
Advanced Macroeconomics II
Homework Assignment #4

Krzysztof Makarski
Due: May, 18th, 9:50am

Instructions: You may and in fact you are encouraged to cooperate on your homework, provided that
you acknowledge the help and you submit your assignment in your own words. Late homework will
receive 30% lower grade per each 24 hours (starting from 4:00pm). Homework should be stapled
(unstapled homework will receive 5% lower grade).

1. Consider the following hidden action model with three possible e↵ort levels {e1, e2, e3}. There
are two possible profit values ⇡H = 10 and ⇡L = 0. The probabilities of ⇡H conditional on
e↵ort levels are p(⇡H,e1) = 2

3 , p(⇡H,e2) = 1
2 , and p(⇡H,e3) = 1

3 . The cost function of e↵ort is
c1 ⌘ c(e1) =

5
3 , c2 ⌘ c(e2) =

8
5 , and c3 ⌘ c(e3) =

4
3 . Utility of manager is given by u(w) =

p
w,

where w denotes wage and the manager’s reservation utility ū = 0.

(a) What is the optimal contract when e↵ort is observable?

(b) Show that if e↵ort is not observable, then e2 is not implementable. (Hint: Focus on uH and
uL rather than wages). For what levels of c2 would e2 be implementable?

(c) What is optimal contract when e↵ort is not observable?

2. Consider a principal agent problem. The worker chooses e↵ort e 2 {0, 1}. Principal is risk neutral
V (y�w) = y�w, where y�w are her profits. Agent is risk averse u(w)� e = w

1
2 � e. There are

two possible levels of output yH = 2 and yL = 0 with ⇡(yH |e = 0) = 0 and ⇡(yL|e = 1) = 0.25.
The reservation utility of agent Ū = 0.

(a) Suppose that e↵ort is observable. Find optimal contract.

(b) Suppose that e↵ort is not observable. Find optimal contract.

(c) Compare your answers in (a) and (b). Discuss your results.

3. Suppose that the e↵ort function and the production function are given by the following functions,
respectively, e(w) = 1

2w
2 � 1

4w
3 and F (eL) = (eL)

1
2 .

(a) Find e↵ort e and wage w in equilibrium.

(b) Find empleyment L and unemployment U assuming that supply of labor equals L̄ = 1.1
and U = L̄� L.

4. Consider the steady state of the search model of unemployment described in class.

(a) What is the likely impact of an increase in labor productivity, z, on wages, labor market
tightness and unemployment? Is this a desirable property of long-run equilibrium? Why?
Can you think of a modification of the model so that wages fully absorb productivity
changes, and equilibrium unemployment is una↵ected by productivity growth?

(b) Suppose that the e�ciency of matching falls, i.e. �m falls. What is the likely impact of a
deterioration in the matching mechanism on wages, labor market tightness and unemploy-
ment? What kind of shock may generate such outcome?
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5. Assume there is a continuum 1 of individuals that are each endowed with one unit of money.
There are three time periods,t = 0, 1, 2. At t = 0, individuals have two options with regards to
how they can invest their money. They can either stu↵ it in their mattress, where it gets a return
equal to 1, or they can invest it in a long-term project that yields a return R = 4 in period two.
Individuals always have the option of withdrawing their money from the long-term project early
in period one at a penalty. If they withdraw early, they only receive a return L = 1/4 in period
1, rather than the return R = 4 in period 2. At time t = 1, a fraction ⇡ = 1/2 of the individuals
receive a liquidity shock. These individuals are“impatient”and only value consumption in period
one. The fraction 1 � ⇡ individuals that do not receive a liquidity shock are “patient” and only
value consumption in period two. At time t = 0, each individual has an equal chance of being hit
by the liquidity shock. Assume that individuals do not discount the future, so that their ex-ante
expected utility is given by, U = ⇡u(c1)+(1�⇡)u(c2), where c1 and c2 is the consumption period
1 and 2 respectively, and u(c) = �1/c.

(a) Assume there are no markets available to individuals, so that individuals must simply invest
on their own. What is the optimal level of investment, I, in the long-term project? What
is the ex-ante expected utility of an individual? Explain in 1-2 sentences why both patient
and impatient individuals regret their initial investment decision ex-post in period 1 after
their type is realized.

(b) How would the introduction of an ex-post financial market improve the welfare of individuals
in this economy? No math, just explain in 1-2 sentences.

