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Conditionally Specified Gaussian Models for 
Spatial Statistical Analysis of Field Trials 

Noel CRESSIE and Michael N. HARTFIELD 

Spatial dependence in data from one- and two-dimensional field trials has been 
recognized since the mid 1930s. Although originally employed in an agricultural context, 
the general purpose of field trials is to compare the effects of a number of treatments 
applied to a collection of proximate experimental units. For example, in the manufacture 
of integrated-circuit chips from silicon ingots, the experimental units may be contiguous 
wafer slices from the same ingot or regions of the same wafer. An iterated version of 
Papadakis' nearest-neighbor method for estimating treatment effects is shown to yield 
maximum likelihood estimates when the spatial dependence is a conditionally specified 
Gaussian model. Models of both the mean and the covariance in two-dimensional space 
are featured in this article. 

Key Words: Generalized least squares; Maximum likelihood estimation; Nearest neigh- 
bor analysis; Orthogonal design; Scoring. 

1. INTRODUCTION 

In field trials, obtaining precise estimators of treatment effects is of primary concern, 
so it becomes important to reduce or control the residual variation not due to treatment 
effects. The latter can be handled in at least two ways. The first and most common 
approach is to use designs of increasing complexity, such as block designs, row-column 
designs, and so forth. The second approach, which is not incompatible with the first, is to 
use alternative models and analyses that account for spatial homogeneity. In this context, 
nearest-neighbor (NN) methods provided the early impetus, although more recently the 
direct spatial modeling of errors has established some precedence. It is the connection 
between NN methods and spatial modeling that motivates this paper; we argue that the 
latter is preferable because of the inference tools that come with it. 

Papadakis (1937) was the first to introduce an NN method for the analysis of field 
trials [see also Bartlett (1938) for a similar proposal]. Interest from the statistical com- 

munity was slow in coming (Atkinson 1969) and then rather sporadic (e.g., Bartlett 1978; 

Wilkinson, Eckert, Hancock, and Mayo 1983; Green, Jennison, and Seheult 1985; Besag 
and Kempton 1986; Zimmerman and Harville 1989). Perhaps a reason for this was the 
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dominance of Sir Ronald Fisher's ideas in agricultural field trials. Fisher (1935) wrote, 
"After choosing the area we usually have no guidance beyond the widely verifiable fact 
that patches in close proximity are more alike, as judged by the yield of crops, than those 
which are far apart." However, he introduced blocking and randomization (rather than 
spatial statistical methods) to deal with dependence of yields from nearby plots. 

Spatial statistical modeling of errors, even after allowing for large-scale trends by 
blocking, is a relatively new approach to analyzing field trials. A number of the models 
were developed in the seminal papers of Whittle (1954) and Besag (1974), but these 
and other spatial models were not applied to field trials until much later (e.g., Draper 
and Faraggi 1985; Gleeson and Cullis 1987; Martin 1990; Cullis and Gleeson 1991; 
Grondona and Cressie 1991; Zimmerman and Harville 1991). 

The connections between the NN approach and the spatial statistical modeling ap- 
proach have been investigated by Draper and Faraggi (1985) and Besag (1991). In this 
article, we consider an important problem that has not yet been treated explicitly, namely, 
two-dimensional field trials with blocking. This design is ubiquitous because of its ease 
of application, yet, for our purposes, it is sufficiently complex to suggest how the devel- 
opment could be repeated for other designs. 

Section 2 gives a rather general condition under which Papadakis' iterated NN es- 
timates converge to the (efficient) maximum likelihood estimates for block designs in 
two dimensions. Maximum likelihood estimation methods are presented in Section 3. 
The technical details required for Sections 2 and 3 can be found in the Appendix. Two 
examples, one artificial and one real, are analyzed in Section 4. The final section, Section 
5, contains conclusions. 

2. NN ESTIMATES IN THE CONTEXT OF SPATIAL MODELS 

Let Z be the n x 1 vector of responses in a field trial, which are assumed to follow 
the linear model 

Z = X,3 + (W + c). (2.1) 

In (2.1), E(Z) = X/3, where X is a design matrix and ,3 is a vector of large- 
scale variation parameters that include treatment and block effects. Further, the smooth 
small-scale variation W is a zero-mean vector modeling spatial dependence and c is a 
zero-mean vector of independent and identically distributed (iid) components independent 
of W. 

Thus far, we have not specified the variance matrix, var(W + c), of the error term 
in (2.1). Indeed, there are a number of models of both a geostatistical and a lattice type 
that could be used here (e.g., Cressie 1991, Section 5.7). Instead, we shall consider the 
iterated version of Papadakis' (1937) NN method for computing treatment estimates and 
determine the variance model for which Papadakis' estimators are optimal in various 
senses. 

