
CHAPTER 5

EXERCISE 5 . 1 .   The first two parts of the exercise are straightforward.  The network does not contain any zero

length cycle.

EXERCISE 5 .3 .  The sequence of predecessor graphs is illustrated in Figure S5.3.

Figure S5.3
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EXERCISE 5 . 5 .   If the length of the arc (4, 5) is -15 instead of -5, then the network will contain the negative

cycle 4-5-4.  Figure S5.5 illustrates the sequence of predecessor graphs obtained while applying the dequeue

implementation of the label correcting algorithm.
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EXERCISE 5 . 7 .   (a) It follows from the optimality conditions discussed in the text that d(j) ≤ d(i) + cij for all (i,

j) ∈ A.  Further since d(.) represent actual path distances, for each node j there must exist some node i such that d(j)
= d(i) + cij.  Hence it is obvious that d(j) = min{d(i) + cij : (i, j) ∈ A(i)} for all j ∈ N.

(b) If the distance labels satisfy all Bellman's equations, then clearly they will also satisfy d(j) ≤ d(i) + cij for all (i,

j) ∈ A.  It then follows from the proof of Theorem 5.1 that the distance labels d(.) are lower bounds on the length of

any path from the source to the various nodes.  Now consider the acyclic subgraph G' formed by the tight arcs in  G,
i.e., the arcs (i, j) satisfying d(j) = d(i) + cij. Now every node in the this network has an indegree of at least one

except for the node s.  Such a graph will always contain a directed path from node s to node j for every j.  Hence it

follows that the distance labels represent actual shortest path distances.

(c) It is easily verified that the distance labels d = (0, 0, 0, 0) satisfy Bellman's equations, but do not represent

shortest path distances, for the shortest path distances d* are given by d* = {0, 1, 1, 1}.  Hence Bellman's equations

are not sufficient for optimality if zero-length cycles are present in the network.

EXERCISE 5 . 9 .   The result may easily be proved by induction over the set S of permanently labeled nodes.

The induction hypothesis is that if i∈S and j∈N, then the arc (i, j) satisfies the optimality conditions, i.e., d(j)
≤ d(i) + cij .  We shall now proceed to show that when node k is added to S, any arc (i, j) satisfying i∈S ∪ {k}

satisfies the optimality condition.  Note that when node k is permanently labeled, we scan all arcs emanating
from node k, and perform distance updates such that d(j) ≤ d(k) + ckj  for all arcs emanating from node k.

Further, since the distance label of any node in S does not change while the labels of nodes in S 
-  

may decrease

(but not increase), the algorithm does not decrease the reduced cost cd 
ij  of any arc (i, j) whose tail lies in S, i.e.,

any arc (i, j) previously satisfying d(j) ≤ d(i) + cij  will continue to do so.  This result provides an alternative

proof of correctness for Dijkstra's algorithm . When S = N, then d(j) ≤ d(i) + cij  for every arc (i, j)∈A.

EXERCISE 5 . 1 1 .   Since the network G is bipartite, the length of the path from the root of the tree of shortest
paths to any other node will be at most 2 min(|N1|, |N2|)+1 = 2n1+1.  Hence the FIFO label correcting algorithm
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will perform at most (2n1+1) passes.  As the algorithm takes O(m) per pass, the algorithm will run in O(n1m)

time.

EXERCISE 5 . 1 3 .  Since the arc lengths are nonnegative, we can apply Dijkstra's algorithm with the

improvement that node selection can be implemented in O(1) time (since we already know the order in which the

nodes are permanently labeled).  Hence, this algorithm runs in O(m) time.  This approach does not appear to

work if arc lengths are allowed to be negative, because in the label correcting algorithm when nodes are
examined in the order c1, c2, ..., cn, then the distances of nodes already examined may decrease (due to the

negative arc lengths).  Thus it seems unlikely to obtain shortest path lengths faster than the O(nm) time.

EXERCISE 5 . 1 5 .   The algorithm examines the nodes with nondecreasing values of f(.), because once the

algorithm has examined a node i, the f(.) values of any nodes which are in the LIST are at least as large as f(i) and

f(.) values of any nodes which will subsequently be added to LIST will have an f(.) value at least one unit greater

than f(i).  From this observation, it can also be deduced that whenever a node is reexamined, its f(.) value strictly

increases because the node must be added to the LIST again.  Since the f(.) value of a node can be at most (n-1), the

algorithm does not examine any node more than (n-1) times.  An O(nm) implementation of the algorithm may be

obtained by using the Dial's method in which a node is stored in a bucket corresponding to its f(.) value.  Since the

algorithm examines nodes with nondecreasing values of f(.), it is easy to see that this method yields an O(nm)

implementation.

