our SCDF. In this case, one might estimate 
the population cumulative distribution function with the 
empirical cumulative distribution function obtained from 
a random sample of units in the population, and estimate 
a confidence band using standard nonparametric methods 
such as, for example, one based on the null distribution of 
a Kolmogorov statistic (e.g., Conover 1980, p. 353). For 

the forest health example of Section 5, this would give a 
simultaneous confidence band for the population cumula- 
tive distribution function of width .22, compared with our 
simultaneous prediction band for FOO of width .12. 

6. DISCUSSION 
In this article we have described a nonparametric method 

for deriving simultaneous prediction bands for SCDFs that 
is applicable under quite general conditions on the underly- 
ing random field. Furthermore, from the discussion in Sec- 
tions 3 and 4, it is evident that the proposed subsampling 
method can also be used effectively on other inference prob- 
lems involving the SCDF and the empirical predictor, such 
as deriving consistent estimators of various population char- 
acteristics (e.g., the weighted mean integrated squared er- 
rors) of the empirical SCDF predictor, simply by consider- 
ing appropriate measurable functionals of the same subsam- 
ple versions of the basic random process bN (FN () -FOO (.)), 
where bN is a suitable scaling constant depending on the 
sample size N (see Sec. 4.2 for more details). In addi- 
tion to the flexibility and the nonparametric nature of the 
method, it is easily implemented in practical applications, 
as demonstrated by the example of forest health in Section 
5. However, some calibration is needed when applying the 
subsampling method in a given problem. Note that for a 
given translation grid Q, the performance of the procedure 
is mainly determined by the subsampling smoothing param- 
eters, denoted by Al and h, in the theoretical development 
of Section 4 and by A' and h' in the application of Section 
5. The parameter A' determines the number of subsample 
replicates of the SCDF that will be computed in a given 
region of interest R, which will affect the variance of the 
resulting subsampling estimator. The parameter h', on the 
other hand, controls the bias of the subsampling estima- 
tors. Results of a simulation study referenced in Section 5 
indicate that performance of the subsampling method is im- 
proved if the ratios A'/h' and h'/h are chosen to be small. 
Note that definition of the translation grid Q will also affect 
the number of subsample replicates available by controlling 
the amount of overlap allowed among subsampling regions. 

In Section 2 we described a conceptualization that allows 
problems yielding observations in the form of areal aver- 
ages to be viewed within the context of continuously in- 
dexed random fields. Data that are not of this form are quite 
common in small-area estimation problems found in de- 
mography and epidemiology (e.g., Cressie and Read 1989). 
Here the spatial index takes on a finite number of values and 
the spatial support units are different. In these cases, tech- 
niques other than those presented in this article are appro- 
priate (e.g., Shen and Louis 1998). We are currently investi- 
gating prediction of the SCDF in situations that generalize 
the assumptions made about Z(Q) in this article. Nonstation- 
arity in the form of EZ(s) = x(s)'f3 is under consideration, 
as is prediction of the SCDF of S(.) in the additive mea- 
surement error model, Z(7) S() + c( ). 

Before concluding this article, we briefly compare 
the subsampling methodology with classical geostatistical 
methodologies, like kriging and indicator variogram meth- 
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ods, in the stationary case. It is well known (e.g., Cressie 
1993, sec. 5.1) that such classical approaches have inherent 
limitations in dealing with nonlinear and nonquadratic func- 
tionals of a random field. Furthermore, it is not clear how 
to generalize them to yield simultaneous prediction inter- 
vals for the SCDF without additional model assumptions. In 
comparison, the subsampling method can successfully han- 
dle any measurable functional of the centered and scaled 
SCDF process under quite general regularity conditions. It 
should be noted that a recent work by Diggle, Tawn, and 
Moyeed (1998) gave a hierarchical Bayesian approach for 
which geostatistical data can be discrete or continuous and 
that would allow prediction of the SCDF. The price that 
these authors pay for this is the highly parametric nature of 
their model, including latent Gaussian assumptions, and a 
computer-intensive iterative algorithm (for computing pre- 
dictors) whose convergence properties are not well known. 

APPENDIX: THEORETICAL JUSTIFICATION FOR 
THE SUBSAMPLING METHOD 

The key step in establishing the validity of the subsampling 
method is to prove a functional central limit theorem for the basic 
process {, (z)}I> , where ) is defined by (11). Note that for 
a fixed n, 

P( lim (,n(Z) = 0) = 1 
IzH-oo 

Hence ,n(.) may be considered a random element of the space 
D[-oo, oo] of all real-valued functions on [-oo, oo] that are right 
continuous with left-side limits. We equip D[-oo, oo] with the 
Skorohod metric (Pollard 1984). Lahiri (1999) proved a functional 
central limit theorem for the process {J n(Z)}n>l when the sam- 
pling sites {Si,. SNn } lie on a rectangular grid in Rd d > 1. 
Here we extend his results to the case of hexagonal grids when 
d = 2. 

To state the result formally, we need to introduce some notation. 
Let d(A,B) _ inf{x -yl: x E A,y E B} and lx| _xl1 + 1X21 
for A,B c 2 and x= (X1, X2)' E R2. We also use the notation 
I l for sets. For a countable set J, IJI denotes its cardinality, and 
for an uncountable set A c Rk (k > 1), JAI denotes its volume 
(i.e., Lebesgue measure). Let E+ denote the set of all nonneg- 
ative integers. If f is a function from Rk -+ R and x E Rq 
(q < k), then f(x; ) denotes the function from Rk-q - R 
that takes the value f((x',y')') at y E R]k-q. Let Djf denote 
the partial derivative of f with respect to its jth argument. For 
x = (xl, Xk)' E R kand a = (al, ak)' EE Z (k > 1), 
write x x - a! = c j> &xj H , and Dc' for the differential 
operator D1. . D Ik. Define 

/1 k\ 

where A1l (-1/2,1/2]2. Also recall that Go(zi, Z2; S) 
P(Z(o) < zi,Z(s) ? Z2),Z1,Z2 C ]R, and s E ]22 We then 
have the following theorem. 

Theorem A.]. Suppose that assumptions (A.1)-(A.5) and the 
regularity conditions on the prototype set R1 of Lahiri (1999) hold 
with , = 2 and d= 2. Then, with bn nn 

( ( d W(.), 

where _d denotes weak convergence and where W(.) is a zero 
mean Gaussian process with covariance function 

CJ(Z 1,Z2) = E -Y(a) (a!) 1 DcGo (zi Z2; s)ds 
?a1=2 22 

Z1,Z2 cR 

Moreover, W(+oo) = W(-oo) = 0 a.s., and W(.) has continuous 
sample paths with probability 1. 

Proof of Theorem A.1 
We provide only a sketch of the proof. Define a new r.f. 

Z1 (.) by 
Z, (y) Z Z(Ay), Y E R, 

where A is the matrix given by (10). Let Fn,,(.;A-'R,) and 
Fo, (.; A-'R,) denote the empirical predictor and the SCDF 
based on the observations {Zi(y): y E A-'R, n h,Z2} 
on the rectangular grid h,Z2. Then it can be shown that 
Fn,i(.; A'-R) = F(.; Rn) and Fo,i(.; A'-R,) = F,,, Rn), 
so that we may rewrite the process (n, defined by (11), as 

( (z) = bn(Fn,i(z;A 'Rn) - Fo,(z;A 1Rn)), z R. 

Next, note that the transformation h(s) = A-ls is one-to-one, 
onto, and continuously differentiable with a nozero Jacobian (i.e., 
h is a diffeomorphism), and that h(O) = 0. Hence it follows that 
the set A-'R, h(R1) satisfies the same regularity conditions 
as the original set R1. Hence Theorem A. 1 follows from theorem 
2.1 of Lahiri (1999). 

Next, we establish the validity of the subsampling approxima- 
tion for the sampling distribution of the weighted norms of the 
process (n; see (13) and (14). 

Theorem A.2. Suppose that the conditions of theorem 3.1 of 
Lahiri (1999) hold and that the weight function w is such that 
IIWII, has a continuous distribution function on R. Assume that 
o < 3, < A1, h/lhl -+ 0 as n -+ o0, and Al/An -+ 0 as n -+ o0. 
Then, for any p E [1, oo], 

sup I7n(t; p) - rn(t; p) I - 0 in probability 
tER 

as n o 00, where Fn(t;p) and fn(t;p) are defined in (13) and 
(14) in Section 4. 