Assume that a block design with p treatments and q blocks has been employed, 
enabling the data to be represented via the linear model 

Z=Dir+D2?+(W?c). (2.2) 
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Notice that (2.2) is a special case of (2.1) with 3 = (r', (')'. In (2.2), DI and D2 are 
the n x (p + 1) and n x q design matrices for treatment and block effects, respectively, 

and (W + e) is assumed to have expectation 0 and positive-definite covariance matrix 
E. A two-dimensional layout of plots would lead quite naturally to a model of the form 
(2.2). 

NN methods are, in general, iterative and assume a starting estimate for W of 0 
(i.e., no spatial dependence present). If W(e) is a current estimate of W, then, according 

to (2.2), 

Z -W() - DIr + D2C + E. 

To arrive at updated estimates for -r and C, one simply uses this new vector, Z - W(?) 
as "data." Then the normal equations for treatment and block effects are 

D (Z - W(e)) = DDl(+ l ) + DI D2C(e+ l) (2.3) 

and 

D (Z - W(e)) = DDir(e+ l) + DID24((+ 1). (2.4) 

One can "absorb" (2.4) into (2.3) by premultiplying (2.4) by D2(D2D2)- and expressing 
the result as 

D2C(e+I) - PD,(Z -W()) -WPD, DIT (+ (2.5) 

where PD D(D'D)-D' and A- denotes a generalized inverse of the matrix A (e.g., 
see Searle 1971, p. 19). By substituting the right-hand side (rhs) of (2.5) back into (2.3), 
an expression is obtained only in r(f+'). Using the symmetry of absorption, it is easily 
shown that (2.3), (2.4), and (2.5) lead to estimates 

- {D'(I - PD2)DI} D'(I - PD,)(Z - W(')) (2.6) 

and 

C(e+I) = {D2(I - PD )D2}YD2(I - PD )(Z - W(')). (2.7) 

Then NN methods typically update WM to 

W('+') = C(-y){Z - DIT(+I) - D2(+1)} (2.8) 

where the n x n matrix, C(Qy), contains the spatial information for the particular allocation 
of experimental units. For example, Papadakis' original suggestion was to average the 
(ordinary least squares) residuals from neighboring units within blocks and multiply the 
result by a scalar -y; this corresponds to C(Oy) = -yC, where the (i, j)th element of C is 
I if the ith plot and the jth plot are neighbors within the same block, and 0 otherwise. 

By iterating (2.6), (2.7), and (2.8) to convergence, NN estimates of -r and C are 
obtained. In what is to follow, we shall determine the conditions under which these NN 
estimators are optimal in various senses. 
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First, we discuss the orthogonality of the design. Mead (1988, p. 154) stated that 
"an orthogonal design is one in which treatment differences are estimated independently 
of block differences." In terms of the matrices DI and D2 in (2.2), this can be expressed 
as 

DI (I - (1/n)11') D2 = 0, 

where 1-(1,..., 1)'. 
Second, the matrices DI and D2 will not, in general, have full column rank. To 

obtain a linear model with treatment and block design matrices having full column rank, 
linear constraints on the parameters can be made. Writing T = (,,...,a I ap)' and 
imposing the restrictions of 

np+ p =- =I ni+cei; n+q4q =-Z ,in+j(j 

allows a new linear model to be expressed with two fewer parameters than in (2.2). 
Here, n-+ is the number of plots receiving the ith treatment and n+, is the number of 
plots contained in the jth block. In many cases, these restrictions allow for parameter 
identifiability (e.g., see Searle 1971, p. 283). 

Consequently, let the matrices XI and X2 be the new, full-column-rank design 
matrices for treatments and blocks, respectively. It should be noted that XI contains 
a column of Is for the grand mean and has dimension n x p, and X2 has dimension 
n x (q - 1). 

Under the restrictions and consequent reparameterization, the model (2.2) can be 
written as 

Z = Xlr + X2 + (W+), (2.9) 

where -r = I l, ,p)' is now a px 1 vector made up of a grand mean and (p- 1) 
treatment effects a (al,...,ap-1)', and _ (j,...,(q_i)' is now a (q - 1) X 1 

vector made up of (q - 1) block effects. For the rest of the paper, this new definition of 
-r and C will be used; although this is a slight abuse of notation, it should not cause any 
confusion. 

In terms of XI and X2, the orthogonality condition becomes 

X,(I - (l/n)ll')X2 = 0- 

But n+q(q = -Zq-In+,(j implies that 1'X2 = 0', so that the orthogonality condition 
is equivalent to 

X'X2 = 0. (2.10) 

Henceforth, we shall assume orthogonality, namely, that (2.10) holds. Thus, 

XI (I- PX2)X XlXI (2.11) 

and 

X2 (I - Px,)X2 = 2X2, (2.12) 
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where, recall, PD -D(D'D)-D'. Note also that (2.11) and (2.12) are relationships 

between p x p and (q - 1) x (q - 1) matrices, respectively. Attention is now restricted 

to the treatment effects. Block effects can be obtained similarly, due to the symmetry of 

Equations (2.6) and (2.7). 

