
Homework 7 Solution

EE 451/551 Wind Energy

Due 11:00 pm, Mar. 2, 2019. Submit online at
https://www.dropbox.com/request/MtNvXQTCv7due4mvLG7p

Problem 1. A Type 4 turbine producing 100MW of power is connected to an infinite bus
through a transmission line. The synchronous reactance of the generator is 9W and the
inductive reactance of the transmission line is 3W. The infinite bus voltage is 110 kV. If the
generator delivers its rated power at unity power factor (i.e., the reactive power delivered to
the grid is 0) to the infinite bus, compute the equivalent field voltage of the generator.

Solution. The real and reactive power output of the machine are given by

Po(δ) = |Ef | |Vo|
X

sin δ = 100 MW

Qo(δ) = |Vo|
X

(|Ef | cos δ − |Vo|) = 0 =⇒ |Ef | cos δ − |Vo| = 0.

where Xs is the synchronous reactance, X` the transmission line reactance, and X = Xs +X`.
Note that in order to use this form of the equations, Ef and Vo must be line-to-line quantities.
Thus, the problem can be reduced to two equations and two unknowns where

<{Ef} = |Ef | cos δ = |Vo|

={Ef} = |Ef | sin δ = PoX

|Vo|
.

The equivalent field voltage is then Ef = 110.539∠5.664° V.

Problem 2. A Type 4 turbine is connected directly to an infinite bus. The voltage of the
infinite bus is 15 kV. The excitation of the generator is adjusted until the equivalent field
voltage Ef is 14 kV. The synchronous reactance of the machine is 5W. Compute the following:

a) The pullout (maximum) power.
Solution. Recall that the pullout power occurs when δ = 90° because sin δ = 1. Hence,
the pullout power in this case is

P̂o = |Ef | |Vo|
X

= 42.000 MW.
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b) Equivalent excitation voltage that increases the pullout power by 20%.
Solution. Let the new pullout power be given by P̂ ?

o = 1.2P̂o. Solving for the required
excitation voltage, we have

P̂o =
|E?

f | |Vo|
X

= 50.400 MW

|E?
f | =

P̂oX

Vo

= 16.800 kV.

We also could have solved for this quantity directly since the pullout power is directly
proportional to the excitation voltage.

Problem 3. A Type 4 turbine is connected to an infinite bus through a transmission line.
The inductive reactance of the transmission line is 1W, and the synchronous reactance of
the turbine is 1.5W. When the excitation of the generator is adjusted so that the line-to-line
equivalent field voltage is 20 kV and the generator delivers 50MW of real power to the infinite
bus. The angle of the equivalent field voltage is 70°. Compute the following:

a) The voltage of the infinite bus.
Solution. The problem statement says that the machine delivers 50MW of real power
to the grid, hence

Po(δ) = |Ef | |Vo|
X

sin δ = 50 MW,

where X = Xs +X`. This implies that the voltage of the infinite bus is

|Vo| =
Po(δ)X
|Ef | sin δ

= 6.651 kV.

b) The reactive power delivered to the infinite bus.
Solution. The reactive power delivered to the infinite bus can be calculated as

Qo(δ) = |Vo|
Xs +X`

(|Ef | cos δ − |Vo|) = 503.600 kVAr.

The machine delivers a huge amount of reactive power to the infinite bus because of
the large disparity between |Ef | and |Vo|.

c) We want to increase the maximum power that can be transmitted to the infinite bus
to 100MW by adding parallel transmission lines to the existing line. Is this possible?
Hint: What happens to the reactance if parallel transmission lines are added? What is
the minimum total reactance between the equivalent field voltage and the infinite bus?
Solution. The minimum total reactance between the equivalent field voltage and the
infinite bus is the synchronous reactance of the machine, Xs = 1.5 Ω. This could be
realized by directly connecting the terminals of the machine to the infinite bus. Under
that scenario, the pullout power is

P̂o = |Ef | |Vo|
Xs

= 88.681 MW.
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Thus, it is not possible to increase the pullout power to 100MW just by adding
transmission. The simplest way to achieve the goal in this case would be to add reactive
compensation to support the voltage of the infinite bus. If the infinite bus voltage
were 2.5 kV instead of 2.2 kV, it would be possible to achieve the goal (with an effective
transmission reactance X` = 0).

