
CHAPTER 7

EXERCISE 7 . 1 .   The residual network and exact distance labels are illustrated in Figure S7.1(a).  The arc flows

which satisfy the requirements (1) and (2) are illustrated in Figures S7.1(b) and S7.1(c), respectively.
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Figure S7.1

EXERCISE 7 . 3 .   We successively augment flows of 2, 2 and 1 unit along the paths 1-4-6, 1-3-6 and 1-2-5-6,

respectively, in order to obtain the maximum flow, which is shown in Figure S7.3.
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EXERCISE 7 . 5 .   When the FIFO preflow-push algorithm is applied to the network in Figure 7.21(a), then the

following is the sequence of pushes and relabels: (i) 3 units along the arc (2, 5); (ii) 2 units along the arc (3, 6); (iii)

relabel node 3; (iv) 2 units along the arc (4, 6); (v) 1 unit along the arc (5, 6); (vi) relabel node 5; (vii) 1 unit along

the arc (3, 4); (viii) 2 units along the arc (5, 2); (ix) relabel node 4; (x) 2 units along the arc (2, 1); (xi) 1 unit along

the arc (4, 1).  The algorithm performs 4 saturating pushes, 4 nonsaturating pushes and 3 relabels.  The final flow

obtained by the algorithm is illustrated in Figure S7.5.
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When the highest label preflow-push algorithm is applied to the problem, then the sequence of pushes and

relabels is as follows: (i) 3 units along the arc (2, 5); (ii) 2 units along the arc (3, 6); (iii) relabel node 3; (iv) 1 unit

along the arc (3, 4);  (v) 2 units along (4, 6); (vi) relabel node 4; (vii) 1 unit along the arc (4, 1) ; (viii) 1 unit along

the arc (5, 6); (ix) relable node 5; (x) 2 units along the arc (5, 2); (xi) relabel node 2; (xii) 1 units along the arc (2,

1).  The algorithm performs 4 saturating pushes, 4 nonsaturating pushes and 4 relabels.  The final flow obtained is

exactly the same as in the previous case and is illustrated in Figure S7.5.
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EXERCISE 7 . 7 .   (a) False.  In the counterexample shown in Figure S7.7(a), arc (1, 2) has the largest capacity,

but arc (1, 3) is the most vital arc.

(b) False.  In the counterexample illustrated in Figure S7.7(b), the arc with the maximum value of flow is (1, 3) but

arcs (3, 4), (4, 5) and (3, 5) are the most vital arcs.

(c) False.  In the counterexample illustrated in Figure S7.7(c), although arc (1, 2) is the arc with the maximum

value of flow among the arcs belonging to the minimum cut, the most vital arc is (2, 3).

(d) False.  In the counterexample illustrated in Figure S7.7(c), the most vital (3, 4) does not belong to any

minimum cut.

(e) True.  Every arc in the network of Figure S7.7(d) is a most vital arc.
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EXERCISE 7 . 9 .   (a) False.  In the example shown in Figure S7.9(a), each arc capacity is a multiple of 2, but the

given maximum flow has several arcs whose flow value is not a multiple of 2.

(b) False.  When the capacity of each arc is increased by 2 units in the network of Figure 7.9(b), the value of the

maximum flow increases by 3 units.

(c) True.  If v' be the flow into the sink at any stage of the preflow-push algorithm, then the maximum increase in

the flow entering the sink due to subsequent pushes is Σ i is active e(i), since the excess on each active node will

finally reach either the sink or back to the source.  Hence, v* ≤ v' +Σ i is active e(i).

(d) True.  Let xp be a preflow and let x* be a maximum flow.  Then the pseudoflow x*- xp can be decomposed into

at most (m+n) flows along paths and cycles.  Hence, a sequence of at most (m+n) augmentations would convert any

preflow into a maximum flow.

(e) False.  In the counterexample illustrated in Figure S7.9(c), the value of emax increases from 15 to 16 after the

first push.

(f) False.  In the counterexample illustrated in Figure S7.9(d), 1-2-3-4 is a maximum capacity path of 2 units, but

after the first augmentation, the path 1-5-3-2-6-4 becomes a maximum capacity path with a capacity of 3 units.

(g) False.  In the residual network shown in Figure S7.9(e), each distance label d(i) is a lower bound on the path

length to the sink, but the distance labels are not valid since the arc (1, 2) violates its validity condition d(2) ≤ d(1) +

1.
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EXERCISE 7 . 1 1 .   (a) By the flow decomposition theory, any preflow x can also be decomposed into a sequence of
at most O(m+n) paths and cycles.  Let S be such a set of augmenting paths and cycles.  Let So ⊆ S be the set of

paths which start at node s and terminate at some excess node; let xo be the flow contributed by these path flows.

Then, x* = x - xo will be a maximum flow satisfying x* ij  ≤ xij  for all arcs (i, j) ∈ A.