For the moment, assume convergence of ,3(t) = (r(e)' , given by (2.6), (2.7), 

and (2.8) with Xi, X2 in place of Di, D2, to ,3(?) _= (r(??)', ((c) )'. Also assume that 

the n x n matrix CQy) in (2.8) is chosen so that I - C(y) is symmetric and positive- 

definite. Then, from (A.1) and (A.2) in the Appendix, we have that 

X/E-1X,(3(?) = XIE-lz- (2.13) 

where E = (I - C(Qy)) -p2;4,2 > 0, and X = (XI, X2); that is, iterated Papadakis 

NN estimates of ,3 _ (r', c')' are simply generalized least squares (gls) estimates based 

on the linear model, E(Z) = X,3, and var(Z) = (I -C(y)) 1p2. 

For Papadakis' original proposal, where CQy) = yC and C is defined above, the 

positive-definiteness restricts the parameter space to 1'Yj < 1/2. Further, if the zero-mean 

error component (W + c) in (2.2) can be identified with a zero-mean, conditionally 

specified, spatial Gaussian model with spatial dependence matrix C(Oy) (e.g., Cressie 

1991, Section 6.4), it is easy to see that the iterated Papadakis NN method is the maximum 

likelihood (ml) estimator of ,3. It is important to note that all of the results derived above 

were obtained under the assumption that -y is known. Estimation of -y is discussed in the 

next section. 

Martin (1982) and Draper and Faraggi (1985) show that for Type 11(a) and Type III 

designs (Williams 1952), respectively, the iterated Papadakis estimator [with OQy) = yC] 
converges to the gls estimator. Green (1985) links more general NN estimators to 

the gls estimator using a least-squares-smoothing approach. Besag (1991) gives a one- 

dimensional version of the result (2.13). Here, assuming an orthogonal design, conver- 

gence of (2.6), (2.7), and (2.8), and symmetry and positive-definiteness of I - OQy), we 

have shown that the iterated Papadakis NN estimator is the gls estimator based on the 

spatial model with var(Z) = (I - C(y)) 1p2. 

We now discuss convergence of (2.6), (2.7), (2.8) for any design, orthogonal or not. 

Recall that, after reparameterization, XI and X2 replace DI and D2, respectively. Then 

-3(t) = A,3(f- I) + b, (2.14) 

where 

A - [A A ] b/--(b/ Ib/)7 

All = {Xl(I-PX2)X,} X(I -PX2)C(QY)XI, 
A,2 - {Xl(I- Px2)X,} X(I- Px2)C(Y)X2, 

A2, = {X(I- Px )X2} X2(I - PX, )C(-Y)XI, 
A22 = {X2(I-Px )X2} X2(I - Px, )C(-Y)X2, 

and 
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Under orthogonality, this simplifies further to Aj = (XXi)'X'C(-y)Xj and b = 
(X'Xi)-'X'(I - C(y))Z, where i,j = 1,2. 

The matrix A is not symmetric, but it is square, of order (p+q- 1) x (p+q- 1). Then 
a sufficient condition for convergence of (2.6), (2.7), (2.8) is that max{IAiI} < 1, where 
{A,} are the eigenvalues of A. With good matrix software available, such as MATLAB, 
this is an easy condition to check. 

To sum up, max{IAIl} < I guarantees that the NN estimates (2.6), (2.7) will con- 
verge. If one further assumes orthogonality, these converged NN estimates can be inter- 
preted as the gls (and ml) estimates in a conditionally specified spatial Gaussian model. 

3. TWO-DIMENSIONAL SPATIAL ANALYSIS 

The results in the previous section give sufficient conditions for iterated Papadakis 
NN estimates to be equivalent to gls and ml estimates in a particular spatial model. In the 
rest of this article, we shall consider the model, its statistical properties, and estimation of 
its parameters. Similar benefits could be obtained from other types of spatial models, such 
as separable ARIMA models (Martin 1990; Cullis and Gleeson 1991) or geostatistical 
models (Grondona and Cressie 1991). 

Assume a two-dimensional block design and a conditionally specified Gaussian 
model for errors (W + e) in (2.9). Specifically, assume 

Z - Gau (XI T + X2(, (I - CO(Y)) -p2) , (3.1) 

where XI and X2 are as defined in (2.9) and Gau(p, E) denotes a multivariate Gaussian 
(or normal) distribution with mean 1i and variance matrix E. 

Maximum likelihood (ml) estimation of the parameters in (3.1) is a well-known 
estimation method that is generally efficient and yields asymptotically unbiased and 
Gaussian distributed estimators. Unfortunately, analytic solutions to the ml estimating 
equations do not always exist. In those cases, numerical methods may have to be applied 
to arrive at solutions. 

