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Abstract
The purpose of this project is to discover which optimal strategy would be the best approach
in a two-person zero-sum game, where each player has only two possible moves. We use
concepts of Linear Algebra and Probability to determine the best possible outcome. As an
application, we determine an inoculation plan for a population who have been infected by
a new disease that has two viral strains, given that there are two vaccines.

1 The Two-Person Zero-Sum Game

In each play of a two-person zero-sum game, the positive gain of one player is equal to
the negative gain of the other player. The negative gain can be thought as a loss. In other
words, the sum of the two gains is zero. Each player has only a finite number of moves. We
use a matrix to store all possible outcomes of each play with the corresponding gains of the
players.

More specifically, suppose that player R has m possible moves and player C has n possible
moves. In a play each player makes one possible move, and then a payoff is made from
player C to player R, depending on the moves. We set a matrix A called the payoff matrix
by letting

aij = payoff that player C makes to player R if player R

makes move i and player C makes move j.

A negative entry aij means that player C receives a payoff of |aij| from player R.

We let p and q be vectors of size 1×m and n× 1, respectively. We let

pi = probability that player R makes move i and

qj = probability that player C makes move j

for 1 ≤ i ≤ m and 1 ≤ j ≤ n. We have

m∑
i=1

pi =

n∑
j=1

qj = 1.

The vectors p and q are called the strategies of players R and C, respectively.

The expected payoff to player R is the product

E(p, q) = pAq =
[
p1 · · · pm

]
·


a11 a12 · · · a1n
a21 a22 · · · a2n

... ... · · · ...
am1 am2 · · · amn

 ·
q1...
qn

 .

In the long run it is expected player R will receive E(p, q) from player C.

2 Optimal Strategies

We would like to know if there are strategies p and q that are the best possible ones. The
next result, known as the Fundamental Theorem of Zero-Sum Games, shows the existence of
certain strategies satisfying some conditions.

Theorem 1. There exist strategies p∗ and q∗ such that

E(p∗, q) ≥ E(p∗, q∗) ≥ E(p, q∗)

for all strategies p and q.

It turns out that the above conditions make the strategies the best possible ones.

Definition 1. Suppose that p∗ and q∗ are strategies such that

E(p∗, q) ≥ E(p∗, q∗) ≥ E(p, q∗)

for all strategies p and q. We say that
(i) p∗ is an optimal strategy for player R,

(ii) q∗ is an optimal strategy for player C,
(iii) v = E(p∗, q∗) is the value of the game.

3 Optimal Strategies for a 2× 2 Matrix Game

We present a method for finding the optimal strategies in the particular case when m = n =
2. To do so, we need the following definition.

Definition 2. An entry aij in a payoff matrix is called a saddle point if
(i) aij is the smallest entry in its row, and

(ii) aij is the largest entry in its column.
When the payoff matrix has an entry that is a saddle point, the game is called strictly determined.

We now present a method that works when the payoff matrix A is 2× 2 without any saddle
point.

Theorem 2. For a 2× 2 game that is not strictly determined, optimal strategies for players R and C
are

p∗ =
[

a22 − a21
a11 + a22 − a12 − a21

a11 − a12
a11 + a22 − a12 − a21

]
and

q∗ =


a22 − a12

a11 + a22 − a12 − a21
a11 − a21

a11 + a22 − a12 − a21

 .

Furthermore, the value of the game is

v =
a11a22 − a12a21

a11 + a22 − a12 − a21
.

4 An Application: an Innoculation Plan

• As an application of Theorem 2, we show how to obtain the optimal strategy for two
vaccines that can be used to inoculate a population that has been infected by a virus with
two deadly viral strains. We assume that the proportions in which the two strains occur
in the virus population are not known.

• Each citizen is given only one of the two vaccines. Vaccine A is 75% effective against strain
1 and 60% effective against strain 2. Vaccine B is 50% effective against strain 1 and 80%
effective against strain 2.

• The problem of finding the best inoculation policy can be compared to the problem of
finding the best strategy in a two-person zero-sum game. We make the following analo-
gies:

Player R←→ the government,
Player C ←→ the virus,

payoff ←→ the fraction of citizens resistant to the virus.

• Goal:

Player R wants to make the payoff as large as possible.
Player C wants to make the payoff as small as possible.

• The payoff matrix is

A =

[
.75 .60
.50 .80

]
• By Definition 2, the game is not strictly determined. So we can apply Theorem 2 and

obtain the following values:

p∗1 =
a22 − a21

a11 + a22 − a12 − a21
=

.80− .50

.75 + .80− .60− .50
=

.30

.45
=

2

3

p∗2 = 1− p∗1 = 1− 2

3
=

1

3

q∗1 =
a22 − a12

a11 + a22 − a12 − a21
=

.80− .60

.75 + .80− .60− .50
=

.20

.45
=

4

9

q∗2 = 1− q∗1 = 1− 4

9
=

5

9

v =
a11a22 − a12a21

a11 + a22 − a12 − a21
=

(.75)(.80)− (.60)(.50)

.75 + .80− .60− .50
=

0.30

0.45
=

2

3

• Suggested inoculation plan:

2/3 of the population should receive vaccine A

1/3 of the population should receive vaccine B

This will imply that 2/3 of the population will be resistant to a virus attack.

5 Conclusion

The two-person zero-sum game’s best strategy was unexpectedly applied to an inoculation
problem. Many other applications exist, and it would be interesting to learn more about
them. Methods for finding the optimal strategies in the case when the payoff matrix is 3× 3
should be also investigated.
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