Proof of Theorem A.2 

Let I be the set of all i E Z2 such that the square Aif3n + A0oA 
lies inside Rn. Then, by construction, there is a subregion R*i - 
Ai/3, +Af R, for each i El, with its center of gravity at Ai,/3. Next, 
we cluster the overlapping subregions indexed by the elements of 
I, into blocks such that any two blocks separated by one or more 
blocks are approximately independent. To that end, for j E Z, 
define the set 

J(j) {i E I: i/3, E (j + (0, 1]2)3A1}, 

and let 5 denote the set of j E Z2 such that J(j) 0 . Note that the 
number of such blocks in j grows at the rate IJ I R, I (A,/3A1)2 
as n -X oc, and that the distance between the regions UieJ(j)R*i 
and UieJ(k)R*i, in terms of the metric d(., .), satisfies the inequal- 
ity d(UiEJ(j)R*i, UieJ(k)R*i) > max(j - kl-2), 0}3A1 - A1, for 
all j, k E J. Furthermore, it can be shown that there exists a 
constant C > 0 such that for all n > C, 

for all j E 5, and 

K > C-1(An/!3)2, (A.2) 
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where K denotes the total number of subsampling regions in Rn. 
Next, for i C I, define (nj'(z) _ bi(F*'(z) - Fo(z;R*i)),z c 

R, and 17(t;p) -- K` j1 (II(11en'Hj, < t),t c JR. Also, let 

Sj(t;p) ZiEJ(j) 1(Wt*iHP < t),j E 5. Then 

ESj(t;p) < IJ(j)2, V j C J. 
Hence, using (A.1), (A.2), the stationarity of Z(.), and the weak 
dependence assumption on the process Z, we can show that 

E(F, (t;p) - Fl (t;p))2 

K K-2 EE COV (Si (t;P), Sk (t; P)) 
jcg kcg 

? K 2 E (ESj (t;p)2ESk(t;p)2)1/2 
[JJ k:lk-jl<2 

+ ? S cov(Si(t;P), Sk(t;P)|1 
iGg Ik-il>3 J 

? CiK-21Jl max{IJ(j)12: j C J} 

< C2 A2 A2, (A.3) 
where Ci and C2 are positive constants not depending on n. 

Hence it follows that n(t; p) - 1l (t; p) -p 0, for all t e R. 
Next we show that for every t EE R, 

Fn (t; P) -Fn (t; P) -p o. 

Let 8 > 0 be given. Write F(.; p) for the cumulative distribution 
function of I WIIp. Because F (.; p) is continuous on IR, there exists 
an 97 > 0 such that sup{F(t + r1; p) - T(t - 7; p) 1: t E RI} < 
Hence, using (A.3) and the monotonicity of Vn and Vn, it can be 
shown that 

lim P(I n (t; p) -n (t; p) I > 4?) 
n-+oo 

? lim P(I |n (t + ; p) - 1n (t -r; P) I > 38) 
n--ooo 

+ lim P (K-1 ( II - IP > 7) > 

? CE-2 lim [E(F'n(t + r7;p) - Fn(t + T ; p))2 
n-4oo 

+ E(17n(t - ;p) -n(t 1; p))2] 

+ lim P(bIIFj(. - F00(.; R,)HIp > 97)78 
n --0oo 

O, (A.4) 

where F* 1 is defined by (8) with i = 1. In the last step 
of (A.4), we used the fact that under the assumed conditions 
on l,Ajh-(Floj(.) - F00(.;Rl)) converges weakly to W(.) on 
D[-oo, oo]. This follows from Theorem A.l by replacing the se- 
quence {An } by {1 A}. 

Therefore, it follows that for every t C ]R, 

Fn (t; P) -Fn (t; P) -+p o, 

as n -+ oc. Because IIWIlp has a continuous cumulative distri- 
bution function on IR and V (t; p) converges in distribution to it, 
Theorem A.2 follows. 

fReceived Macy 1996. Revised September 1998.] 
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Comment 
Peter BUHLMANN and Hans R. KUNSCH 

The authors are to be congratulated for their contribu- 
tion toward solving the interesting and difficult problem of 
constructing prediction bands for an unobservable random 
variable. One way to see that assessing the accuracy for 
the prediction of the regional mean is more difficult than 
for the estimation of the expected value is to look at the 
asymptotic variances. In the former case, this is an integral 
of derivatives of the covariance function (compare Theorem 
A. 1), whereas in the latter it is the integral of the covariance 
function itself. In what follows, we explain in more detail 
what makes this problem so difficult and discuss some al- 
ternative procedures. 

1. SUBSAMPLING VERSUS BLOCK BOOTSTRAP 

In the article, subsampling is used at two different stages. 
First, the quantity of interest, 

bN(FN-FOO), (1) 

is replaced by 

bM(FM-FN). (2) 

Because 

bM (FM-FN) = bM(FM-Fo?)-- bN(FN-FOOo), (3) 
bN 

(1) and (2) have the same limit in distribution by Slutsky's 
theorem provided that bN increases as some power of N 
and M -+ oo,M = o(N) as N -+ oc. This first stage of 
subsampling seems to be necessary if one does not want 
to rely on some model for the conditional distribution of 
FOO given the data. Note, however, that the last term in (3) 
can still be rather large in a practical problem with finite 
samples. 

Because the quantities in (2) are observed, one presum- 
ably can use any resampling technique to assess its variabil- 
ity. The authors again choose a subsampling technique that 
involves passing from the window R to the translates of 

Peter Buihlmann is Assistant Professor and Hans R. Kuinsch is Professor, 
Seminar fur Statistik, ETH Zentrum, CH-8092 Zurich, Switzerland. 

the smaller window ER. An alternative would be the block- 
wise bootstrap (see Kiinsch 1989 for time series and Politis 
and Romano 1993 for random fields). This would work as 
follows. Partition R as 

k 

R= URi, 

where the disjoint subregions Ri are of similar shape and 
size. If R is a rectangle, then one would take all Ri to be 
translates of ER, but in general we want to handle irregular 
shapes such as the state of Maine. Then a block bootstrap 
sample Z nR would be obtained by taking 

ZFnR i = ZPn(Ri +ui ) (i = 1, ... ., k) , 

where the translation vectors ui are independent and uni- 
form on {u E PIRi + u c R}, the finite set of all pos- 
sible translates on the grid P leading to subregions in- 
cluded in R. It is easy to check that if all Ri are equal to 
ER and the quantity of interest is an arithmetic mean like 
bM(FM(z) - FN(z)) for fixed z, then subsampling and the 
foregoing blockwise bootstrap are the same thing. However, 
for quantities that are highly nonlinear, the difference may 
be substantial. For instance, in table 4 of Kiinsch (1989), 
subsampling is considerably worse in the case of the lag- 
one autocorrelation. An additional advantage of the block 
bootstrap over subsampling is that with the former it is eas- 
ier to take missing values into account. 

2. DIFFERENT ASYMPTOTICS 

The authors use a combination of infill and increasing 
domain asymptotics. We wondered whether this is neces- 
sary to obtain consistency of the subsampling procedure. 
It seems that under infill asymptotics only, the behavior of 
the prediction error is different and depends more strongly 
on unknown characteristics of the spatial process Z. For 

? 1999 American Statistical Association 
Journal of the American Statistical Association 
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 simplicity, consider the prediction of the mean

 Zcoo= Z(s) ds
 10,1]2

 by

 ZN = N L Z(Sj, n)
 j 1{1,...,n}2

 where Sj,n is on a centered square grid,

 jj .l - .5 j2 - 5) j C {1. 2.}

 In this situation, the asymptotic analysis has been given

 by Stein (1993). He showed that the rate of convergence

 depends on the smoothness of the covariance function of Z

 near lag zero or, equivalently, on the decay of the spectral

 density f (w) for (Iw -+ oc). More precisely, assume that

 f(w)lsw -P C(jwl I oc) for some p > 0,

 where C > 0 is a constant. If p > 4, then

 var (n2 (N - Z122 (s) ds)) ( ),

 where the limiting variance a2 involves f (w) for all fre-
 quencies w. On the other hand, if 2 < p < 4, then

 var (np/2 ('N -12,112 (s) ds)) (o2(n - )

 where the limiting variance ca2 involves only the high-
 frequency behavior of f. Thus the convergence rate is usu-
 ally different from the square root of the number of obser-
 vations, and estimation of the limiting variance seems diff-

 cult. Note that the convergence rate is essential for scaling
 in subsampling. In the case where p > 4, the convergence
 rate is independent of p, so that there is at least no need

 to estimate p. But the limiting variance a 2 involving f (w)
 at all frequencies complicates the situation very much. Be-
 cause the random fields discussed in the article are spatial

 averages and averaging reduces the power at high frequen-

 cies, the assumption p > 4 looks plausible.