For clarity of presentation, consider for the moment the generic model, 

Z - Gau(p, E). (3.2) 

The negative loglikelihood L(t, E; Z) is given by 

L(p, Z; Z) = (n/2) log(27r) + (1/2) log(| |) + (I /2)(Z - HI)'Y (Z - p), (3.3) 

where ZEJ denotes the determinant of E. The ml estimator of 1i and E minimizes (3.3). 
For the block design in (2.9), 

A= XIT? + X2 = X(3. (3.4) 

Efficient estimation of these parameters ,3 is essential. To accomplish this, the small-scale, 
spatial variation implicit in E must be recognized. A conditionally specified Gaussian 
(CG) model (e.g., Cressie 1991, p. 407) has covariance matrix of the form 

(y) = (I - C(y)) T(y), (3.5) 
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where the n x n matrix, C(y), incorporates spatial dependence parameters yI ... 

and the n x n diagonal matrix, T(y), contains the conditional variances of the n plots 

of the field trial. Henceforth, conditional homoscedasticity will be assumed so that T(y) 
can be specified as 

T(y) -Yk+ I (3.6) 

Notice the reparameterization entailed in (3.6), namely, 'yk+I. One could also fit a more 

general spatial model than (3.5), (3.6) to take into account measurement error, namely, 

Z(Q) = (I - CQ( ))I a'k+I + I'Yk+2- 

For the two-dimensional case considered here, we specify k = 2 spatial-dependence 

parameters -y? and '72 corresponding to variation in the horizontal (east-west) and vertical 

(north-south) direction, respectively, so that C(y) is defined as 

C(a)-I -HI + Y2H2, (3.7) 

where HI and H2 are binary matrices reflecting the neighborhood structure of the design. 

For the matrix HI, let its (i, j)th entry equal 1 if the jth plot is a horizontal neighbor of 

the ith plot. All other entries are set equal to 0. Similarly, H2 has a 1 as its (i, j)th entry 

if j is a vertical neighbor of the ith plot, and 0 otherwise. The reader should note that 

(conditional) spatial dependence has been restricted to nearest neighboring plots. Notice 

also that C(y) is symmetric and that we are only interested in those ?Y, 'tY2 for which 

I - C(y) is positive-definite. 

Plots located on the border of the experimental region require special consideration. 

Often the layout of plots is assumed to be actually located on a torus (e.g., Martin 1982), 

so that all plots have the same number of neighbors. This is but one way to handle 

the edges of the experimental layout. From the preceding definition of HI and H2, we 

have ignored these edge neighbors by convention. For a more complete treatment of 

edge effects and possible techniques to handle them, see Martin (1982), Wilkinson et al. 

(1983), Besag and Kempton (1986), and Cressie (1991, p. 438). 

Consider minimization of the negative loglikelihood given by (3.3) through (3.6), 
with respect to /3 and y ('Y... I Yyk ' Yk+I )'. Because no closed-form solutions exist, 
this must be done numerically. We shall use the Gauss-Newton scoring method (e.g., 
Harville 1977), the details of which are given in the Appendix. The end result is a set of 

ml estimates /3ml and 'ml. Associated with /3ml is an estimate of its variance matrix: 

var(,il_(S7l X) (3.8) 

Another method of estimation of -y, restricted maximum likelihood (reml), has found 
recent popularity in the field-trials literature (e.g., Gleeson and Cullis 1987) because it 

leads to considerably less biased estimators than 'ym, in finite samples. However, reml 

estimation is asymptotically inefficient compared to ml estimation (Cressie and Lahiri 

1993) and, to our knowledge, a systematic study of the consequent estimated gls (egls) 
estimators of treatment effects has yet to be carried out. 

In the following section, the method of spatial modeling based on (3.1) is assessed 

on both an artificial and a real data set. For the artificial data set, the true treatment 

effects are known, allowing a direct comparison with classical, nonspatial methods of 

analysis. 
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4. FIELD TRIALS DATA 

Two data sets are analyzed using the spatial model (3.1). The first set is from a 
uniformity trial (Mercer and Hall 1911), to which we added artificial treatment effects. 
The second set is from an experiment on tobacco plants (Federer and Schlottfeldt 1954), 
where the treatments are exposed to different dosages of cathode rays. 

4.1 ARTIFICIAL WHEAT YIELDS 

The wheat-yields data of Mercer and Hall (1911) were collected as part of a uni- 
formity trial of mangold and wheat at the Rothamsted Experimental Station in 1910. A 
uniformity trial is conducted with no treatments applied so that researchers can gain in- 
sight into the underlying variability present among the experimental units at a particular, 
repeatedly used test site. 

The data given by Mercer and Hall (1911) consist of wheat yields on a 20 x 25 
lattice of plots approximately 1 acre in total area. Twenty rows run in the east-west 
direction, and 25 columns run in the north-south direction. 

The true dimensions of the plots remain somewhat of a mystery (e.g., see Cressie 
1991, p. 250), but they do not play a direct role in the spatial methods used here. The 
wheat-yields data have seen extensive study in the spatial statistics literature (Whittle 
1954; Besag 1974; Ripley 1981, pp. 81-85; Wilkinson et al. 1983; Grondona and Cressie 
1991). 

