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In Sections A.1-A.3 we provide a formal statement and justification of claims made in

Sections 2 and 3 of the main text about the asymptotic behavior of our test statistics

M1
m,n and M2

m,n and estimators Qm and Pn. In Section A.4 we provide some tabulated

summary statistics, referred to in the main text, concerning the option price data used to

obtain the empirical results in Section 4 of the main text.

A.1 Limit distribution of test statistics

In Section 2 of the main text we asserted that M1
m,n and M2

m,n have limit distributions

given by (2.4) and (2.5) under the weak convergence postulated in (2.3). The following

result formalizes our claim. We use  to denote weak convergence in some metric space

(see e.g. Definition 1.3.3 in van der Vaart and Wellner, 1996), ◦ to denote composition, and

`∞(X ) to denote the space of uniformly bounded real valued functions on X equipped

with the uniform metric.

Theorem A.1. Suppose there exist independent continuous random elements ξ, ζ ∈
`∞([0, 1]) such that the sequences of random cdfs Qm and Pn satisfy the following weak

convergence condition in the product metric space `∞(R) × `∞(R) as m,n → ∞ with

n/(m+ n)→ λ: ( √
m(Qm −Q)
√
n(Pn − P )

)
 

(
ξ ◦Q
ζ ◦ P

)
.
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If π is constant, then we must also have

M1
m,n

d→
∫ 1

0

(MG (u)− G (u)) du and M2
m,n

d→
(∫ 1

0

(MG (u)− G (u))2 du)

)1/2

,

where G (u) = λ1/2ξ(u)− (1− λ)1/2ζ(u).

Proof of Theorem A.1. We begin by establishing that the following weak convergence

holds in `∞([0, 1]): √
mn

m+ n
(φm,n − φ) G . (A.1)

Let I denote the identity function on [0, 1]. Observe that√
mn

m+ n
(φm,n − φ) =

√
mn

m+ n
(Qm −Q)◦P−1

n +

√
mn

m+ n

(
Q ◦ P−1

n −Q ◦ P−1
)
. (A.2)

Focusing first on the second term on the right-hand side of (A.2), and noting that P◦P−1 =

I by virtue of the continuity of P , we use the fact that P = Q when π is constant to

obtain √
mn

m+ n

(
Q ◦ P−1

n −Q ◦ P−1
)

=

√
mn

m+ n

(
(Pn ◦ P−1)−1 − I

)
. (A.3)

In view of the continuity of the transformation `∞(R) 3 ψ 7→ ψ ◦ P−1 ∈ `∞([0, 1]), the

continuous mapping theorem implies that
√
n(Pn ◦ P−1−I) ζ in `∞([0, 1]). Using the

Hadamard differentiability of the inverse operator at I tangentially to C([0, 1]) (van der

Vaart and Wellner, 1996, Lemma 3.9.23(ii)) we may apply the functional delta method

(van der Vaart and Wellner, 1996, Theorem 3.9.4) to obtain

√
n((Pn ◦ P−1)−1 − I) −ζ in `∞[0, 1]. (A.4)

Since m/(m+ n)→ 1− λ, we deduce from (A.3) and (A.4) that√
mn

m+ n

(
Q ◦ P−1

n −Q ◦ P−1
)
 −(1− λ)1/2ζ in `∞([0, 1]). (A.5)

This takes care of the second term on the right-hand side of (A.2). The first term on the
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right-hand side of (A.2) may be written as√
mn

m+ n
(Qm −Q) ◦ P−1

n =

√
n

m+ n

(√
m(Qm ◦Q−1 − I)

)
◦
(
Q ◦ P−1

n

)
. (A.6)

Applying the continuous mapping theorem again, we find that
√
m(Qm ◦ Q−1 − I)  ξ

in `∞([0, 1]). Further, (A.5) implies that Q ◦P−1
n  Q ◦P−1 = I in `∞([0, 1]). Therefore,

applying the continuous mapping theorem to the operation of composition – which is

justified by the uniform continuity of ξ – we find that

(√
m(Qm ◦Q−1 − I)

)
◦
(
Q ◦ P−1

n

)
 ξ ◦ I = ξ in `∞([0, 1]). (A.7)

Since n/(m+ n)→ λ, we deduce from (A.6) and (A.7) that√
mn

m+ n
(Qm −Q) ◦ P−1

n  λ1/2ξ in `∞([0, 1]). (A.8)

The weak convergence posited in the statement of Theorem A.1 holds in the product

metric space `∞(R) × `∞(R). It follows that the weak convergences in (A.5) and (A.8)

hold jointly in the product metric space `∞([0, 1]) × `∞([0, 1]). In view of (A.2), this

establishes the validity of (A.1).