 3. CHOICE OF THE SCALING FACTOR

 The authors choose as the scaling factor bn = An/hn. An

 alternative is bn IN. Asymptotically, the two lead to
 the same results because

 Nn - const An /h2

 (The constant drops out when taking ratios bl/bn.) How-
 ever, in finite situations, the differences may be substan-
 tial. For the dataset considered in the article, we have

 An= lOhn, A1 = 3hj, Nn = 129, and N1 = 36. Hence

 bllbl - 1.76b,/bn.

 In other words, rescaling with the square root of the number

 of observations would inflate the prediction intervals by the

 substantial factor 1.76. From the standpoint of asymptotics,

 both scalings are equally valid.

 4. USE OF IMPUTED VALUES

 The treatment of missing values is always a difficult prob-

 lem. In the dataset considered, values are probably missing

 because there are no maple trees at the corresponding sites.

 So, strictly speaking, there is no correct imputed value. But

 we agree with the authors that without using an imputa-

 tion procedure, a resampling scheme would become very

 complicated. However, we are disturbed by the fact that
 there seems to be no correction whatsoever to account for

 the imputed values. The width of the prediction band does
 not depend on how many values were imputed, which is

 against intuition. One way to deal with the problem would

 have been to delete 52/129. 36 14 values in each of the
 subsampling regions (52 imputed values, 129 values in total

 on 'P n R, 36 values on P' n R). The problem is, of course,
 which 14 observations to delete. With the blockwise boot-

 strap, this problem would not exist. We would impute the

 missing values as in the article and do the resampling so
 as to obtain 129 bootstrap values on the original grid. We

 then would delete the bootstrap values at those sites where

 observations were missing in the original dataset.

 5. CONDITIONING

 In prediction problems, one often wants to condition on

 some of the data. The most radical approach is design based.
 It considers all values Z(s) to be fixed, with only the sam-
 pling locations random. In the case of a regular grid, it

 means that the origin of the grid is placed at random. But
 then the variance of sample means cannot be estimated

 unbiasedly. Approximate methods have been discussed by
 Matern (1986, p. 115).

 So let us continue to consider Z as random and the sam-

 pling locations as fixed. Even in this situation, it is appealing

 to condition on the observed values (Z(Si))i=1_..N. We do
 not know how to adapt the methods of the article to con-

 struct prediction intervals with prescribed conditional cov-

 erage probability. In contrast, both the Bayesian approach of

 Diggle, Tawn, and Moyeed (1998) and indicator co-kriging
 will do the conditioning automatically. As soon as one is
 willing to model the joint distribution of the observations
 and the variable to be predicted, one could also use the cal-
 ibration techniques of Beran (1990), although the gain in
 conditional coverage probability seems to be small.

 6. SUMMARY

 We have seen some of the difficulties associated with the

 method proposed in the article: a strong reliance on a spe-

 cial kind of asymptotics and difficulties to account for im-
 puted values and to condition on the observations. These are
 due to the complexity of the problem. There is no simple
 remedy. Using a block bootstrap in the second stage [i.e.,
 for assessing the variability of the quantity in (2)] might

 ease the issue of imputing, but not all of the other diffi-

 culties. The advantage of subsampling or block bootstrap-

 ping is, of course, its highly nonparametric nature, which
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 To carry this argument further, look at what happens

 when l'/1 is not small. Let 1' = 1 - 1, so we are back in
 the jackknifing mode where now the subsubsamples are de-
 fined to contain all but one of the observations in Bi. Call

 the observation that has been left out, Xj. Essentially the
 same computation as we used earlier for the jackknife es-
 tablishes that

 ij3.- Xi-

 It follows that

 E(11[Xj2) 12 (-1)X

 So as before, the estimation of a2 breaks down. I find it
 somewhat curious that in Section 4.2 the authors specify
 that 1/n must be small, because as far as I can tell, neither
 1 nor n have any physical meaning in the spatial applica-
 tion. They both seem to be mere devices for driving the
 asymptotics.

 All of the computations I have discussed so far involve in-

 dependent observations, and the whole point of spatial data
 analysis is to deal with dependence. As originally defined,

 the Bij's define data with a balanced two-way analysis of

 variance (ANOVA) structure. Redefine Xi+(j-1)1+k as Yjk
 for j= 1,..., (1/1') and k = 1, ... I,1'. For fixed j, all of
 the observations are in the same subsubsample taken from

 t3i. For fixed k, we are (rather artificially) looking at corre-
 sponding observations in different subsubsamples from t3i.
 As earlier, we examine

 E1 l [Xij -Xi]2 X (iX1) Zl'Y. y]2

 and again we are looking for an estimate of u2. From
 standard ANOVA, if the observations are iid, this estimate
 works. Using standard split-plot computations, if we as-

 sume constant correlation within the subsubsamples (i.e.,
 for fixed j), then we get an estimate of a2 [(1 -p) +l'p], and if
 there is constant correlation for fixed k (admittedly a rather
 artificial circumstance), we get an estimate of u2 (1 - p).
 Similarly, if there is constant correlation among all ob-
 servations, then the estimate is u2 (1 - p). I am not sure
 what the implications are for spatial data, except that, taken

 all together, the spatial correlations within each subsam-

 ple, within each subsubsample, and across different possible

 subsubsamples better be considerably weaker than constant

 correlation.

 Comment
 Mark S. HANDCOCK

 1. INTRODUCTION

 In an increasing number of environmental applications,

 the comparison of an attribute across regions requires con-

 sideration of more than the usual summary measures of

 level and variation. Environmental scientists are increas-

 ingly interested in techniques for comparing changes in dis-

 tributional shape as well as changes in mean levels. Tradi-

 tionally, comparative research has relied heavily on mea-

 sures that capture differences in average indices between

 regions or rough measures of dispersion over time. These

 summary measures leave untapped much of the information

 inherent in a distribution.

 Lahiri, Kaiser, Cressie, and Hsu (LKCH hereafter) have

 developed a method for the prediction of the spatial cumu-

 lative distribution function (SCDF). In doing this, they im-

 plicitly moved the scientific attention from idealized point

 spatial units to larger, more relevant, regional units. When

 interest focuses on idealized point spatial units, the SCDF

 and point spatial distribution coincide. I applaud this fo-

 cus as the spatial distribution is a largely under appreciated

 characteristic of spatial random fields.

 Mark S. Handcock is Associate Professor, Department of Statistics, Pen-
 nsylvania State University, University Park, PA 16802 (E-mail: handcock@

 stat.psu.edu). The author thanks Soumendra Lahiri for providing the fo-
 liage condition data.

 The main contribution of the article is to explore the sta-

 tistical characteristics of a subsainpling method of predic-

 tion. A better understanding of this method can be gained
 by comparing it to an alternative, more explicitly model-

 based viewpoint. Using the notation of LKCH, we assume

 that

 E{Z(s)} =f(s)'3 for s E R,

 where f(s) = {fi(s),. .,fq(s)}' is a known vector func-
 tion and 3 is a vector of unknown regression coefficients.