EXERCISE 5 . 1 7 .   Use exactly the same method as described in the solution of Exercise 5.16, except that we

redefine the cost as c -ij = c' 
ij + d(i) - d(j) and use the bucket width equal to 1.  It is easy to see that that in Dial's

implementation, we shall need a total of Σ  (i,j) ∈A (c
' 
ij - cij)+1 = L+1 buckets and consequently the algorithm will

run in O(m+L) time.

EXERCISE 5 . 1 9 .   Let W be a zero length cycle in G.  Hence Σ  (i,j) ∈W  cij = 0 = Σ  (i,j) ∈W cd 
ij .  But since cd

ij  ≥ 0 for each (i, j) ∈ A (from the shortest path optimality conditions), it follows that cd 
ij  = 0 for each (i, j) ∈ W.

Hence, W must be present in Go.  The converse result can be similarly established, which would imply a one-to-one

correspondence between zero length cycle in G and directed cycles in Go.  We can detect a directed cycle in Go in

O(m) time by using the topological sorting algorithm described in Section 3.4.

EXERCISE 5 . 2 1 .   Professor Wright's method will not work on the example illustrated in Figure S5.21.  In this
network, the shortest path to node 2 is 1-3-2, but when we add |cmin | = 2 to each arc length, then  the shortest path

to node 2 changes to 1-2.
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EXERCISE 5 . 2 3 .   The optimality conditions for the maximum multiplier path problem are: d(j) ≥ µij d(i) for

each arc (i, j) ∈ A.  Alternatively,

d(j)/d(i) ≥ µij  for each arc (i, j) ∈ A. 

Let W be any directed cycle in G.  Taking the product of both the sides of this inequality over arcs in W yields
Π(i,j)∈W µij ≤ 1.  Hence W can never be a positive multiplier directed cycle.  We can solve the maximum
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multiplier path problem by a minor modification of the FIFO label correcting algorithm.  The modifications are: (i)

initialize d(s) = 1 and d(j): = -1 for each j ∈ N-{s}; and (ii) if an arc (i, j) violates its optimality condition, i.e.,
satisfies d(j) < µij d(i), then we update d(j) = µij d(i). All other operations remain unchanged.  The proof of this

algorithm is also similar to that of the FIFO label-correcting algorithm.

EXERCISE 5 . 2 5 .   (a) When we maintain NOW and NEXT as queues and we preserve this order while transfering

nodes from NEXT to NOW, the order of nodes examined in the partitioning algorithm is exactly the same so that in

the FIFO label-correcting algorithm.

(b) This result can be proved by induction on the number of phases.  The claim is clearly true for k = 1.  Now

suppose that the claim is true for the kth phase.  Consider a node j that is connected to the source node by a shortest
path s = i0-i1-i2....ik-ik+1 = j consisting of (k+1) arcs but has no shortest path having fewer than (k+1) arcs.  By

the induction hypothesis, the distance label of node ik at the end of the kth phase must be equal to the length of the

shortest path.  Further, notice that the arc (ik, ik+1) will necessarily be examined during the (k+1)th phase (why?)

and during such an examination the distance label of node ik+1 will be set equal to the length of the shortest path.

EXERCISE 5 . 2 7 .   (a)  This part can be easily verified by simple calculations.

(b)  See the solution of Exercise 5.28.

EXERCISE 5 . 2 9 .   Let Dk be the matrix containing shortest path lengths at the end of the kth iteration.  The

following tables illustrate the sequence of matrices D0, D1, D2 and D3.

0 10 ∞ ∞ ∞
∞ 0 4 1 2

D0 = ∞ ∞ 0 ∞ 3

5 2 ∞ 0 ∞
∞ ∞ ∞ 6 0

0 10 ∞ ∞ ∞
∞ 0 4 1 2

D1 = ∞ ∞ 0 ∞ 3

5 2 ∞ 0 ∞
∞ ∞ ∞ 6 0

0 10 14 11 12
∞ 0 4 1 2

D2 = ∞ ∞ 0 ∞ 3

5 2 6 0 4
∞ ∞ ∞ 6 0
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0 10 14 11 12
∞ 0 4 1 2

D3 = ∞ ∞ 0 ∞ 3

5 2 6 0 4
∞ ∞ ∞ 6 0

At the end of the third iteration, the following four triplets do not satisfy the all pairs shortest path optimality

conditions: (5, 4, 1), (2, 4, 1), (3, 5, 4) and (5, 4, 2).

EXERCISE 5 . 3 1 .   The algorithm will perform at least two triple operations before a negative cycle is detected.