(c) Now suppose that when types are revealed in period 1, this information is publicly observ-
able. Suppose there exists a social planner that individual’s entrust all of their endowment
to at time 0. The social planner will pay impatient individuals c1 in period 1 and patient
individuals c2 in period 2. Find (c1, c2). How much does the social planner invest? (i.e.
what is I?). What is an individual’s ex-ante expected utility now? Why is the social planner
able to improve the individual’s ex-ante utility?

(d) Now suppose an agent’s type is private information, and the social planner can only o↵er
a contract contingent on an individual’s announcement of his or her type at time 1. (i.e.
she cannot condition the contract on other agents’ announcements). Furthermore, at time
1, she meets each agent once with the meeting order randomly determined. If individual’s
report honestly, can the social planner o↵er the same contract as in part (c)? Is it optimal
for an individual to report honestly when everyone else does? Explain in 1-2 sentences how
this planner can be interpreted as a bank.

(e) Suppose all agents fear a bank run, and each agent reports to the bank at time 1 as being
impatient. How many individuals will get paid by the bank before it runs out of money in
period 1? Given this, explain why this bank run can be an equilibrium. . . i.e. why is it
optimal for a “patient” individual to run on the bank when he/she expects a bank run?

(f) Suppose the bank implements a policy of only paying the first pindividuals that show up
at time 1, and the rest will get paid at time 2. (i.e. it suspends convertibility). Will this
eliminate the bank run as an equilibrium?

6. Complementarity with leisure. Write down the Ramsey problem for the following economy.
Which consumption good should be taxed at higher rate? Why?

max c↵1 + c↵2 (1� l)�

sub to (1 + ⌧1)p1c1 + (1 + ⌧2)p2c2 = wl
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Technology
F (y1, y2; l) = 0

Feasibility

c1 + g1 = y1
c2 + g2 = y2

There are two types of workers. Each type has a risk of keeping a job pi 2 {pL, pH} with pH > pL.
Fraction ↵L of workers is of low probability of keeping a job. If an agent has a job his income
is y1 and if he loses a job y2with y2 < y1. An insurance contract specifies a vector of payments
(xi

1, x
i

2) for each type with consumption (y1 � xi

1, y2 + xi

2). The expected utility is for type i is

V i = piu(y1 � xi

1) + (1� pi)u(y2 + xi

2)

with u(c) = log c. Suppose social planner designs the optimal contract maximizing social welfare
↵LV L + (1� ↵L)V H . Feasibility constraint is

↵Lp
LxL

2 + (1� ↵L)p
HxH

2 = ↵L(1� pL)xL

1 + (1� ↵L)(1� pH)xH

1

(a) Find formulas specifying optimal contract under perfect information. Who will be fully
insured under optimal contract under perfect information (i.e. planner does observe types).

(b) Find formulas specifying optimal contract under imperfect information. Who will be fully
insured under optimal contract under imperfect information (i.e. planner does not observe
types and they have to self select). Hint: Guess that IC constraint for type with low
probability of keeping a job is binding. Once you solve check that IC for type with high
probability of keeping a job is satisfied.

7. There are two types of workers. Each type has a risk of keeping a job pi 2 {pL, pH} with pH > pL.
Fraction ↵L of workers is of low probability of keeping a job. If an agent has a job his income
is y1 and if he loses a job y2with y2 < y1. An insurance contract specifies a vector of payments
(xi

1, x
i

2) for each type with consumption (y1 � xi

1, y2 + xi

2). The expected utility is for type i is

V i = piu(y1 � xi

1) + (1� pi)u(y2 + xi

2)

with u(c) = log c. Suppose social planner designs the optimal contract maximizing social welfare
↵LV L + (1� ↵L)V H . Feasibility constraint is

↵Lp
LxL

2 + (1� ↵L)p
HxH

2 = ↵L(1� pL)xL

1 + (1� ↵L)(1� pH)xH

1

(a) Find formulas specifying optimal contract under perfect information. Who will be fully
insured under optimal contract under perfect information (i.e. planner does observe types).

(b) Find formulas specifying optimal contract under imperfect information. Who will be fully
insured under optimal contract under imperfect information (i.e. planner does not observe
types and they have to self select). Hint: Guess that IC constraint for type with low
probability of keeping a job is binding. Once you solve check that IC for type with high
probability of keeping a job is satisfied.
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