 Furthermore, we represent the covariance function by

 cov{Z(s),Z(t)} =aK0(s,t) for s,t eR

 where a > 0 is a scale parameter, 0 C e is a q x 1 vector

 of structural parameters, and e4 is an open set in 1RP. For
 simplicity of development, we assume in the following that

 { Z(s): s E R} is Gaussian and return to this in the conclu-
 sion. If we wish to predict characteristics of {Z(s): s E R},
 then we need to express our uncertainty about the unknown

 covariance structure through 0 and the mean through f. Un-
 der a simple Bayesian formulation (see Handcock and Stein
 1993), we can specify the prior as

 Pr(a, /, 0) ox Pr(0)/a,

 ? 1999 American Statistical Association
 Journal of the American Statistical Association

 March 1999, Vol. 94, No. 445, Theory and Methods
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 so that the marginal posterior distribution,

 Pr(01Z) ox Pr(0) IKO -1/2 F'K1 Fl-1/2&(O)-(N-q)/2 0

 captures our knowledge about 0. Here

 &(0) = (1/N)(Z - F(0))'K31 (Z - F)3(0))

 and

 )(0) = (FIK'K1F) -1FIK- 1Z

 are the maximum likelihood estimators (MLEs) of av and 3

 conditional on 0 and

 F= {fj(Si)}NXq,

 and

 KS {Ko(si, Sj)}NXN

 To estimate the SCDF, FO (z; R), we need to express our

 understanding of Z(s) at each point s E R. As in the ap-
 plications of LKCH, this set can be reduced to a finite grid

 of locations. However, we need not restrict ourselves to

 this situation, as we can operationally choose a large finite

 subset of locations vl, ... , vr, as a surrogate for the con-
 tinuum. For example, we could choose a very fine grid, or

 a design adapted for numerical integration (Owen 1994).

 Let Z = {Z(si), ... , Z(SN)}I be the sample, and let Zo

 {Z(vj),.. ., Z(vm)}/. Then

 NZ) +m iF) '1(H'I O __ _ 0 HO

 It is well known that

 Zo00, Z tmr(Z0(0), K&(0){Jo -H o-'Ho

 + B (F1K-1F)-1Bo})

 and

 Pr(Zo Z) = Pr(Zo0J, Z) Pr(0 Z) dO (1)

 where

 Bo = F'-F'K01 H0,

 Z0(0) HIK -lZ + B' (0),

 and

 N/(N - q).

 These calculations are straightforward even for large m as

 the conditional predictive distribution is multivariate t with

 the appropriate covariance matrix and inversion of the co-

 variance matrix of Zo is not necessary. In some circum-
 stances, it will be easier to use the formula

 Pr(Zo Z) =Pr(Zo01, Z) Pr(0lZ)

 (Besag 1989), rather than do the p-dimensional integral di-
 rectly. The posterior distribution of Fo (z; R) can then be
 approximated by that of

 Fm (z; R) ?T(Z(vi) < z), (2)

 where {Z(vi), . .. ., Z(vm)} is a random draw from (1). The
 approximation can be made arbitrarily accurate by choos-

 ing m large. One simple approach is to draw samples di-

 rectly from Pr(ZoIZ) and use (2) for a range of z values
 to obtain draws from posterior of Fo (z; R). The analysis
 of these draws would be very useful in understanding the
 behavior of Foo (z; R). In particular they can be used to de-
 fine pointwise probability limits and prediction bounds for

 Fo (z; R), in analogy with the prediction bounds described
 in the article.

 I have applied the method just described to the exam-

 ple on forest health in Section 5. For simplicity, I used

 the Matern class of covariances and prior distributions de-

 scribed by Handcock and Wallis (1994). The model is fit
 only to the 77 real values and not the 52 imputed ones.

 Based on an analysis of the likelihood surfaces for the co-

 variance structure, the range of the spatial dependence is

 reasonable accurately known, and the MLE of the nugget

 effect is 0. Conditional on a 0 nugget effect, the random field
 is somewhat rougher than a Spherical or an Exponential

 process. However, there is likelihood evidence for nonneg-

 ligible nugget effects, and so I allow for them here. There is

 also some evidence that the process is log-Gaussian, rather
 than Gaussian. The foregoing method can be directly ap-
 plied in this case; for simplicity, I describe the analysis on
 the recorded scale.

 For this example, I use the m = 129 locations of the

 complete hexagonal tessellation over the region of interest.

 My Figure 1 is the analog of the 90% prediction bands given
 in Figure 4 of LKCH. The point estimate is the mean curve
 from (2). The bounds delineate a 90% probability region for
 the SCDF. The point estimate is smooth as I am averaging
 over many possible spatial dependence structures and

 ............

 CM

 ................

 0 10 20 30 40

 CDI

 Figure 1. Posterior Mean ( ) and 90% Simultaneous Prediction
 Bands (---) for the SCDF of Red Maple CDI in the State of Maine. The

 figure is a model-based analog of Figure 4 in LKCH.
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 nugget effects. If I assume that the random field does not

 have a nugget effect, then the estimator is much rougher,

 but the bounds are tighter as I presume to know 77 of the
 129 values that compose the SCDF. The point-predicted

 value for Fo (12.5; R) was .64 with a 90% prediction in-

 terval of (.57, .72). For comparison, the interval assuming

 a 0 nugget effect is (.65, .76). The computations required 7
 minutes on a desktop workstation.

 A comparison of my perspective with LKCH's leads to a

 better understanding on the subsampling method. The sub-
 sampling procedure requires the samples and the region of

 interest to be on a regular lattice structure, whereas my

 method does not. In addition, data are needed at each lo-

 cation on the lattice. If sample data do not exist, it is nec-

 essary to impute data to use the method. In addition, the

 subsampling method assumes that the imputed values have

 the same spatial structure as the sample data. However, im-

 putation is always problematic, especially if only a single
 imputation is used (Schafer 1997). As 52/129 = 40% of the
 data are imputed, I am concerned about this issue in the

 application. In particular, the extremely large nugget effect
 (78% of the point variation) may be an artifact of the impu-
 tation. Given the strict requirements of the method (p. 20),
 there is a concern that less careful practioners may make
 scientific compromises to shoehorn the data into a form
 amenable to the method.

 One should also note that the asymptotic framework is

 chosen partly for technical reasons, and under other reason-
 able asymptotic frameworks (e.g., pure infill asymptotics),
 the asymptotic properties may not hold. The asymptotic

 justification will need to be affirmed by simulation for the
 lattices, sample sizes, and subgrid choices used in an appli-
 cation.

 Although the estimation of the SCDF is the primary

 goal, exploring the spatial structure of Z(s) is also impor-
 tant. The approach described in this comment uses a likeli-
 hood framework to represent the uncertainty about the spa-

 tial structure, ignored by point estimates. This framework

 makes available exploratory graphical tools useful for infer-

 ence about the underlying random field (Handcock, Meier,
 and Nychka 1994). These tools can identify when an ap-

 proach is lacking. For example, one may want to distin-

 guish between a region with a simple north-south gradient

 and one with unstructured variation.

 Neither prior imputation, nor a regular lattice, nor asymp-

 totic justification are required for the approach described in

 this comment. It takes into account the nonstationarity in

 the mean of a regression form. Model-based approaches

 require the choice of a modeling class and specification of

 prior information. These play the same role as the choice of

 subgrid P' and the grid Q' do in the subsampling method. A

 model-based approach such as the one described here cou-

 pled with a broad class of covariance structures will cap-

 ture a wide range of spatial variation. However, in many

 cases the underlying random field can not be assumed to

 be Gaussian. As LKCH note, the models described by Dig-

 gle, Tawn, and Moyeed (1998) greatly broaden the form of
 spatial variation that can be represented. These models im-

 prove on the simple model described here at the expense of

 some computational complexity. Indeed, I am much more

 hopeful about the future of such models than the authors

 appear to be.
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 Comment
 Michael SHERMAN and Edward CARLSTEIN

 1. INTRODUCTION AND BACKGROUND

 The article by Lahiri, Kaiser, Cressie, and Hsu (LKCH)

 presents an important new application of the "block-

 subsampling" principle. The context is novel because of the

 underlying continuously indexed random field {Z(s):

 Michael Sherman is Assistant Professor, Department of Statistics, Texas

 A&M University, College Station, TX 77843-3143. Edward Carlstein is
 Professor, Department of Statistics, University of North Carolina, Chapel

 Hill, NC 27599. M. Sherman's research was partially supported by Na-
 tional Cancer Institute grant 1 R29 CA72015-01 and by the Texas A&M
 Center for Rural and Environmental Health via National Institute of En-
 vironmental Health Sciences grant ES09106.

 s E D} because the inference target F,, is an unobserv-
 able random quantity depending on the entire random field,

 and because the observed sample data sequence combines

 both increasing-domain and infill features. Extension of the

 block-subsampling principle to this context is of consider-

 able practical value and is theoretically interesting and chal-

 lenging.