Because the original Mercer and Hall data came from a uniformity trial, any analysis 
of the data essentially involves estimating true treatment contrasts that are zero. Grondona 
and Cressie (1991) proposed a more demanding determination by artificially introducing 
small, known, additive treatment effects into the data that, in the absence of blocking 
and replication, would be difficult to detect. In the 20 x 25 lattice, blocks are defined 
to be the 25 columns of the lattice, and 20 artificial treatments are assigned randomly to 
each block; the resulting randomized complete block experiment is shown in Table 1. 

The observation in unit j - I, .... ,20 of block i = 1, ... . 25 that received treatment 
t = 1, ... .20 was created through the following expression: 

zij,t = Ytj + (t - 10.5)(.14) l/2/5, (4.1) 

where yij represents the original wheat yield from the (i, j)th plot in Mercer and Hall 
(1911). (The yield from the extreme northwest corner of the 20 x 25 lattice is defined to 
be y ,, and that from the extreme southeast corner, Y2520o.) From Grondona and Cressie's 
geostatistical analysis, it was determined that var(y-j) 2 - .14. Because of the 
range of t, one notes that all treatment effects generated by (4.1) will lie within ?2af. 
Further, the true treatment effects, ao0= ((t - 10.5)(.14)1/2/5: t = 1, ... , 19)', have 

been arbitrarily set equal to a linear combination of the treatment number. Hence, there 
are 19 treatment effects a (CI, ... ., cI9)' to estimate (recall that a20 = -al . . - ckI9), 

and their strengths relative to the background noise are weak. 

To estimate treatment effects in the spatial model (2.9), one must first estimate the 

(conditional) variance parameter 153 in (3.6) and the two spatial parameters, -y and Y2, 
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Table 1. Treatment Assignments Resulting from a Randomized Complete Block Design With 25 
Blocks and 20 Treatments 

Column (east to west) 

Row 
(north 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 

to south) 

1 15 7 6 1 5 17 9 17 2 13 17 4 5 1 14 1 18 12 10 4 8 5 16 12 4 
2 18 20 10 15 19 9 17 13 4 2 2 11 4 7 16 5 11 19 6 9 18 15 7 4 18 
3 14 1 5 11 15 5 10 4 8 18 1 1 11 15 12 2 16 13 2 7 14 11 8 10 19 
4 2 12 8 13 1 7 16 5 11 12 12 5 12 18 15 3 5 6 11 13 12 12 5 11 13 
5 19 9 17 19 10 19 15 11 3 8 6 16 13 9 3 19 7 15 15 19 11 16 11 2 15 
6 11 19 13 18 14 14 8 20 10 1 5 3 9 8 4 18 6 1 5 14 17 1 12 8 20 
7 8 4 11 3 3 13 20 6 12 3 11 19 20 10 17 13 15 11 18 20 15 13 19 20 16 
8 4 8 16 14 6 8 3 10 19 9 8 2 3 20 7 8 2 16 9 5 1 8 1 9 8 
9 1 13 19 10 13 2 6 9 13 15 14 9 18 19 18 7 1 18 13 2 7 10 14 1 3 
10 17 3 18 4 2 1 7 3 20 10 20 18 19 16 19 20 17 9 16 15 4 3 18 13 5 
11 16 14 7 9 20 16 18 7 6 20 18 12 2 3 2 16 12 14 1 3 19 18 3 19 7 
12 20 15 1 6 4 11 13 14 1 17 19 13 6 11 20 17 9 2 12 1 2 19 9 15 1 
13 6 16 14 8 16 15 12 19 17 5 10 10 10 12 13 15 3 8 17 6 9 6 4 18 10 
14 12 11 12 20 8 4 11 16 15 4 3 7 14 14 8 12 13 4 4 10 20 2 20 3 6 
15 10 18 2 5 17 6 4 15 14 19 7 6 15 5 9 9 14 10 8 11 3 9 6 16 11 
16 5 10 9 12 12 18 19 2 9 11 16 17 17 17 10 14 20 5 19 16 5 7 13 5 2 
17 13 5 4 2 18 10 1 1 5 16 13 8 16 2 5 4 10 3 7 18 6 14 15 17 12 
18 3 2 15 17 11 20 14 8 18 7 4 20 1 6 11 11 8 20 14 8 10 17 17 14 14 
19 9 6 3 16 7 3 2 18 7 14 9 14 7 13 6 6 19 17 20 17 16 4 2 7 9 
20 7 17 20 7 9 12 5 12 16 6 15 15 8 4 1 10 4 7 3 12 13 20 10 6 17 

in (3.7). Maximum likelihood (ml) estimation as outlined in Section 3 was applied to the 

field trials data defined by (4.1). 

Using the scoring algorithm and asymptotic theory presented in Section 3 and the 

Appendix, the ml estimates Of Y I, 'Y2, and 'y3 and their (asymptotic) variance matrix are 

obtained (see Figure 1 and Table 2). Since 'Y ml -.002 is not significantly different 

from zero, there appears to be no spatial dependence in the north-south direction after 

adjusting for large-scale variation (blocks). But, within blocks, there is substantial spatial 

dependence, as shown by the large value of '2,ml = .290, relative to its standard error. 