We complete the proof with another application of the continuous mapping theorem. One

may show without difficulty that the lcm operatorM : `∞([0, 1])→ `∞([0, 1]) and related

operator D = M− I are positive homogenous of degree one. One may also show that

M(ψ1 + ψ2) =Mψ1 + ψ2 and D(ψ1 + ψ2) = Dψ1 whenever ψ1, ψ2 ∈ `∞([0, 1]) and ψ2 is

affine; see Carolan and Tebbs (2005, p. 168). Since φ is affine when π is constant, we may

therefore write

M1
m,n =

∫ 1

0

D
(√

mn

m+ n
(φm,n − φ)

)
(u)du

and

M2
m,n =

(∫ 1

0

(
D
(√

mn

m+ n
(φm,n − φ)

)
(u)

)2

du

)1/2

.

In view of (A.2) and the continuity of the L1 and L2 norms, our desired result now follows

from the continuous mapping theorem if we can show that D is continuous. In fact,

continuity follows immediately from Marshall’s Lemma (Robertson et al., 1988, ch. 7)
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which states that sup |Mψ1 −Mψ2| ≤ sup |ψ1 − ψ2| for any ψ1, ψ2 ∈ `∞([0, 1]).

A.2 Weak convergence of risk neutral estimator

In Section 3.1 we discussed an estimator for the risk neutral distribution proposed by

Monteiro et al. (2008). We asserted that the normalized estimation error
√
m(Qm − Q)

converges weakly to a finite dimensional Gaussian process. Here we provide a formal

statement and justification of this claim. We employ the following technical conditions.

Assumption A.1. The following statements are true.

(a) q is a cubic spline q(·; θ∗), with θ∗ ∈ Θ.

(b) {(di, si, vi) : i ∈ N} is a collection of nonrandom elements of {0, 1} × (0,∞)× (0,∞),

while {wi : i ∈ N} is a collection of real valued random variables.

(c) For each i ∈ N, wi = h(di, si; θ
∗) + ei, with {ei : i ∈ N} a mutually independent

collection of real valued random variables, each with E(ei) = 0.

(d) limm→∞
1
m

∑m
i=1 viziz

′
i = Ξ for some positive definite matrix Ξ.

(e) limm→∞
1
m

∑m
i=1 v

2
i ziz

′
iE(e2

i ) = Σ for some positive semidefinite matrix Σ.

(f) supi∈NE|vizi,jei|2+δ <∞ for each j = 1, . . . , 4k and some δ > 0.

(g) q is strictly positive on (x0, xk), with strictly positive right-derivative at x0 and strictly

negative left-derivative at xk.

Part (a) of Assumption A.1 ensures that our model for q is well specified. Parts (b)-(f) are

standard regularity conditions for weighted linear regression with fixed regressors. Part

(g) ensures that the inequality restrictions in (3.2) of the main text have an asymptotically

negligible impact upon the distribution of
√
m(θm − θ∗).

Under Assumption A.1 we obtain the following result, which describes the limiting be-

havior of
√
m(θm− θ∗) and

√
m(Qm−Q). Let I denote the 4k× 4k identity matrix, and
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let M = I −Ξ−1R′ (RΞ−1R′)
−1
R. The matrices Σ and Ξ are defined in Assumption A.1.

We define the following sample analogues to Σ, Ξ and M :

Σm =
1

m

m∑
i=1

v2
i ziz

′
i (wi − z′iθn)

2
, Ξm =

1

m

m∑
i=1

viziz
′
i, Mm = I − Ξ−1

m R′
(
RΞ−1

m R′
)−1

R.

In addition, we define

Ψm = MmΞ−1
m ΣmΞ−1

m M ′
m, Ψ = MΞ−1ΣΞ−1M ′. (A.9)

Theorem A.2. Suppose Assumption A.1 is satisfied, and let N denote a vector of 4k in-

dependent standard normal random variables. Then, as m→∞, the following statements

are valid.

(a)
√
m (θm − θ∗)→d Ψ1/2N .

(b)
√
m (Qm −Q) ξ ◦Q in `∞(R), where ξ(u) =

(
∂
∂θ
Q(Q−1(u; θ∗); θ)

∣∣
θ=θ∗

)′
Ψ1/2N .