 The usual objective in subsampling is to construct an

 ? 1999 American Statistical Association
 Journal of the American Statistical Association

 March 1999, Vol. 94, No. 445, Theory and Methods
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 estimator of the sampling distribution of some random

 quantity. The "random quantity" is frequently a standard-

 ized statis tic to be used, for example, as a pivot for con-

 fidence intervals or prediction intervals. In such cases, it

 is necessary to estimate quantiles of the sampling distri-

 bution. In other applications, the focus might be on esti-

 mating different features of the sampling distribution, such

 as its moments (for estimating the bias, variance, or mean
 squared error of the statistic) or its shape (for diagnostic
 purposes). The fundamental idea in subsampling is to con-
 struct, on smaller subsets of the data, "replicates" of the

 random quantity; these replicates are then used to model

 the sampling distribution of interest. The LKCH method fits

 into this scenario as the latest extension of subsampling to

 increasingly complex situations, but the fundamental idea

 can be traced back to the "jackknife" (Quenouille 1949,

 1956; Tukey 1958) and to Hartigan's (1969) "typical val-
 ues." Early subsampling methods were designed mainly for

 iid data; the specific use of "block" subsets for spatially

 dependent data, as in LKCH's method, was first studied by

 Hall (1985).

 Much of the work on subsampling has been motivated

 by the need for "omnibus" methods, (i.e., methods that ap-

 ply to a general statistic in a general setting), so that each
 new scenario (e.g., a new statistic, a new dependence mech-
 anism) does not require the development of a new method-
 ology. Indeed, Efron (1982, p. 28) pointed out that "the
 charm of the jackknife and the bootstrap is that they can be

 applied to complicated situations where parametric model-
 ing and/or theoretical analysis is hopeless." In the initial
 formulation of their subsampling method (Sec. 3), LKCH
 appear to adopt an omnibus philosophy: they refer to a

 general random quantity tN (ZpnR; ZR), with correspond-

 ing subsample replicates tm(Zp,nR,i; ZPnR.i). But atten-
 tion is quickly and exclusively restricted to the particu-

 lar case of tN(ZpnR; ZR) = bN(FN - FOO); furthermore,
 their subsampling method is justified (Theorem, Sec. 4.2)
 only for estimating the sampling distribution F, (t;p) of

 JHbN(FN - F..) Jl1p On the one hand, LKCH successfully
 define and justify a subsampling method for their particu-

 lar case (an important and difficult case). But on the other
 hand, the omnibus philosophy of subsampling suggests pur-

 suing the case of a truly general tN(ZpnR; ZR) and its sam-
 pling distribution. In a certain sense, LKCH's use of sub-

 sampling to estimate the entire distribution Fn (t; p) non-
 parametrically "from scratch" seems like overkill and may

 be inefficient. In their particular case, the asymptotic dis-

 tribution of bN (FN - FOO) is known quite explicitly (Thm.
 A.1), so the subsampling estimator should be compared to

 what could be obtained directly from estimating u(zI, z2) in
 the Gaussian process W(.). Subsampling methods are more

 acutely needed for general tN(ZpnR; ZR) in cases where
 direct theoretical analysis is not available.

 The remainder of this discussion is devoted to explic-
 itly adapting LKCH's subsampling methodology to general

 tN (ZpOR; ZR). We consider estimation of the moments,
 shape, and cumulative probabilities of tN (ZpOR; ZR)'s
 sampling distribution. The proposed estimators are shown

 to be consistent in a broad range of situations under mild

 conditions. This once again illustrates the power and versa-
 tility of the block-subsampling principle.

 2. GENERAL RANDOM QUANTITY FROM A
 CONTINUOUSLY INDEXED RANDOM FIELD

 The unknown target for inference (prediction) is a ran-
 dom variable GOO(ZR) based on the entire continuously in-
 dexed region R C D; it is estimated by the corresponding

 statistic (predictor) GN(ZpnR) computed from a finite sam-
 ple ZPnR = {Z(si): 1 < i < N}. For simplicity, here we
 consider the square grid P (as in Lahiri 1998) and assume
 that G(.) is a scalar. Particular examples of GO (ZR) include
 (see Sec. 1 of LKCH)

 Z(R) J Z(s) ds/l R l, the regional mean;

 S2 (R) J(Z(s) - Z(R))2 ds/lRI, the regional variance;

 - log F', (z; R) dFo (z; R), the regional entropy;

 Foo(z;R) = JI{Z(s) < z}ds/ Rj, the SCDF at z ER;

 and the general regional weighted integral J, (R) =

 fR (s)Z(s) ds/lRI, where the weight function q(.) is
 known and nonrandom (see, e.g., Ylvisaker 1975).

 The actual prediction error is GN(ZpnR) - Gc (ZR).
 Denote the standardized version by tN(ZpnR; ZR) =
 aN(GN(ZPnR) - GOO(ZR)), where aN > 0 is an appro-
 priate scaling constant. In assessing the performance of

 GN(ZpnR), one is naturally interested in the sampling dis-
 tribution HN(x) = {tN(ZPnR; ZR) < x}(x E R) and
 the moments /N,r = E{[tN(ZPnR; ZR)]r}(r E N). Specif-
 ically, HN(.) can be used to construct prediction intervals
 on GO (ZR), and AN,2 yields the mean squared prediction
 error (MSPE).

 3. SUBSAMPLING METHOD

 The subsampling method for general tN(ZPnR; ZR) is di-
 rectly analogous to the method described in LKCH's Sec-

 tion 3. For simplicity, here we consider nonoverlapping sub-

 regions R*i. The subsample replicates of tN(ZpnR; ZR) are

 t*i = tm (Zp,nR*i; ZpnR*i)

 = am(Gm(Zp'nR*i) - GM(ZPnR*)), 1 < i < K,

 where m = IP' n R*jj and M = IP n R*jj. Now
 HN(x) is estimated by the empirical distribution HN(x)

 ZKl I{t* < x}/K, and IIN,r is estimated by the empirical

 average 1N,r = ZfK I(t*i)r/K.

 4. APPLICATIONS

 a. Using the subsampling method, an approximate 100(1 -
 4)% prediction interval on GOC(ZR) is given by PI(N, 1

 - 3)= [GN(ZPOR) - HN1(1 - //2)/aN,GN(ZpOR) -

 HN (43/2)/aN]
 b. In practice, the MSPE of GN (ZpOnR) can be quite difficult

 (or impossible) to derive analytically. Moreover, even if
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 an explicit expression for MSPE can be derived, it often

 will depend (in a complicated way) on delicate features
 of the underlying process {Z(s): s E R}-features that
 themselves are typically unknown and difficult to esti-

 mate from finite-sample data. For such situations, fN,2
 provides a straightforward sample-based numerical esti-

 mate of MSPE.

 As a simplified illustration of this type of situation,

 consider the weighted integral GOO(ZR) = JO(R) in the
 one-dimensional case (i.e., {Z(s): s E R} is a contin-
 uously indexed time series). In this scenario, Benhenni
 and Cambanis (1992) proposed and analyzed three (lin-

 ear) estimators GN (ZpnR); the three different estimators
 require the user to have differing amounts of "paramet-

 ric" knowledge about {Z(s): s E R}. For each estimator,

 an asymptotic approximation to MSPE can be derived

 (Benhenni and Cambanis 1992, thms. 1, 2, and 3). In each
 case, the expression involves a weighted integral of the
 function

 a, (t) = R( +"1) (t, t-) -R( +1) (t, t+)

 where

 R(P,q) (t,t_) =limR(P,q) (t,S),
 stt

 R (p,q) (t,I t+) = lim R(P,q) (t, s),
 s4t

 R(P q) (s, t) = gP+qR(s, t)/&sPOtq,

 R(s, t) is the covariance function of Z(s), and n is the
 exact number of quadratic mean derivatives possessed by
 Z(s). The user cannot routinely expect these quantities
 to be readily accessible.

 c. Numerical calculation of HN(), PI(N, 1 - /3), IN,r pre-
 supposes explicit knowledge of the scaling sequence

 {aN}. Note that determination of the proper {aN} is
 an inherently theoretical problem requiring situation-
 specific asymptotic analysis of the particular random

 quantity (GN (ZpnR) - GO (ZR)) at hand. Therefore,
 {aN} may be unavailable to the user in precisely those
 situations where subsampling is most appealing; that is,
 when the random quantity is complicated or when di-
 rect theoretical analysis is intractable. Moreover, for a

 particular fixed GN() - GO(.), the correct {aN} can
 change dramatically according to quite subtle changes in
 the underlying structure of the data. For example, when