The required minimum triple operations are:  (i) d[3,2] := min[d[3,2], d[3,1]+d[1,2]] = min[2, 3-3] = 0; and (ii) d[3,

3]: = min[d[3, 3], d[3, 2] + d[2, 3]] = min[0, 0 - 1] =  -1.

EXERCISE 5 . 3 3 .   The algorithm indicates the presence of a negative cycle if for some node i either d[i, i] < 0 or

for some pair of nodes i and j: d[i, j] < -nC.  At this point, define the predecessor indices of nodes PRED(.) in the

following manner: PRED(k) = pred[i, k] for all k ∈ N.  Now use the method described in Section 5.3 of the book to

identify a negative cycle using PRED(.) indices.

EXERCISE 5.35 .  We need to make the following modifications in the Floyd-Warshall algorithm: (i) we initialize
d[i, j] = -∞ if i ≠ j, and d[i, j]: = cij if i = j; and (ii) we replace the triple operation by "i f  d[i, j] < min{d[i, k], d[k,

j]} then d[i, j]: = min{d[i, k], d[k, j]}".  All other steps remains unchanged.

EXERCISE 5 . 3 7 .   The Floyd-Warshall algorithm satisfies the property that after r iterations of the outermost

loop, d[i, j] is the shortest walk from node i to node j using a subset of the nodes 1 through r as intermediate nodes.

Let k be the least indexed node satisfying the property that the network contains a negative cycle using only a subset

of the nodes 1 through k.  Further, let i be some node in the negative cycle.  Then, clearly in the kth iteration of the

outermost loop of Floyd-Warshall's algorithm, dk[i, i] < 0.

EXERCISE 5 . 3 9 .   The shortest path from node i to j containing at most k arcs either contains at most (k-1) arcs

or contains exactly k arcs.  In the latter case, let (r, j) be the last arc in the shortest path P from node i to node j; in

which case P is the union of the shortest path from node i to node r containing exactly (k-1) arcs and the arc (r, j).

This logic establishes the following recursive relationship for every 2 ≤ k ≤ n and every node pair [i, j] :

 dk 
ij  = min[dk-1 

ij  , min{dk-1 
ir   + crj : (r, j)∈A}.

Notice that dn-1 
ij   represents the actual shortest path distance.  We first set d1 

ij for  cij if (i, j) ∈ A and d1 
ij = ∞ if

(i, j) ∉ A.  Next, using d1 
ij 's and the recursive relationships stated above, we obtain d2 

ij 's for all node pairs.  Then,

we obtain d3 
ij 's for all node pairs and so on, until we obtain dn-1 

ij   for all node pairs.  To compute a single dk 
ij  from

dk-1 
ij   requires examining all incoming arcs at node j, and hence to compute dk 

ij  for all node pair requires O(nm) time.

Consequently, the determination of dn-1 
ij   takes a total of O(n2m) time.

EXERCISE 5 . 4 1 .   No, it is not possible to obtain a reoptimization algorithm which has a time complexity of

O(n2) due to the following reasons.  When an arc length cpq decreases, then any shortest path that uses the arc (p, q)

continues to use it.  Further, shortest paths between some pairs of nodes may not use the arc (p, q) before the change

but might use it after the change, and such a possibility can be checked in O(1) time per node pair.  However, if an
arc length cpq increases, then the change might affect some shortest paths that use the arc (p, q).  It does not seem
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possible to determine in O(1) time whether or not such a shortest path would continue using the arc (p, q) and what

is the modified shortest path length.

EXERCISE 5 . 4 3 .   (a) Let G be the relocation graph.  A cyclic change involving the least number of changes will

correspond to a minimum length directed cycle in G where we set each arc length to 1.  We can identify such a cycle

using the algorithm described in Exercise 5.38.

(b) Suppose that a person residing in a house of category i wants to move to a house in category j.  In this case, we

want to identify a directed cycle that contains the arc (i, j).  Such a cycle exists if and only if there exists some

directed path from node j to node i, which we can identify using the search algorithm described in Section 3.4.

EXERCISE 5 . 4 5 .   (a) Use Floyd-Warshall algorithm to compute shortest path distances d[i, j] between all node

pairs.  Compute the radial distance radial(i) for node i as radial(i) = max{d[i, j]: 1 ≤ j ≤ n}.  Then, the center of the

network would be a node p satisfying radial(p) = min{radial(i): 1 ≤ i ≤ n}.  Clearly, the bottleneck step in this

approach is solving an all-pairs shortest path problem.

(b) The solution of this part is similar to that in part (a).

