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Unit-III 

Deter i atio  of Slope a d Defle tio  of ea s y Dou le I tegratio  Method, Ma aulay s 
Method, Area Moment Method, Conjugate Beam Method, and Strain Energy Method, Castiglio e s 
Method, and Unit Load Method. 

        Introduction 

When a structure is subjected to the action of applied loads each member undergoes deformation 
due to which the axis of structure is deflected from its original position. The deflections also occur 
due to temperature variations and lack-of-fit of members. The deflections of structures are 
important for ensuring that the designed structure is not excessively flexible. The large 
deformations in the structures can cause damage or cracking of non-structural elements. The 
deflection in beams is dependent on the acting bending moments and its flexural stiffness. The 
computation of deflections in structures is also required for solving the statically indeterminate 
structures. 

Construction of shear force and bending moment diagrams:  

A shear force diagram can be constructed from the loading diagram of the beam. In order to draw this, 

first the reactions must be determined always. Then the vertical components of forces and reactions 

are successively summed from the left end of the beam to preserve the mathematical sign 

conventions adopted. The shear at a section is simply equal to the sum of all the vertical forces to the 

left of the section.  

When the successive summation process is used, the shear force diagram should end up with the 

previously calculated shear (reaction at right end of the beam. No shear force acts through the beam 

just beyond the last vertical force or reaction. If the shear force diagram closes in this fashion, then it 

gives an important check on mathematical calculations.  

The bending moment diagram is obtained by proceeding continuously along the length of beam from 

the left hand end and summing up the areas of shear force diagrams giving due regard to sign. The 

process of obtaining the moment diagram from the shear force diagram by summation is exactly the 

same as that for drawing shear force diagram from load diagram.  

It may also be observed that a constant shear force produces a uniform change in the bending 

moment, resulting in straight line in the moment diagram. If no shear force exists along a certain 

portion of a beam, then it indicates that there is no change in moment takes place. It may also further 

observe that dm/dx= F therefore, from the fundamental theorem of calculus the maximum or 

minimum moment occurs where the shear is zero. In order to check the validity of the bending 

moment diagram, the terminal conditions for the moment must be satisfied. If the end is free or 

pinned, the computed sum must be equal to zero. If the end is built in, the moment computed by the 

summation must be equal to the one calculated initially for the reaction. These conditions must always 

be satisfied.  

Illustrative problems:  

Double Integration Method 

Downloaded from  be.rgpvnotes.in

Page no: 1 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

In the following sections some illustrative problems have been discussed so as to illustrate the 

procedure for drawing the shear force and bending moment diagrams  

1. A a tilever of le gth arries a o e trated load W' at its free e d.  

Draw shear force and bending moment.  

Solution:  

At a section a distance x from free end consider the forces to the left, then F = -W (for all values of x) -

ve sign means the shear force to the left of the x-section are in downward direction and therefore 

negative  

Taking moments about the section gives (obviously to the left of the section)  

M = -Wx (-ve sign means that the moment on the left hand side of the portion is in the anticlockwise 

direction and is therefore taken as –ve according to the sign convention)  

so that the maximum bending moment occurs at the fixed end i.e. M = -W l 

From equilibrium consideration, the fixing moment applied at the fixed end is Wl and the reaction is 

W. the shear force and bending moment are shown as,  

 

2. Simply supported beam subjected to a central load (i.e. load acting at the mid-way)  

 

By symmetry the reactions at the two supports would be W/2 and W/2. now consider any section X-X 

fromthe left end then, the beam is under the action of following forces.  
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.So the shear force at any X-section would be = W/2 [Which is constant upto x < l/2]  

If we consider another section Y-Y which is beyond l/2 then  

for all values greater = l/2 

Hence S.F diagram can be plotted as,  

 

.For B.M diagram:  

If we just take the moments to the left of the cross-section,  
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Which when plotted will give a straight relation i.e.  

 

It may be observed that at the point of application of load there is an abrupt change in the shear force, 

at this point the B.M is maximum.  

3. A cantilever beam subjected to U.d.L, draw S.F and B.M diagram. 

 

Here the cantilever beam is subjected to a uniformly distributed load whose intensity is given w / 
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length. 