 GN(ZPnR) - GOc(ZR) = FN(z; R) - FO(z; R), then aN
 is either A,h-1 or Ah -2, depending on the starting point
 of the square sampling grid. (This is shown, via extensive
 theoretical analysis, in Thm. 2.1 of Lahiri 1998.) As an-
 other example, in the scenario studied by Benhenni and
 Cambanis (1992) (i.e., focusing on the MSPE for linear
 estimators of GO (ZR) = J, (R)), they found that the ap-
 propriate scaling is r+l, where i is the exact number of
 quadratic mean derivatives possessed by Z(s). (Also see

 Stein 1993, who analyzed the MSPE of the usual sample

 average as a predictor of GOO(ZR) = Z(R) and found

 fundamental change in {aN} depending on the rate of

 decay of Z(Q)'s spectral density.)
 Even when {aN} is unknown, the unscaled replicates

 Gm(Zp'nRqi)- GM(ZPnRi), 1 < i < K, still con-
 tain useful diagnostic information about the shape of the

 sampling distribution. Specifically, the empirical distri-

 bution

 K

 HN(X)= Z-I{t*i < x}/K, x E R,

 can be constructed without any further theoretical analy-

 sis of G(.). Because HN(x) = HN(xam), one can ob-
 tain essentially the same diagnostic information from

 {HN(x). x E R} as from {HN(x): x E R}; for exam-
 ple, the scaling transformation preserves normality, sym-

 metry, and skewness. This method is a variation on the
 "replicate histogram" introduced by Sherman and Carl-

 stein (1996).

 5. CONSISTENCY

 To provide asymptotic justification for the methods

 that we propose, it is necessary to embed the sampling

 structure in a suitable sequence yielding nontrivial lim-
 its, analogous to LKCH and Lahiri (1998). The entities

 { P, P', R, R*i N, m, K, h, A, 1, n} have the same interpreta-
 tion as in LKCH (with f3 = A1, and using a square grid as
 in Lahiri 1998); for notational convenience, the subscript
 "n" is omitted when there is no risk of ambiguity. Assume

 that the following conditions hold:

 Cl. The spatial "mixing" condition (A.1) of Lahiri (1998)
 holds for some 0 < 2.

 C2. (h (2+l)2A2)-l -no 0 for some 'y > 1/2, as in
 Lahiri's (1998) theorem 3.1; see his (A.5) with , = 2.

 C3. hn/h, -no 0, Al/An -n-oo 0, and am/amI -4n-o
 0, as in LKCH.

 Under these mild conditions, the subsampling method for

 general tN(ZpnR; ZR) is consistent, as described in the fol-
 lowing formal results.

 Theorem 1. If SUpn>lE{[tN(ZpnR;ZR)]2r} < ():0

 SUPn>1 IE{ [tM (ZpnR* ; ZR*1 )] } < 00, and liMnO,0 UN,r
 Irg then fAN,r - AN,r I 0n.40

 Theorem 2. If limno,0 HN(x) = H(x) and liMnnX,
 JP{tm(ZPnR*1;ZR*1) < X? = H(x) for all x E R,H(.)
 continuous, then I HN (x) - HN (X) I 0n .
 Note that the theoretical limit distribution H(.) is arbitrary
 (e.g., nonnormal). Proofs of these theorems are given in the
 Appendix.

 APPENDIX: PROOFS

 Proof of Theorem 1

 The entities {R1, Si (1 < i < K)} are used as defined in Section

 4 of LKCH; the entities {pi (., ), p(.; .), C, T, H} are used as defined
 in Sec. 2.2 of Lahiri (1998).

 Begin with the bound

 |H,- /N,r ? /I|N,r L{/IN,r}| ? L {/IN,r} - /r ? +r /IrN,r |
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 The third modulus on the right side vanishes deterministically (as
 n -? oc). For the second modulus on the right side, define a

 -am/ai and write

 t*= am(Gn-j(ZPInR*j)- G (ZR*i))

 + aaM[(GMA (ZPnR*i) - G (ZR*i))

 tm(ZP/nR*i; ZR*i) + atM(ZPnR*i; ZR*i),

 so that

 r-1 I r
 {8 N,,rI ={( )- }= 1)' I a {"f[tm(ZP'nR*l; ZR*1)]

 i=O

 x[tRI(zPn*l;z*i) }+ {-f[tm(ZP'nR*1;ZR*1)]}1 x[tmv(ZpnR,,; ZR*1 )K} ? {t(pfRI; i)}

 The last summand converges to M, (as n -? oc), because
 {P', R*I} {Pi, A1 RI} is a subsequence of {P, R} = {P , An
 RI}. Denote

 Cl =sup {[tN(ZpnR; ZR)12}
 n>I

 and

 C2 = SUp { [tM(ZPnR*l;ZR*l)]2}.
 rit> 1

 Then the ith (O < i < r - 1) expectation in the remaining summa-
 tion is bounded in absolute value by (C)i/r(0)(ri)/r and
 so the summation vanishes (as n -? oo) by C3.

 To deal with JIN,r - E{IN,}jI, denote Wi = [tm (ZP/nR*i;
 ZPnR*i)]r, 1 < i < K, and let Q represent the collection of all
 pairs (i,j) with 1 < i,j < K such that the squares (Si,Sj) are
 separated by a distance of at least A1. Then

 V{fAN,,} V {>3 Wi/K}

 < > Icov{Wi,Wj}I/K2 + S cov{Wi, Wj}I/K2,
 (i,j)EQ (i,j)EQC

 where Qc contains at most 9K pairs (i, j), with each (i, j) E Qc
 satisfying

 |cov{Wi,Wjl}l < {Wi} =E{[tm(Zp/nR*i;ZR*l)

 + &ttm (ZpnR*l; ZR*l)1] } < [Cl - + PaC2 I

 Because K -+ oo, the summation over Qc vanishes (as n -? oo).
 For each (i,) E Q,

 Icov{Wi, WjII < pi(P n R*j, P n R*j) V{W1}

 < p(Ai; A22/h) V{W1} < (CA20-T/hj0). [CI/2r + ajC2/2r]2r,

 by C1. Note that r > 6 and 20 < 4 < 2(2-y + 1), yielding

 A20-T/h20 < A-2/hh(2?+l). Therefore, by C2, the summation
 over Q vanishes (as n -? oo).

 Proof of Theorem 2

 Proceed analogously to the proof of Theorem 1, beginning

 with the bound IIHN(X) - HN(X)l <? HN(X) - E{HNN(X)}I +
 IL{HN(X)} - H(x)l + IH(x) - HN(X)I. In the second modulus
 on the right side, write

 L{HN (X)} = IR{t*1 < X}

 Pf{tm(ZP/nR*l;ZR*1)+dtm(ZPnR*l;ZR*j) < X} -? H(x).
 n ooo

 The convergence follows from C3 and from Slutsky's theorem, be-

 cause tm(ZP/nR*l; ZR*j) and tivr(ZPnR*1; ZR*1) both converge
 in distribution. To deal with the first modulus on the right side,

 denote Ui = I{tm(Zp,nR*i; ZpnR*i) < x4,1 < i < K, so that

 V{HN(X)} = V{ZE 1 Ui/K}. From here, the argument is the
 same as in the proof of Theorem 1, but with the trivial bound "1"

 replacing [CI/2r + ia6C1/2r]2r.
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 Comment
 Michael L. STEIN

 The authors propose a nonparametric method for making

 inferences about the spatial cumulative distribution function

 (SCDF) of a stationary random process based on observa-

 tions of this process on a regular grid. I have some general

 comments on the procedure and then some thoughts on its
 application to the foliage condition of red maple trees.

 The authors' subsampling procedure has the merit of be-

 ing asymptotically valid under quite general conditions on

 the random process Z. By making stronger assumptions, we

 should be able to obtain procedures that are more efficient

 if the stronger assumptions are valid. For the red maple tree

 data, it would be interesting to compare the authors' results
 to those obtained by assuming, for example, that log Z were

 Gaussian with variogram in some given parametric fam-

 ily. In particular, for the red maple tree data considered

 by the authors, it should be feasible to carry out a complete

 Bayesian analysis of the predictive distribution of the SCDF

 given the data. Such an analysis would be preferable to the

 simpler parametric procedure of running conditional simu-

 lations of Z using point estimates of the unknown parame-

 ters, as it would account for the effect of the uncertainty in

 these parameters when predicting the SCDF. I would expect
 this Bayesian approach to lead to much sharper inferences

 than the subsampling approach when the nugget effect is

 small, particularly if the continuous part of Z is smooth.