The fit of the model was checked by a normal probability plot of the standardized 

residuals, Z(ml)'/2(Z - X,3m1). These will not be exactly distributed as independent 

and identically distributed standard Gaussian random variables, but the probability plot 

is still useful for detecting unusual observations. Martin (1990) discussed these types of 

diagnostic plots in more detail. 

Besag (1991, p. 122) argued that there is little need to estimate -YJ and -Y2' opting 
instead simply to set 1-Yi I + I_Y21 = 1/2. However, the results here, VYimlI ? kY2,mlI 
.292, illustrate that this may not reflect reality, imposing an unreasonable model on the 

data. Also, we note that the complete block design is orthogonal and, for -y = tYmlI the 

maximum absolute eigenvalue of A in (2.14) is 0.5371 < 1. Thus, Papadakis' iterated 

NN estimates of -r do converge to the ml estimates (Section 2), something we confirmed 

on the data. 
The big advantage to the spatial model proposed in (2.9) is that it provides more 

efficient estimates of treatment effects. The efficiency of two estimators can be evaluated 
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Figure]1. Negative Log Profile Likelihood for Selected Values of the Spatial Dependence Parameters t l,,z2. 
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Table 2. Maximum Likelihood Estimates and Asymptotic Variance Matrix of Y = (r1, 2, 'Y3)', for 
Artificial Wheat-Yield Data 

Parameter Estimate Variance matrix 

'Yl -.002 .0011701 

'Y2 .290 8.9373x 10-6 .0010442 

'Y3 .113 1.5796x 10-7 -.000088 .0000586 

by comparing the average variance of pairwise treatment differences. Let 

T (Xl M, X,) - ,M ,(4.2) 

where M, = E- - E-'X2(X2E-'XI2)-'X2ZE-' for maximum likelihood (ml) and 

Ml --I - X2 (X'X2) -'X' for ordinary least squares (ols). Taking the spatial model 
in (2.9) to be the true model with covariance matrix E determined by (3.5), (3.6), and 
(3.7), the true average variance of pairwise treatment differences is obtained through the 
following expression: 

p p 

E {1/(p2 _ p)} var(i - a' ) 
i=l j=l 

= 2/(p- I)}tr{A(XM,X,)-X,MlEMIXl (X,M,Xl)-A}, (4.3) 

where A I - (l/t)11'. An estimate of E can be made when E is unknown by 
substituting E for E; call the result E. Table 3 contains the values of E when 'a,. ..2 

are obtained via ols and ml (or, equivalently, gls). The estimated relative efficiency of 
ml estimation relative to ols can be calculated by taking the ratio of these two quantities. 
This is also included in Table 3. 

From Table 3, ols estimation is seen to have about 20% larger average variance 
than ml estimation. These results underline the importance of a proper spatial analysis. It 
should be remembered that this relative efficiency calculation was based on the estimated 
asymptotic covariance matrix; here, however, n = 500, so that the extra variation in 
estimating ̂ ye, 1Y2, and 1y3 will be small. Grondona and Cressie (1991) also reported 
efficiency gains on the order of 30% from using a geostatistical model. 

Because the artificial treatment effects were set at fixed nonzero values a0, a further 
comparison of ml and ols estimates is possible. The most natural hypothesis to test when 

Table 3. Relative Efficiency of the Spatial (ml) and Nonspatial (ols) Analysis for Artificial Wheat-Yield 
Data 

ml ols 

Average variance 

E .0091 .0109 

Relative efficiency 
(Eols/tml) 1.1978 
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analyzing field trials is Ho: a = 0. For the artificial data used here, it is known that 
a = a0o # 0, and so Ho: et = 0 is false but Ho: a = ao is true. Consider now the 
family of null hypotheses: 

Ho(A) : a = Ac0o, (4.4) 

with associated Wald statistics, 

W(A) -( - Aao)' (var(a)) ' (6 - Aao). (4.5) 

Let X29(.05)(= 30.1) denote the upper 5% critical value for a central chi-squared distri- 

bution on 19 degrees of freedom; then 

{A: W(A) < X29(.05)} (4.6) 

is a slice of the 95% confidence region in the direction a0 based on the estimate a 

and its variance var(6). In practice, an estimate of this variance is used. [The values 

W(0) = 773.41 and W(1) = 26.27, for maximum likelihood estimation of a in (4.5), 

confirm what was said earlier about the veracity of Ho(0) and Ho(l) given by (4.4).] 

The two confidence regions we shall consider are those based on aml, var(am1) 

(i.e., the maximum likelihood estimators) and Cols var(&ols) (i.e., the ordinary least 

squares estimators)-see (4.2) and (4.3) for the appropriate formulas. For each of these 

95% confidence regions, we shall look at the slice referred to earlier. The choice of 

a0 :$ 0 allows a direct comparison of the two 95% confidence regions in the common 

direction a0. Shown in Table 4 are intervals of A-values representing the slices: the 

shorter the interval, the smaller the confidence region and hence the more precise the 

inferences. In the direction ao, the ols-based intervals are 25% longer than the ml-based 

intervals. 