EXERCISE 5 . 4 7 .   Let W be a directed cycle in G.  Let C(W) = Σ(i, j)∈W cij and τ(W) = Σ(i, j)∈W τij. Notice

that if we define xij = 1/τ(W) for each (i, j) ∈ W and xij = 0 for each (i, j) ∉ W, then this solution is feasible to

(5.12) and has a objective function value equal to C(W)/τ(W).  We next establish the converse result.  Let x be a

feasible solution of (5.12) with objective function equal to r.  Since x satisfies (5.12b) and (5.12c), it must be a

circulation.  It follows from Theorem 3.5 that x can be decomposed into at most m cycle flows.  If x is an optimal

flow, then each directed cycle along which some positive flow takes place, must have the cost-to-time ratio equal to

r, otherwise we can decrease flow on higher ratio cycle and increase flow on lower ratio cycle to obtain an objective

function value strictly less than r.  These results establish that we can obtain an optimal solution of the minimum

cost-to-time ratio problem from an optimal solution of the linear program (5.12).

EXERCISE 5 . 4 9 .   Section 5.7 describes a binary search algorithm for solving the minimum cost-to-time ratio

cycle problem which essentially reduces to determining whether or not the network contains a negative cycle with arc

lengths cij - µ
0τij for different values of µ0.  If we generalize the same approach for the minimum cost-to-time ratio

path problem, then it would reduce to determining whether or not the network contains a directed path from node s to
node t of negative length with arc lengths cij - µ0τij.  This problem would not always be easy to solve because the

network might contains a negative cycle with respect to the arc lengths cij - µ0τij and the shortest path problem

with negative cycles is a NP-complete problem.

EXERCISE 5 . 5 1 .   (a) Let ck 
ij  represent the length of arc (i, j) in the kth iteration and Tk be the resulting tree of

shortest paths.  It follows from the shortest path optimality conditions that for any arc (i, j) ∈ Tk-1, d* 
k-1(j) = d* 

k-

1(i) + ck-1 
ij   . Using ck 

ij  ≤  2ck-1 
ij .  + 1 for all (i, j) ∈ A, we obtain 2d* 

k-1(i) + ck 
ij  - 2d* 

k-1(j) ≤ 1 for all (i, j) ∈ Tk-1.

Hence in Pk, if we define the reduced arc lengths with respect to the distances d* 
k-1, then each arc in Tk-1 has length

at most one.  Consequently, the network contains a directed path from node s to every other node whose reduced

length is at most n.

(b) Using arguments similar to those given in part (a), it can be easily shown that in Pk, reduced arc lengths with

respect to the distances d* 
k-1 are all nonnegative.  Hence, we can use Dijkstra's algorithm to solve the shortest path
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problem in Pk.  In part (a), we have shown that each shortest path lengths is at most n.  Consequently, if we use

Dial's implementation of Dijkstra's algorithm, then it requires at most n+1 buckets and runs in O(m) time.

EXERCISE 5 . 5 3 .   (a) Using Property 4.2 it can be easily established that if do(j) and d*(j) are the distances with

respect to the arc lengths co 
ij  and c* 

ij , respectively, then do(j)+λd*(j) will be the distance with respect to the arc

lengths co 
ij  +λc* 

ij .  Let us define λkl for a nontree arc (k, l) in the following manner:    

λkl  =


-cdo

kl /c
d*
kl       i f  c d*

kl  <  0

∞        o therwise
 (i)

Let   λ 
-  

= min{λkl : (k, l)∉Tλ}.  Then the tree Tλ remains a tree of shortest path as long as λ ≤ λ -  
.  Let arc (p, q)

be a nontree arc for which λpq = λ -  
.  Then, adding arc (p, q) to Tλ and dropping the unique tree arc entering node q

gives an alternate tree of shortest path at λ = λ -  
.

(b) Find To by applying the shortest path algorithm when arc lengths are co 
ij .  Then repeatedly use the algorithm

described in part (a) to obtain successive shortest paths trees for increasing values of the parameter λ, until λ -  
= ∞.

It follows from (i) that it will happen only when cd* 
kl ≥ 0 for each nontree arc (k, l).  In other words, the tree T∞

must satisfy the optimality condition with respect to the arc lengths c* 
kl .

EXERCISE 5.55#.     This problem is incorrectly stated.  We need to define dk(j) to be the length of the

shortest path from s to j using exactly  k arcs.  First, determine µ* using (5.10).  Then, subtract µ* from the

cost of each arc.  Then use the distances to compute d(j) to each node in the modified graph.  There will be no
negative cost cycle since the least cost cycle will have a cost of 0.  Then, let c'ij = cij - µ* + d(i) - d(j).  Notice

that c'ij ≥ 0 for all arcs (i,j).  Moreover, the minimum mean cycle will have all arc costs equal to 0.  Finally, at

this point, restrict attention to 0-cost arcs, and determine a directed cycle in O(m) additional steps using a

topological sorting algorithm.  