Consider any cross-section XX which is at a distance of x from the free end. If we just take the resultant 

of all the forces on the left of the X-section, then  

S.Fxx = -W  for all alues of '. ---------- (1)  

S.Fxx = 0 

S.Fxx at x=1 = -Wl 

So if we just plot the equation No. (1), then it will give a straight line relation. Bending Moment at X-X 

is obtained by treating the load to the left of X-X as a concentrated load of the same value acting 

through the centre of gravity.  

Therefore, the bending moment at any cross-section X-X is  

 

The above equation is a quadratic in x, when B.M is plotted against x this will produces a parabolic 

variation.  

The extreme values of this would be at x = 0 and x = l  

 

Hence S.F and B.M diagram can be plotted as follows:  
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3. Simply supported beam subjected to a uniformly distributed load [U.D.L]. 

 

The total load carried by the span would be  = intensity of loading x length  

= w x l 

By symmetry the reactions at the end supports are each wl/2  

If x is the distance of the section considered from the left hand end of the beam.  

S.F at any X-section X-X is  

 

    Giving a straight relation, having a slope equal to the rate of loading or intensity of the loading.  
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The bending moment at the section x is found by treating the distributed load as acting at its centre of 

gravity, which at a distance of x/2 from the section  

 

 

So the equation (2) when plotted against x gives rise to a parabolic curve and the shear force and 

bendingmoment can be drawn in the following way will appear as follows: 
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5. Couple. 

When the beam is subjected to couple, the shear force and Bending moment diagrams may be drawn 

exactly in the same fashion as discussed earlier.  

 

6. Eccentric loads.  

When the beam is subjected to an eccentric loads, the eccentric load are to be changed into a couple/ 

force as the case may be, In the illustrative example given below, the 20 kN load acting at a distance of 

0.2m may be converted to an equivalent of 20 kN force and a couple of 2 kN.m. similarly a 10 kN force 

which is acting at an angle of 300 may be resolved into horizontal and vertical components.The rest of 

the procedure for drawing the shear force and Bending moment remains the same.  
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6. Loading changes or there is an abrupt change of loading: 

When there is an abrupt change of loading or loads changes, the problem may be tackled in a 

systematic way. Consider a cantilever beam of 3 meters length. It carries a uniformly distributed load 

of 2 kN/m and a concentrated loads of 2kN at the free end and 4kN at 2 meters from fixed end.The 

shearing force and bending moment diagrams are required to be drawn and state the maximum 

values of the shearing force and bending moment.  

Solution  

 

Consider any cross section x-x, at a distance x from the free end  

Shear Force at x-x = -2 -2x          0 < x < 1  

S.F at x = 0 i.e. at A = -2 kN  

S.F at x = 1 = -2-2 = - 4kN  

S.F at C (x = 1) = -2 -2x - 4    Concentrated load  

= - 2 - 4 -2x1 kN  
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= - 8 kN  

Again consider any cross-section YY, located at a distance x from the free end  

 

S.F at Y-Y = -2 - 2x - 4         1< x < 3  

This equation again gives S.F at point C equal to -8kN  

S.F at x = 3 m = -2 -4 -2x3  

= -12 kN  

Hence the shear force diagram can be drawn as below: 

 

For bending moment diagrams – Again write down the equations for the respective cross sections, as 

consider above  

Bending Moment at xx = -2x - 2x.x/2 valid upto AC  

B.M at x = 0 = 0 

B.M at x =1m = -3 kN.m  

For the portion CB, the bending moment equation can be written for the x-section at Y-Y . 
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B.M at YY = -2x - 2x.x/2 - 4( x -1)  

This equation again gives,  

B.M at point C = - 2.1 - 1 - 0 i.e. at x = 1  

= -3 kN.m  

B.M at point B i.e. at  x = 3 m  

= - 6 - 9 - 8  

= - 23 kN-m  

The variation of the bending moment diagrams would obviously be a parabolic curve 

Hence the bending moment diagram would be  

 

7. Illustrative Example : 

In this there is an abrupt change of loading beyond a certain point thus, we shall have to be careful at 

the jumps and the discontinuities. 