EXERCISE 7 . 1 3 .   If an arc (i, j) is inadmissible, but satisfies the validity conditions at any stage of the

algorithm, then d(i) < d(j)+1.  Since any relabeling increases the distance label of a node, it follows that the

relabeling of node j will not make the arc (i, j) admissible.  Hence, the arc (i, j) will remain inadmissible until the

algorithm relabels node i.

EXERCISE 7 . 1 5 .   The number of pushes required is O(WL2).  For a given value of n, the largest number of

pushes are required when W = 1 and L = n.

EXERCISE 7 . 1 7 .   Let x' be the flow at the end of the ∆-scaling phase, and let [S, S 
-
] be the minimum cut in that

phase.  Now, the residual capacity of each arc in (S, S 
-  

) in the ∆-residual network is at most ∆ , and hence the

capacity of the cut [S, S 
-  

] is at most m∆ .  However, each augmentation in the next phase will carry at least

∆ /β units of flow, and so the scaling phase will perform at most mβ such augmentations.  It easily follows that the
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capacity scaling algorithm will perform a total of O(mβ logβu) augmentation over all scaling phases and will run in

O(m2β logβu) time.  Any constant value of β, will give the same bound of O(m2 logU).

EXERCISE 7 . 1 9 .   (a)  Let uk 
ij  and xk 

ij  respectively denote the capacity and optimal flow on arc (i, j) for the

problem Pk.  Observe that 2uk-1 
ij   ≤ uk 

ij  ≤ 2uk-1 
ij   + 1.  Since xk-1 

ij    ≤ uk-1 
ij  , it follows that 2xk-1 

ij   ≤ 2uk-1 
ij   ≤ uk 

ij ,

i.e., 2x* k-1  is feasible for the problem Pk.  Let [S, S 
-  

] be a minimum cut in the problem Pk-1.  Clearly, each arc

in  (S, S 
-  

) is saturated for problem Pk-1, and from the preceding observations, it follows that in the residual capacity

of each arc in (S, S 
-  

) will be zero or one.  Hence the residual capacity of the cut (S, S 
-  

) will be at most m which
immediately implies that  v* k - 2v* k-1 ≤ m.

(b)  It is obvious from part (a) that at most m augmentations will be required during each scaling phase.  Therefore,

the algorithm will require O(nm) effort for the advance steps and augment operations during each scaling phase.  As

earlier, retreat steps will require O(n2) time and the relabeling time will be O(nm).  Hence, the algorithm will solve

each scaling phase in O(nm) time and solve the maximum flow problem in O(nm log U) time.

EXERCISE 7 . 2 1 .   Let LIST denote the set of active nodes in a preflow-push algorithm.  The highest-label

preflow-push algorithm always selects a node with the highest label and pushes flow from this node.  As the distance

label is nondecreasing in this algorithm, if we select a node for examining, we keep performing pushes until its

excess reduces to zero irrespective of the fact that it may be relabeled several times.  On the other hand, the FIFO

algorithm examines LIST in the first-in first-out order and examines a node until either its excess becomes zero or it

is relabeled.  The wave algorithm examines nodes in LIST in the nonincreasing order of the distance labels and

examines a node until either its excess becomes zero or it is relabeled.  Hence, the wave algorithm is similar to the

highest-label algorithm in the sense that it examines nodes in the nonincreasing order of the distance labels, and is

similar to the FIFO algorithm in the sense that a node is examined until either excess becomes zero or it is relabeled.

In order to prove that the wave algorithm runs in O(n3) time, we use precisely the same argument as we used for the

FIFO algorithm.

EXERCISE 7 . 2 3 .   We modify the push/relabel step so that instead of pushing δ = min{e(i), rij, ∆-e(j)} units, the

algorithm pushes δ = min{∆ /2, r ij} units of flow in the ∆-scaling phase.  Now recall that the arguments used in the

worst-case analysis of the excess scaling algorithm which use the fact that each nonsaturating push sends at least ∆ /2

units of flow.  Notice that in these arguments, exactly ∆ /2 would be as good.  Consequently, this change will not

affect the worst-case complexity of the excess-scaling algorithm.

EXERCISE 7 . 2 5 .   Consider the potential function Φ =Σ i ∈N (e(i) d(i))/∆).  The increase in Φ due to the node

relabeling is at most 2n2 in a scaling phase (in fact, it is at most 2n2 in all the scaling phases).  Further, a

nonsaturating push on an arc sends at least ∆ /β units of flow to a node with smaller distance label and after this

operation, Φ decreases by at least 1/β units.   Hence, the number of nonsaturating pushes during a scaling phase is

bounded by 2βn2.  With β as the scale factor, the number of scaling phases will be O(logβ U).  Therefore, the excess

scaling algorithm would perform O(βn2 logβU) nonsaturating pushes.  For any constant value of β, the algorithm

would perform the same number of nonsaturating pushes.

EXERCISE 7 . 2 7 .   Let G' be the graph obtained from G by replacing each arc capacity uij by u' ij = m uij+1.

First, observe that for any s-t cut [S, S 
-  

] in these networks,
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u'[S, S 
-  

] = m u[S, S 
-  

] + |(S, S 
-  

)|.