Proof of Theorem A.2. First we prove part (a). The main inconvenience here is the pres-

ence of the inequality restrictions (3.2), which we temporarily dispose of. Let Θ̃ be the

collection of θ ∈ R4k for which Rθ = γ, and let

θ̃m = argmin
θ∈Θ̃

m∑
i=1

vi (wi − h(di, si; θ))
2 = argmin

θ∈Θ̃

m∑
i=1

vi (wi − z′iθ)
2
.

θ̃m is simply a weighted least squares estimator subject to linear equality restrictions.

With some elementary algebra we may show that

√
m
(
θ̃m − θ∗

)
= MmΞ−1

m

1√
m

m∑
i=1

viziei,

where Ξm is invertible for m sufficiently large under Assumption A.1(d). This condition

also ensures that Ξm → Ξ and Mm → M as m → ∞. An application of the Liapounov

central limit theorem gives m−1/2
∑m

i=1 viziei →d N(0,Σ) under Assumption A.1(b,c,e,f).

We conclude that
√
n(θ̃m − θ∗)→d Ψ1/2N .
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If the probability of the inequality restrictions (3.2) binding vanishes in the limit, so that

Prob(θ̃m = θm)→ 1, then the proof of (a) will be complete. Under Assumption A.1(a,g)

we may choose ε > 0 and δ > 0 such that q′(·; θ∗) ≥ δ on (x0, x0 + ε), q(·; θ∗) ≥ δ on

[x0 + ε, xk − ε], and q′(·; θ∗) ≤ −δ on (xk − ε, xk). If q(·; θ̃m) → q(·; θ∗) and q′(·; θ̃m) →
q′(·; θ∗) in probability uniformly on (x0, xk), then the probabilities of the three events{

inf
x∈(x0,x0+ε)

q′(x; θ̃m) > 0

}
,

{
inf

x∈[x0+ε,xk−ε]
q(x; θ̃m) > 0

}
,

{
inf

x∈(xk−ε,xk)
q′(x; θ̃m) < 0

}
will all converge to one as m → ∞. But then we must also have q(·; θ̃m) ≥ 0 on (x0, xk)

with probability approaching one, so that Prob(θ̃m = θm)→ 1. To prove uniform conver-

gence in probability of q(·; θ̃m) to q(·; θ∗) and of q′(·; θ̃m) to q′(·; θ∗), we note that q(x; θ)

and q′(x; θ) are linear in θ for each x ∈ R. Thus we may write q(x; θ̃m) = q(x; θ∗) +(
∂
∂θ
q(x; θ)|θ=θ∗

)′
(θ̃m − θ∗) and q′(x; θ̃m) = q′(x; θ∗) +

(
∂
∂θ
q′(x; θ)|θ=θ∗

)′
(θ̃m − θ∗). Uniform

convergence in probability now follows from the uniform boundedness of ∂
∂θ
q(x; θ)|θ=θ∗

and ∂
∂θ
q′(x; θ)|θ=θ∗ and the fact that θ̃m → θ∗ in probability. This proves (a).

To prove (b) we use the fact that Q(x; θ) is linear in θ for each x ∈ R to write

√
m(Qm(x)−Q(x)) =

√
m(Q(x; θm)−Q(x; θ∗)) =

(
∂

∂θ
Q(x; θ)

∣∣∣∣
θ=θ∗

)′√
m(θm − θ∗)

for each x ∈ R and m ∈ N. Our desired result now follows from part (a) and the fact that
∂
∂θ
Q(x; θ)|θ=θ∗ is uniformly bounded in x.

A.3 Weak convergence of physical estimator

Here we provide a formal statement of the weak convergence of
√
n(Pn − P ) asserted in

Section 3.2 of the main text. We treat {(rj, σj) : j ∈ N} as a nonrandom sequence in

(0, 1)× (0,∞), and {Xj : t ∈ N} as a sequence of real valued random variables.

Theorem A.3. Suppose {(Xj − rj)/σj : j ∈ N} is an iid sequence of random variables,

and let P be the cdf of exp(Xt). Then, as n → ∞, we have
√
n (Pn − P )  ζ ◦ P in

`∞(R), where ζ is a standard Brownian bridge.
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Proof of Theorem A.3. Pn is the empirical cdf of the iid random variables exp(X∗j ), j =

1, . . . , n. Thus Donsker’s theorem implies that
√
n(Pn − P ∗)  ζ ◦ P ∗ in `∞(R), where

P ∗ is the common cdf of the exp(X∗j )’s. Since X∗t = Xt, we have P ∗ = P .