Downloaded from  be.rgpvnotes.in

Page no: 11 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

 

For the given problem, the values of reactions can be determined as  

R2 = 3800N and R1 = 5400N  

The shear force and bending moment diagrams can be drawn by considering the X-sections at the 

suitable locations.  

 

8. Illustrative Problem : 

The simply supported beam shown below carries a vertical load that increases uniformly from zero at 

the one end to the maximum value of 6kN/m of length at the other end .Draw the shearing force and 

bendingmoment diagrams.  

Solution  

Determination of Reactions  

For the purpose of determining the reactions R1 and R2 , the entire distributed load may be replaced 

by its resultant which will act through the centroid of the triangular loading diagram.  

So the total resultant load can be found like this-  

Average intensity of loading = (0 + 6)/2  = 3 kN/m 

Total Load = 3 x 12 = 36 kN 
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Since the centroid of the triangle is at a 2/3 distance from the one end, hence 2/3 x 3 = 8 m from the 

left end support.  

 

Now taking moments or applying conditions of equilibrium  

36 x 8 = R2 x 12  

R1 = 12 kN  

R2 = 24 kN  

Note: however, this resultant can not be used for the purpose of drawing the shear force and bending 

moment diagrams. We must consider the distributed load and determine the shear and moment at a 

section x from the left hand end.  

 

Consider any X-section X-X at a distance x, as the intensity of loading at this X-section, is unknown let 

us find out the resultant load which is acting on the L.H.S of the X-section X-X, hence  

So consider the similar triangles  

OAB & OCD  
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In order to find out the total resultant load on the left hand side of the X-section  

Find the average load intensity  

 

Now these loads will act through the centroid of the triangle OAB. i.e. at a distance 2/3 x from the left 

hand end. Therefore, the shear force and bending moment equations may be written as 
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9. Illustrative problem :  

In the same way, the shear force and bending moment diagrams may be attempted for the given 

problem  
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10. Illustrative problem :  

For the uniformly varying loads, the problem may be framed in a variety of ways, observe the shear 

force and bending moment diagrams  

 

11. Illustrative problem : 

In the problem given below, the intensity of loading varies from q1 kN/m at one end to the q2 kN/m at 

the other end .This problem can be treated by considering a U.d.i of intensity q1 kN/m over the entire 

span and a uniformly varying load of 0 to ( q2- q1)kN/m over the entire span and then super impose 

the two loadings.  
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Point of Contraflexure: 

 

Consider the loaded beam a shown below along with the shear force and Bending moment diagrams 

for It may be observed that this case, the bending moment diagram is completely positive so that the 

curvature of the beam varies along its length, but it is always concave upwards or sagging. However if 

we consider a again a loaded beam as shown below along with the S.F and B.M diagrams, then  

Downloaded from  be.rgpvnotes.in

Page no: 17 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

 

It may be noticed that for the beam loaded as in this case, 

The bending moment diagram is partly positive and partly negative.If we plot the deflected shape of 

the beam just below the bending moment 

 

This diagram shows that L.H.S of the beam sags' hile the ‘.H.“ of the beam hogs'  

The point C on the beam where the curvature changes from sagging to hogging is a point of contra 

flexure.  

OR 

It corresponds to a point where the bending moment changes the sign, hence in order to find the 

point of contraflexures obviously the B.M would change its sign when it cuts the X-axis therefore to 

get the points of contra flexure equate the bending moment equation equal to zero. The fibre stress is 

zero at such sections . 

Beam Deflection – Double Integration Method 

In this supplement, we describe the methods for determining the equation of the deflection 

curve and for finding deflections at specific points along the axis of the beam. 
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The calculations of deflection are essential for the following reasons. 

1. Analysis of statically indeterminate beams. 

2. Verify that deflections do not exceed allowable values: large deflections are associated 

with poor appearance, and with too much flexibility in the structure (which can lead to a 

sense of discomfort or broken glass panels). 