 In one important regard, parametric approaches require

 weaker assumptions than the nonparametric subsampling
 procedure. Specifically, they do not require a complete and

 regular sampling grid throughout the region R to be im-

 plemented. Thus one could carry out the Bayesian analysis

 without having to impute observations at the grid points
 where there are no measurements. The imputation proce-

 dure used by the authors, because it does not explicitly ac-

 count for the uncertainty in the imputations, has at least

 the potential to yield overoptimistic inferences. A paramet-
 ric approach may also be preferable when the nugget is

 small and the sample size is moderate, since simulations
 of Kaiser, Hsu, Cressie, and Lahiri (1997) indicate that the
 subsampling procedure has quite poor coverage properties

 in this setting. Thus one could be better off using a para-

 metric procedure as long as the assumptions underlying it

 are not seriously in error.

 A result of Lahiri (1998) suggests that the subsampling
 procedure used here may be unnecessarily inefficient even

 with respect to subsampling procedures. Specifically, Lahiri
 (1998) showed that bn takes on a much larger value (Anh-2
 rather than Anh-1) when the observations are appropriately

 centered. Equivalently, Fn converges to F,, much faster
 when the design is centered. The fact that centering the ob-

 Michael L. Stein is Professor, Department of Statistics, The University
 of Chicago, IL 60637. This research was supported in part by National
 Science Foundation grant DMS 95-04470.

 servations changes the rate of convergence suggests that this

 result is in fact an interesting example of an edge effect; that

 is, a problem in which errors near the edges of an observa-

 tion region dominate the overall error when making infer-

 ences about the whole region. Edge effects can be lessened

 by either better designs or better predictors, which leads

 me to believe that the faster rates of convergence available

 when the design is centered can also be obtained with an

 uncentered design by modifying the weights [the u(sj)'s in
 (4)] assigned to observations near the boundary of the ob-

 servation region R in the basic predictor FN(z; R). I would

 guess that it is possible to choose these weights to obtain the

 faster rate of convergence in a way that does not depend on
 the particular structure of Z. Perhaps analogous results for

 predicting integrals of random processes (Stein 1993, 1995)
 would be helpful in tackling this problem. However, it will
 likely be the case that a procedure using unequal weights

 will need larger values of N for the asymptotic results to

 be approximately correct.

 Although the assumptions about Z in the main theorem
 in Section 4 are weak, they do require that the process be

 stationary and that the observation region grow with N.

 These assumptions are critical to the authors' proof, be-

 cause they ensure that the process in the different subre-

 gions are approximately independent replicates. I believe
 that it may be possible to weaken these conditions, possi-

 bly at the expense of adding additional conditions on Z.

 Specifically, what is really needed for subsampling to work
 is for the process of prediction errors to be approximately

 independent replicates in the different subregions, because

 F,, is then essentially a convolution of Fn with the error
 distribution averaged over R. For example, I believe that

 subsampling should be asymptotically valid if Z is Brown-

 ian motion, even though Brownian motion is not stationary.

 The point is that the law of the prediction errors based

 on evenly spaced observations is exactly a sequence of iid
 Brownian bridges. This result does not depend on the scale

 of the problem and so is equally true under infill asymp-

 totics as under the asymptotics used by the authors. More
 generally, I believe the subsampling procedure is asymp-

 totically valid under infill asymptotics if, for example, the

 process under study is Gaussian and has a homogeneous
 variogram, because that should suffice to make the error

 process in appropriately defined subregions approximately

 independent replicates.

 Now I would like to raise two issues related to the appli-

 cation to red maple trees. The first concerns the sensitivity
 of the results to the size of the field plots. Whenever there
 is a large nugget effect, as there is here (the nugget is 78%

 ? 1999 American Statistical Association
 Journal of the American Statistical Association

 March 1999, Vol. 94, No. 445, Theory and Methods

 106

This content downloaded from 130.130.211.200 on Tue, 18 Jul 2017 06:30:43 UTC
All use subject to http://about.jstor.org/terms



This content downloaded from 130.130.211.200 on Tue, 18 Jul 2017 06:31:31 UTC
All use subject to http://about.jstor.org/terms



 108 Journal of the American Statistical Association, March 1999

 quantity in an infinite-dimensional setting, such as the one

 considered in the article.

 The particular combination of increasing-domain and in-

 fill asymptotics is used in the article primarily for two rea-

 sons. For consistency of the empirical cumulative distri-

 bution function predictor, the minimum distance between

 two neighboring sampling sites must go to 0, so that the

 integral defining the SCDF FOO can be well approximated

 by the sum FN. Thus the infill part is necessary for pre-

 diction consistency. But pure infill asymptotics generally is

 not suitable for consistent estimation of population quan-

 tities, such as the mean integrated squared prediction er-

 ror (MISPE), E(FN- Foo)2 (cf. Lahiri 1996a). However,
 under some strong assumptions on the random field (e.g.,
 self-similarity and independent increments of the field), we
 expect that pure infill asymptotics would work (see our re-

 joinder to Stein's discussion).
 Buhlmann and Kiinsch also raise the interesting point that

 the widths of the subsampling prediction interval in finite

 samples depend on the particular choice of scaling factors.

 Although both Nn and [An/hn ]2 are asymptotically equiva-
 lent, the ratio between the two factors in finite samples may

 be quite different from unity, particularly when the sam-

 pling regions are not rectangular. However, that the ratio

 bl/b' is 1.76 times larger than b1l/b, is incidental; likewise,
 there are other sampling regions for which the ratio bl/b'
 would be smaller than bl/bn. This issue is similar to using
 (n- 1) in place of n in the definition of the sample variance;

 although they are asymptotically equivalent, in finite sam-

 ples one obtains confidence intervals of different lengths in

 the two cases.

 Christensen makes some useful observations on similar-

 ities and differences between the subsampling method pre-

 sented here and the more familiar ANOVA-type structures.

 He asks why "I/n must be small, because ... neither I nor n

 have any physical meaning in the spatial application. They

 both seem to be mere devices for driving the asymptotics."

 To see why we require i/n to be small, note that in our

 formulation, the sequence A7 is an increasing function of n
 (without loss of generality) and hn is a decreasing function
 of n. Thus, by saying that i/n is small (or, equivalently,
 that I is small compared to n), we in effect require that

 for the subsamples, the scaling factor Al be much smaller
 than A7 and, similarly, the grid length hi be much larger
 than hn. Notice that we use a single variable n for desig-
 nating two factors, the scaling sequence An and the grid
 length sequence hn, which are necessary to describe the
 spatial subsampling of a random process with both infill

 and increasing domain components. This does not arise in

 a typical time series case where there is a single increasing-

 domain structure, and this is perhaps what Christensen had

 in mind when he asked the question. This could be avoided

 (at the expense of some elegance) by using two different
 variables for the subsamples as we have done in Section
 5, where the subsampling parameters A' and h' are chosen

 independently, and not as a function of a single variable ni.
 Handcock presents a completely different approach to

 the prediction problem using Bayesian methods. As spec-

 ulated by Stein and hinted at by Biihlmann and Kiinsch,

 his discussion demonstrates the flexibility and power of a

 Bayesian approach, which is applicable without imputation

 of unknown values and without any regular grid structure

 of the sampling sites. However, in opting for this approach,

 it must be remembered that the results and the conclusions

 drawn are valid under the given parametric model assump-

 tions on the underlying random field and the prior model

 on the parameters; any misspecification of the models ren-

 ders the analysis questionable. Indeed, there is evidence in

 Handcock's analysis that the data are not Gaussian but are

 skewed, leading to an underprediction of Foo (12.5; R) as
 .64, with posterior prediction interval of (.57, .72); our non-
 parametric predictor is .73. The difference could be a result

 of the imputation used by us but not by Handcock, but we

 doubt it. Further evidence comes from the fact that Hand-

 cock's Gaussian model-based MLE of the nugget effect is 0
 but that our second-moment-based estimate yields a value

 that is 78% of the sill (Sec. 5).
 The subsampling and other resampling methods have an

 advantage here, because they do not rely on such very spe-

 cific structural properties of the distribution of the random

 field. Thus the Bayesian approach should be used when the

 practitioner has enough information about the random field
 to justify a specific parametric model, obtained after exten-
 sive data analysis. The choice of prior is potentially even

 more problematic, although when little is known about the
 parameters, noninformative priors are generally well ac-
 cepted. In adversarial circumstances (e.g., litigation), less
 parametric approaches to statistical inference, like subsam-

 pling, are likely to be preferred, as their assumptions can

 be more easily defended.
 We differ with Handcock's assertion that the choice of

 model and prior play the same role as the choice of the
 grids P' and Q' in the subsampling method. Handcock's
 proposed model depends critically on the parametric form

 given to the covariance function, his oKo (s, t). In this re-
 gard, his assumption that the process is Gaussian is more
 than "for simplicity of development." It is necessary to al-
 low modeling of the spatial dependence in parametric form.