It remains now to compare -ml and -ols with the true value ao. Table 5 gives the 

values for al, . . ., a2O [recall that a20 = -(a, + ... + a19)]. A measure of closeness of 

the estimates to the true values ao, I, ao,20 is 

20 

(i,ml - ao )2= .11948, (4.7) 

20 

(i,ols -ao,)2 = .12417. (4.8) 
i=l 

Table 4. Slices of ml-Based and ols-Based Confidence Regions for Artificial Wheat-Yield Data 

Direction ml ols 

<to (.848, 1.030) (.825, 1.052) 

NOTE: Shown are values of A defined by (4.6). 
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Table 5. Estimates (ml and ols) and True Values of Treatment Effects for Artificial Wheat-Yield Data 

Parameter True value ml estimate ols estimate 

a1 -.711 -.644 -.621 

a2 -.636 -.548 -.541 

a3 -.561 -.460 -.477 

a4 -.486 -.494 -.476 
ak5 -.412 -.430 -.459 

a6 -.337 -.280 -.261 

a7 -.262 -.247 -.201 

a8 -.187 -.236 -.282 
a9 -.112 -.090 -.104 

a10 -.037 -.078 -.100 
a1 1 .037 -.013 -.048 

a12 .112 .184 .167 

a13 .187 -.044 .060 

a14 .262 .309 .242 

1 5 .337 .410 .463 

a16 .412 .239 .270 

a17 .486 .487 .478 

a18 .561 .540 .583 

&19 .636 .583 .541 

a20 .711 .770 .767 

Thus, not only are inferences based on a spatial analysis more precise, they are here also 
more accurate. 

4.2 HEIGHTS OF TOBACCO PLANTS 

Federer and Schlottfeldt (1954) described an experiment to determine whether the 
exposure of tobacco seeds to different dosages of cathode rays would affect the growth 
of the resulting plants. The seven different dosages of cathode rays were laid out in a 
randomized complete block experiment with eight blocks. 

Although directions were not given, for convenience we refer to plots within blocks 
as running in the north-south direction and the blocks themselves as going in the east- 
west direction. The response variable is the total of plant heights in a plot, which were 

given in Table I of Federer and Schlottfeldt (1954). 
Spatial analyses of these data may be found in Binns (1987) and Cullis and Gleeson 

(1991). Both articles noted that one needs to consider dependence in both the north-south 

direction (down plots within blocks) and the east-west direction (across blocks). In fact, 
the strong dependence is in the east-west direction, as is evidenced by the maximum 
likelihood estimates of yl, 'Y2, and Y3 found in Table 6. 

Notice that the complete block design is orthogonal and, for a = -ml, the maximum 
absolute eigenvalue of A in (2.14) is 0.9714 < 1. Thus, Papadakis' iterated NN estimates 
of r converge to the ml estimates (Section 2). 
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Table 6. Maximum Likelihood Estimates and Asymptotic Variance Matrix of Y = CY1, Y2, 'Y3)', for 
Tobacco Plant Heights 

Parameter Estimate Variance matrix 

If 1 .505 2.58 x 10-4 
If 2 .013 -1.91 X 10-4 3.80x 10-4 

If 3 6090 -7.896 3.827 1.583 x 10-6 

The six treatment effects, a- = (Cl, . a cf6)', are estimated using maximum likeli- 
hood; see (2.13) with E(->ml) replacing E. Table 7 gives the estimates of aI, a6 and 
ca7 = -(Ca ? ... + c6) along with their estimated standard errors obtained from (3.8). 

To test the null hypothesis Ho: a = 0, we use the Wald statistic, 

W 
a(var(-)) 

a 

and compare it to X2(.05) = 12.6. Here, W = 17.067 and Ho is rejected. From Table 
7, it is clear that treatments 3 and 7 are causing Ho to be rejected, which agrees with 
Binns' (1987) conclusions. 

The data on tobacco plant heights is used here to illustrate a full two-dimensional 
spatial analysis via the method of maximum likelihood. Federer and Schlottfeldt (1954) 
chose an alternative model, one based on perceived quadratic trends within blocks. Thus, 
in contrast to (3.1), a future analysis might fit 

Z Gau (XIr + X2( + X3,, (I - C(-0Y)) +2) 

where X34 represents (possibly quadratic) row effects. Binns (1987) essentially did this, 
although not via likelihood methods. 

Table 7. Maximum Likelihood Estimates of Treatment Effects and Estimated Standard Errors for 
Artificial Wheat-Yield Data 

Parameter Estimate Standard Error 

,ti 3.78 26.20 
0f2 9.87 26.07 
0f3 60.72 27.71 
N4 18.28 28.10 
0f5 -28.75 25.65 
a6 24.13 25.61 
OC7 -88.04 29.28 
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5. CONCLUSIONS 

In this article, block designs with two-dimensional spatial dependence are investi- 
gated. A theoretical connection between the iterated Papadakis nearest neighbor (NN) 
method and generalized least squares is shown to hold when an orthogonal block design 
is employed. Further, when a conditional Gaussian model is assumed, the equivalence 
of iterated Papadakis estimates with maximum likelihood estimates is established. 