A.4 Summary statistics for option price data

Tables A.1, A.2 and A.3, referred to in Section 4 of the main text, include some summary

statistics for the option price data used to obtain our empirical results. In Table A.1 we

report the maximum, minimum and average number of put and call option prices observed

in the different months of each year. In Table A.2 we report average implied volatilities

by option moneyness, computed using the Black-Scholes formula. In Table A.3 we report

the maximum, minimum and average of the discounted means and annualized volatilities

implied by our estimated risk neutral distributions, by year.
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Number of calls Number of puts
Year Avg Min Max Avg Min Max
1997 29 24 35 34 26 52
1998 26 20 37 35 27 42
1999 26 19 35 33 24 46
2000 26 19 33 30 19 41
2001 22 17 27 32 20 44
2002 22 15 37 31 22 44
2003 26 19 31 32 25 40
2004 29 25 33 35 31 43
2005 32 28 36 37 31 43
2006 37 30 42 48 41 56
2007 43 33 63 67 53 88
2008 62 48 93 84 65 124
2009 62 55 76 86 75 100
2010 58 50 67 100 88 117
2011 59 48 75 111 87 143
2012 53 43 73 101 90 124
2013 60 47 72 104 89 139

Table A.1: Option count statistics.

Figures indicate the average, minimum and maximum number of distinct put and call option

prices with nonzero trading volume and maturity between 18 and 22 trading days, sorted

by year.
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Average implied volatility by moneyness category
Year <-15 -15:-10 -10:-6 -6:-3 -3:0 0:3 3:6 6:10 10:15 >15
1997 42 29 26 23 21 19 18 17 18 0
1998 50 32 28 24 21 20 17 17 20 24
1999 46 33 28 24 22 20 18 17 18 27
2000 45 30 26 23 21 20 19 19 22 28
2001 44 35 35 30 27 26 25 23 24 33
2002 93 35 29 27 24 23 22 21 24 36
2003 53 29 25 22 19 18 18 20 22 39
2004 34 24 20 17 14 13 12 14 17 0
2005 32 23 18 14 12 10 10 11 15 22
2006 36 23 18 15 12 10 9 11 14 0
2007 33 26 22 19 16 14 13 13 16 19
2008 62 40 36 32 30 29 27 26 30 52
2009 52 36 32 29 27 25 24 24 24 29
2010 45 31 26 23 20 18 17 16 18 22
2011 49 32 28 24 21 19 18 17 19 23
2012 39 26 22 18 16 14 12 13 16 18
2013 35 24 19 16 14 12 11 12 14 35

Table A.2: Option implied volatilities.

Figures indicate the average Black-Scholes implied volatility of distinct put and call option

prices with nonzero trading volume and maturity between 18 and 22 trading days, sorted

by moneyness (%) and year.
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Number of Discounted mean Annualized volatility
Year months Avg Min Max Avg Min Max
1997 12 1.002 0.997 1.005 0.206 0.170 0.262
1998 11 1.002 1.000 1.005 0.219 0.160 0.364
1999 11 1.003 0.999 1.006 0.217 0.168 0.262
2000 8 1.005 1.003 1.007 0.217 0.164 0.306
2001 6 1.001 0.998 1.003 0.255 0.200 0.420
2002 5 1.002 1.000 1.003 0.227 0.163 0.289
2003 11 1.000 0.998 1.000 0.194 0.148 0.281
2004 12 1.000 0.998 1.002 0.143 0.120 0.185
2005 12 1.001 0.999 1.003 0.119 0.100 0.135
2006 12 1.003 1.001 1.004 0.118 0.099 0.154
2007 12 1.003 1.002 1.005 0.159 0.098 0.243
2008 8 0.999 0.995 1.005 0.225 0.179 0.287
2009 12 0.998 0.996 1.000 0.284 0.194 0.420
2010 12 0.998 0.995 1.000 0.211 0.145 0.317
2011 12 0.999 0.997 1.000 0.224 0.140 0.333
2012 12 0.999 0.998 1.000 0.163 0.131 0.210
2013 12 0.998 0.997 1.001 0.139 0.121 0.192

Table A.3: Moments of estimated risk neutral distributions.

This table presents summary statistics for the (standardized) moments of the estimated

risk neutral densities by year. If the estimated risk neutral distribution prices the market

portfolio perfectly, the normalized mean should be equal to one.
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