Let [S, S 
-
] be a minimum cut in G with capacity α and containing the least number of arcs, which is k.  The

capacity of this cut in G' will be mα+k.  Now, consider any other s-t cut in G with capacity β > α and containing l

arcs.  Notice that the capacity of this cut in the network G' will be βm + l which will be strictly greater than αm+k

for any k and l .  Now consider a minimum cut in G containing l > k number of arcs.  The capacity of this cut in

the network G' will be αm + l which is also strictly greater than αm + k.  The preceding two observations establish

that only a minimum cut containing the least number of arcs in G will be a minimum cut in G'.

EXERCISE 7 . 2 9 .   (a) The problems MF(λk) and MF(λk+1) are the same except that the capacity of some source

arcs in problem MF(λk+1) is higher.  So we take the maximum flow for the problem MF(λk) and increase the

capacity of the source arcs, then all distance labels other than for the source node satisfy the validity conditions.  But

when we perform the preprocess step and saturate the source arcs with positive residual capacities, then all distance

labels resatisfy the validity conditions.  (Observe that in the preprocess step we need to saturate only those arcs (s, j)
for which rsj  > 0 and d(j) < n.)

(b) As all distance labels remain valid throughout, the total number of relabel observations in O(n2); which

immediately implies that the arc saturations are O(nm).  The total number of passes in the FIFO algorithm are

O(n2), which yields a bound of O(n3) on the number of nonsaturating pushes.

(c) Notice that any flow that is feasible for MF(λk) is also feasible for MF(λk+1), for all 1 ≤ k ≤ p.  Hence, v(λ1) ≤
v(λ2) ≤ ... ≤ v(λp).  Let Sk define a minimum cut for MF(λk) satisfying that each node i∈Sk is reachable from

node S in the residual network G(λk).  If this minimum cut contains no source arc (s, j) with u* 
sj  > 0, then capacity

of this cut does not increase by increasing λ and Sk also defines a minimum cut for problems MF(λk+1),

MF(λk+2), ..., MF(λp) and the desired property holds.  In case, the minimum cut defined by Sk contains a source

arc (s, j) with u* 
sj  > 0, then node j∈Sk 

-  
  is reachable from source node s in problem MF(λk+1).  As all other nodes

in Sk remain reachable from node s, it follows that Sk∪{j} ⊆ Sk+1 .  Alternatively, Sk ⊆ Sk+1 .  As this result is

true for all k, we obtain S1 ⊆ S2 ...  ⊆ Sp.

EXERCISE 7.31#.  The theorem is incorrectly stated.  The correct version of the theorem is as follows: "Given the

vectors α and β  of size p and satisfying α(1) ≥ α(2)≥ .... ≥ α(p), β(1) ≥ β(2)≥ .... ≥ β(p),  and Σp 
i=1α(i) = Σp

i=1β(i), there either exists a 0-1 matrix Q having α as the row sum vector and β as the column sum vector or else

there are integers k and r so that α(1) + . . . . + α(k) > k r + β(r+1) + . . . + β(n)."  

First, suppose that both the conditions stated in the theorem hold.  Suppose that there are integers k and r so

that α(1) + . . . . + α(k)   > k r + β(r+1) + . . . + β(p).  The sum of the elements in the first k rows of Q has value

α(1) + . . . . + α(k).   The sum of the elements in the first k rows and r columns is at most kr since each element

has a value at most 1.  The sum of the elements in the first k rows and the last p-r columns is at most β(r+1) + . . .

+ β(p).  This yields a contradiction.  Hence if there exists a 0-1 matrix Q satisfying the given row and column sums,

then there exist no integers k and r so that α(1) + . . . . + α(k) > k r + β(r+1) + . . . + β(n).

Next, suppose that there exists no 0-1 matrix Q.  Construct a network flow problem with a source node s,

connected to p nodes representing the rows.  The capacity of the arc (s, i) is α(i).  There are an additional p nodes

representing the columns, and labeled p+1, . . ., 2p, and a sink node t.  There is an arc (p+j, t) with capacity β(j) for

each j.  Finally, for each i = 1 to p and for each j = p+1 to 2p, there is an arc (i, j) with capacity 1.  One can show

that a feasible flow in the network corresponds to a feasible 0-1 matrix.  If there is no feasible flow, then there is a
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cut whose capacity is less than T, the sum of the elments of the α vector.  Let R the the set of row nodes on the t-
side of the cut, and let C be the set of column nodes on the s-side of the cut.  The capacity of the cut is ∑

i∈R
 α(i) +

∑
j∈C

 β(j) + |C| x |R| < T.  Without loss of generality, we assume that the rows and columns are arranged in

nonincreasing order of costs, and the rows of R are the last p-k rows, and the columns in C are the last p-r columns.

We can then rewrite this inequality as follows:

T- Σk 
i=1  α(i) +  Σp 

j=r+1  β(j) + |C| x |R| < T,

which is equivalent to what we wanted to show.