To illustrate the advantages of spatial (here conditionally specified Gaussian) mod- 
eling over nonspatial modeling, data from two-dimensional field trials are analyzed. 
Efficiency gains on the order of 20% are obtained for treatment estimates in the spatial 
model. 

APPENDIX 

A.1 ITERATED PAPADAKIS NN METHODS YIELD GENERALIZED LEAST SQUARES 
ESTIMATES 

By replacing DI and D2 with XI and X2, respectively, and invoking (2.11) and 
(2.12), the solution obtained by iterating (2.6), (2.7), and (2.8) can be expressed as 

-() = (X1X1)-1X1 (I - C(7)) Z + (XX)-1X1 {C(y)X1r () + C? ()X2 ()0} 

This step in the derivation illustrates the necessity of a design that is orthogonal [i.e., 
satisfies (2.10)]; expressions (2.11) and (2.12) do not hold for more general block designs. 
The preceding equation implies that 

X1 (I - C(7)) X1r(0) = X1 (I - 0(y)) Z + X? C(-)X2((), 

which [because of (2.10)] can be reexpressed as 

X1 (I - C(y)) X1r?TO + X1 (I - C(y)) X2 (?D) = Xl (I - C(y)) Z. (A.1) 

Similarly, the corresponding relation for block effects is 

X2 (I - 0(y)) Xr(oo ?) X - X2 (I - (y)) Z. (A.2) 

Therefore, assuming orthogonality, 3 (r 0)', $(?))' is a generalized least squares 
estimator given by (2.13). 

A.2 GAUSS-NEWTON SCORING: THE GENERAL CASE AND ITS APPLICATION TO A 

TWO-DIMENSIONAL ORTHOGONAL BLOCK DESIGN WITH A CONDITIONALLY 

SPECIFIED GAUSSIAN ERROR MODEL 

Recall that y = ('Y X *. YkYk+I )" XE = E (y), X = (X1 I X2), and 8i = X/3 with 
,3 as in (3.4). Then the dimensions of M and y are (p + q - 1) x 1 and (k + 1) x 1, 
respectively. To minimize the loglikelihood (3.3) with respect to ,3 and y by the scoring 
algorithm, use the following two updating equations (e.g., Mardia and Marshall 1984): 

)= ( -x(y(e))- lx) XE ((e))-l Z (A.3) 
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and 

e+ -) = _(e _ (J() )- 1 L(,) (A.4) 

where L(e) and J(') are defined by (A.6) and (A. 10), respectively, evaluated at /3 = ,3(f) 
and -y - 

The first derivative of L in (3.3) is: 

L(1) - (Lf, L)' 

where 

L'3 = X'E- 1 X, - X'E- 1 Z , (A.5) 

and the ith element of La is 

(L,y)i = (l/2)tr{ P-'XE} + (1/2)6'Ei6, (A.6) 

with 

Ei -- 0/a;il....,Ik+l, 

El k aS /V Eli ;i ,.,+ 1, 

and 

6 -- Z - Xf3. 

Applied to the model specified by (3.5), (3.6), and (3.7), 

Ei = 3 - HI - -Y2H2)-'Hi(I - - HI- -y2H2)-'; i = 1,2, (A.7) 

E3 = (I - yIHI - Y2H2) (A.8) 

Hence, the first derivative of the negative loglikelihood L becomes 

(L,y)i = (1/2)tr{ H(I - yIHI - Y2H2)-1} - (1/2)6'Hib; i = 1,2, 

(Lf)3 = (n/(2'X)) - (I/(2_2')) 6'(I -_Hi - H y2H2)6. 

Now, the information matrix is equal to 

where 

Jo -E(AL3/&j3) = X'E X (A.9) 

and 

J- _ E(OLy/fyl) (A. 10) 
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has (i, j)th element 

tij--(1 /2)tr{E 
- 

E Ejj }= (1/2)tr{YiE'Ej}; i,j = 1, ... ,k+ 1. 

Applied to the model specified by (3.2), (3.4), (3.5), (3.6), and (3.7), 

= (1 /3 )X' (I-aIH1 - H Y2 H2)X (A. I 1) 

and 

(1/2)tr{Hi(I - yHj - Y2H2)-'Hj(I - 'y1H - 2H2)'}; i, j= 1,2 

) (I/(2-y3)) tr{H1(I - yi - H Y2H2)l}; i = 3, j = 1,2 
( /(2'y3)) tr{Hi (I - VI HI- 'Y2H2)l}; i = 1, 2, j = 3 

(n/ (2-y2)) ; i, j = 3. 
(A.12) 

From this, (A.3) and (A.4) can be iterated until a prespecified convergence criterion is 
satisfied. 
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