Problem 4. The rated voltage of the dc bus of a Type 4 turbine is 1.0 kV. The dc bus
capacitor is 200µF and the chopper resistance is 1W. The maximum allowed increase in the
dc bus voltage is 20%. The duty cycle of the chopper circuit is 0.2. How long would it take
to dissipate the extra energy in the capacitor?

Solution. The energy stored in the capacitor during steady state operation is given by

Eco = 1
2CV

2
dco = 100 J.

The maximum allowed increase in the dc bus voltage is 20%. Hence,

Êc = 1
2CV̂

2
dc = 144 J,

where V̂dc = 1.2Vdco is the maximum dc link voltage. Thus, the excess energy that must be
dissipated is

∆Ec = Êc − Eco = 44 J.
The time required to dissipate the extra energy is given by the expression

∆Ec = V 2
ch∆t
Rch

=⇒ ∆t = ∆EcRch

V 2
ch

,

where Rch is the chopper resistance and Vch the effective voltage across Rch. The effective
voltage can be found using the duty ratio of the switch and the dc link voltage at the moment
the chopper circuit is activated

Vch = kV̂dc.

Note that this is an approximation because the dc link voltage varies as the energy in the
capacitor is dissipated. Thus, the time required to dissipate the extra energy stored in the
capacitor is approximately

∆t = ∆EcRch

k2V̂ 2
dc

= 763.889 µs.

Estimating the time required using the nominal dc link voltage is also acceptable and results
in

∆t = ∆EcRch

k2V 2
dco

= 1100.000 µs.

The true answer lies somewhere in between!

Problem 5. (Bonus for undergraduate students, must attempt for graduate students)
Consider a load supplied by wind turbines. Suppose the load varies uniformly at random
between 5MW and 10MW.

3



a) A single turbine is used to supply the load. The power generated from the turbine can
be thought as a Gaussian random variable with mean 10MW and standard deviation
of 3MW. What is the fraction of time that the load cannot be satisfied? Assume the
load and wind production random variables are independent.
Solution. Here we have two random variables, the demand and the generation. For
reasons that will become clear in a moment, let the X denote the demand and let Y
denote the negative of the generation. The question is effectively asking what is the
probability that X > −Y , or equivalently that X + Y > 0? Recall from Homework 2
that the probability density function of Z = X + Y where X and Y are independent
arises from convolution such that

fZ(z) = (fX ∗ fY )(z) =
∫

x∈X
fX(x)fY (z − x) dx,

where fX(x) is the PDF of x and so on. Using this approach, we see that the probability
of some portion of the load going unserved is∫ ∞

0
fZ(z) dz = 0.227.

This is also the fraction of time that the load cannot be completely satisfied. Figure 1
shows the PDFs of X, Y , and Z. The shaded region indicates the probability mass
corresponding to the outcome X + Y > 0. This is the same as the probability that
Pd − Pg > 0 where Pd is the total demand and Pg the generation.
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Figure 1: Probability density functions for the single turbine case.

b) Two turbines are now used to supply the load, each producing power according to a
Gaussian distribution with mean 5MW and standard deviation 1.5MW. What is the
fraction of time that the load cannot be satisfied? Assume all random variables are
independent.
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Solution. Recall that the linear combination of two normally distributed random
variables is also normally distributed. Because of the linearity of the expectation
operator, the mean of the resulting distribution is

E [Y ] = E [Y1] + E [Y2] = 5 + 5 = 10 MW.

Recall that the variance of Y is given by

var(Y ) = αT Σα =
[
1 1

] [
1.52 0.0
0.0 1.52

] [
1
1

]
= 4.5,

where Σ is the covariance of Y1 and Y2, and α is the vector of weights used to linearly
combine them, i.e.,

Y = αTYvec =
[
1 1

] [
Y1
Y2

]
= Y1 + Y2.

Hence, Y is normally distributed with mean µ = 10 and σ2 = 4.5. So the mean is the
same as in part (a), and the standard deviation has decreased to σ ≈ 2.121. Thus, we
expect the fraction of time that the load cannot be satisfied to decrease. Figure 2 shows
the PDFs corresponding to this case. The probability that some part of the load goes
unserved is ∫ ∞

0
fZ(z) dz = 0.168.
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Figure 2: Probability density functions arising from two turbines.
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