 The work of Diggle, Tawn, and Moyeed (1998), although
 advancing our modeling ability for spatial processes, does
 not eliminate this use of the Gaussian form to provide an

 avenue for spatial dependence modeling, but simply moves
 it to a different level of the model.

 We also do not entirely agree with Handcock's claim that
 no asymptotic justification is necessary in modern Bayesian

 approaches. Whether it be done by numerical quadrature

 or Markov chain Monte Carlo (MCMC), the evaluation of
 (sometimes high-dimensional) Bayesian integrals leads to
 approximations that shift the asymptotics from sample size
 to number of grid nodes or number of Monte Carlo iter-
 ations. The Bayesian is working with a fixed sample size,
 but now must deal with the curse of dimensionality or slow
 MCMC convergence.

 A Bayesian approach to inference is different in philoso-

 phy as well. Data are to be conditioned on, and the degree

 of uncertainty in unknown variables or random functions

 (e.g., the SCDF) is updated according to Bayes's theorem.
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 In contrast, the subsampling approach takes an extra av-

 erage over the distribution of the data to yield prediction

 regions of the SCDF. This extra averaging generally leads

 to (estimates of) more conservative measures of variabil-
 ity. If one can imagine similar prediction scenarios happen-

 ing over comparable time periods, then the extra averaging

 is appropriate. Nonetheless, we are sympathetic with the

 Bayesian approach. Indeed, part of our research program

 focuses on the development of Bayesian methodology for

 spatial and spatiotemporal processes (e.g., Wikle, Berliner,
 and Cressie 1998). We join Handcock in hoping that with
 the introduction of flexible models and reliable choices of

 priors, Bayesian spatial analyses can be made more robust

 and will become more common.

 In their discussion, Sherman and Carlstein make a very

 important contribution by proving the validity of the sub-

 sampling method for the case of a general scalar predictand.

 Their method of proof can also be applied to prove consis-
 tency of the subsampling method where the random quan-

 tity of interest, tN(ZpnR; ZR), is vector valued or, more
 generally, where it takes values in a function space. The
 main task in applying their general result lies in verifica-

 tion of the moment-convergence condition in their Theorem

 1 and the convergence condition on the relevant distribution

 functions in their Theorem 2, and these may be nontrivial

 to verify depending on the form of tN(ZPnR; ZR). Sher-
 man and Carlstein also point out the more "classical" al-
 ternative approach of constructing a prediction interval for

 FOO using the limit distribution itself. Although in princi-
 ple this is certainly possible, it may not be very easy to

 implement in practice. Note that the limiting distribution

 of the normalized SCDF, bN(FN - FO), involves second-
 order partial derivatives of the bivariate distribution func-
 tions of the random field. Thus the supremum norm of the
 limit distribution depends on intricate functionals of these

 derivatives, which have to be estimated directly from the
 data to construct a prediction interval from the limit distri-

 bution itself. Like the subsampling method, nonparametric
 estimation of these population characteristics of the process

 also requires specification of smoothing parameters. In ad-
 dition, not much seems to be known about properties of
 standard nonparametric estimation methods under the par-
 ticular asymptotic framework adopted in the article, so that
 more work is needed to make use of this approach. We do
 agree with Sherman and Carlstein that its feasibility should
 be explored further and its performance compared with the
 subsampling method and vice versa.

 As pointed out by Stein, the change in the rate of con-

 vergence of the empirical predictor of the SCDF, depending
 on the design, does indeed present an example of an edge
 effect. A result of Lahiri (1999) shows that the higher order
 of accuracy is always attainable by the same predictor FN
 with uniform weights for the SCDF of a redefined region
 that possibly differs from the original sampling region only
 at the boundary. Alternatively, for uncentered designs, the
 faster rate is attainable by modifying the weights u(si) in
 (4), as noted by Stein; this follows from modifications to

 the proof of theorem 2.1 of Lahiri (1999). However, these

 weights usually depend on the bivariate distribution func-

 tions of the process Z(.) and its partial derivatives and thus
 are functions of unknown population quantities.

 Stein also raises the important issue of spatial support

 units, in the context of the effect of the size of field plots on

 the estimated nugget effect and point prediction of Foo. Sec-

 tion 2 of our article is devoted to the general issue of spatial

 support units, although without direct consideration of these

 or other specific issues. In any given application, the most

 appropriate definition of a spatial unit must, of course, be

 drawn from scientific considerations rather than purely sta-
 tistical ones. For the red maple example, we must assume

 that the size of field plots chosen by scientists involved in
 monitoring forest health is meaningful for the character-

 ization of portions of the forest as healthy or unhealthy.

 Similarly, the use of the CDI index as a plot-level measure
 comes from Forest Service experts in forest health. Model-

 ing tree locations and their characteristics as a marked point

 process does not avoid the issue of how to average raw data

 before analyzing it (i.e., how to define spatial support units),
 as suggested by Stein. It simply provides one answer to

 the issue-namely, that spatial support units could be con-
 sidered individual trees. Stein's discussion thus correctly

 emphasizes the importance of the basic concept of a spa-

 tial support unit, whether one approaches a spatial analysis
 as a problem defined on a continuous index random field,

 as defined on a discrete index random field, or as a point
 process.

 The issue of validity of the subsampling method under

 pure infill asymptotics has been raised by Stein and also by

 Buhlmann and Kiinsch. As noted by Christensen, for the
 validity of the subsampling method, it is necessary to have
 approximate independence between subsamples that are far
 apart and also to have some sort of identical or stationary
 behavior of individual subsamples. Thus, under pure infill
 asymptotics, where the sampling region remains bounded
 and more samples are collected from within the region, the
 subsampling method would work provided that the random
 field has independent increments and some form of self-
 similarity. Here the first property would ensure approxi-
 mate independence between the (disjoint) subregions, and
 the second would ensure the nearly identical character of
 the subsamples.

 Stein also makes the very important observation that the
 analysis presented here presents a single snapshot in time,
 and, of greater ecological significance, there remains the
 issue of detecting changes in foliage condition of the red
 maple forest (or in other ecological indicators of interest)
 over time. This is in line with one of the major objectives of
 EMAP, which seeks to provide long-term monitoring of the
 environment. In this regard, visualization methods for com-
 paring two SCDF predictors over time have already been
 developed and have been described by Majure et al. (1995).
 Development of inference procedures for such comparisons
 over time is progressing and will be written up in the future.

 We would like to close this rejoinder with a general com-
 ment on our nonparametric approach and how it relates to

 alternative parametric approaches. The distinction between

 a nonparametric and fully parametric approach often lies

 not in the strength of assumptions that must be made, but
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 rather in the type of assumptions that are made. In the sub-

 sampling method of the article, the need for a complete grid

 of data, and the requirement that spatial structure (includ-
 ing imputed values) is such that subsampling regions pro-

 vide essentially "replicates" of it, are strong assumptions.

 In a fully parametric model, the distributional form cho-
 sen for the data model and the prior model are also strong

 assumptions. The distinction is that the nonparametric sub-

 sampling approach makes assumptions about adequacy of
 the available data to provide a faithful representation of the
 underlying spatial process, whereas the parametric model-

 ing approach assumes that the fundamental character of the
 spatial process has been adequately captured in the assigned
 model. Both nonparametric prediction and fully parametric

 modeling have their place in the range of analytical methods
 available to spatial modelers. Both may often be applied to
 the same problems. We believe that what is important is not

 which is "better," but what each is able to indicate about a

 spatial process that is of substantive interest. In this regard,
 we should be less concerned with whether one approach or

 another makes stronger or weaker assumptions than with

 how the assumptions made might impact our ability to learn

 about different aspects of the process.
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