 

For the derivation of this method, we start with the following equations. dx = R dθ
 ĺ 1/R = dθ/d  

and 1/R = M/EI 

where 

R = radius of curvature 

M = bending moment 

E = modulus of elasticity 

I = moment of inertia of the beam cross section EI = 

flexural rigidity of the beam 

 

For small rotations:    1/R = dθ/d  = d
2

y/dx
2 

= M/EI 

This equation is the basic differential equation of the deflection curve of a beam.  Application of 

Elastic Curve – Double Integration 

The equation for the deflection curve is found by starting with the following equation. 

 = d
2

y/dx
2  

= M/EI 

 

Finding the deflection curve consists of successive integrations of this equation, with the 

resulting constants of integration being evaluated from the boundary conditions of the 

beam. 
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Integrating once gives an expression for the slope θ of the elastic curve at any point x. 

θ =  = dy/dx = ∫ (M/EI) dx 

Integrating a second time yields an expression for the deflection ∆ of the elastic curve at any 

point x: 

∆ = y = ∫∫ (M/EI) dx
2

 

 

The following sign convention is used for this method. 

1. Downward deflection is negative. 

2. Upward deflection is positive. 

 

Summary of Procedure 

• First, the equations for  the bending moment  are written, using free body diagrams 

and the equations of equilibrium. 

• Next, the following integral equation is written. 

 = d
2

y/dx
2 

= M/EI or EI  = EI (d
2

y/dx
2

) = M 

• Then, the integration is performed and the constants of integration are evaluated from 

boundary conditions pertaining to ∆ and θ at the supports of the beam and from 

continuity equations. 

 

Double Integration – Use of Symmetry 

The double integration method becomes laborious when the constants of 

integration are difficult to determine. 

• When simply supported beams are symmetrically loaded, the solution becomes simpler. 

- The maximum deflection occurs at mid-span. 

- The slope of the elastic curve is zero at mid-span. 

 

Summary 

1. Write the equations for bending moment. 

2. Write the following integral equation. 

 = d
2

y/dx
2 

= M/EI or EI  = d
2

y/dx
2 

= M 

3. Perform the integrations. 

4. Evaluate the constants of integration. 
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Examples – Deflection by the Double Integration Method 

 

Given: The simply supported beam 

with a uniformly distributed load. 

 

Find: Write equations for Δ and θ. Solution 

Write an equation for moment using the free body diagram at the right. 

∑Mcut = 0 = - (wL/2) x + w x (x/2) + M M = (wL/2) x 

– wx
2

/2 

Write the equations for the deflection 

curve by integrating the moment equation. 

EIy  = M = (wL/2) x - wx
2

/2 

EIy  = EIθ = (wL/2)(x
2

/2) - (w/2)(x
3

/3) + C1 

EIy = EIΔ = (wL/2)(x
3

/6) - ω/2 4
/12) + C1x + C2 

 

Solve for the constants of integration. 

Boundary conditions: At x = 0, Δ = 0 So C2 = 0 

At x = L, Δ = 0 

0 = (wL/2)(L
3

/6) - ω/2 L4
/12) + C1L + 0 

C1L = - (wL/2)(L
3

/6) + ω/2 L4
/12) = ωL4

/24)(- 2 + 1) = - ωL4
/24 So C1 = - ωL3

/24 

 

Write the equations for Δ and θ. 

EIy  = EIθ = (wL/2)(x
2

/2) - (w/2)(x
3

/3) - ωL3
/24 = w/24 (6Lx

2 
- 4x

3 
- L

3
) Thus, θ = (w/24EI)(6Lx

2 
- 

4x
3 

- L
3

) 

EIy = EIΔ = (wL/2)(x
3

/6) - ω/2 4
/12) - ωL3

/24)x + 0 = wx/24(2Lx
2 

- x
3 

- L
3

) Thus, Δ = (wx/24EI)(2Lx
2 

- x
3 

- L
3

) 
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Example 

 

 The  cantilever  beam  with  a uniformly 

distributed load. 

 

Find: Write equations for Δ and θ. Solution 

Write an equation for moment using the free body diagram at the right. 

∑Mcut = 0 = wx(x/2) + M M = – 

wx
2

/2 

Write the equations for the deflection 

curve by integrating the moment equation. 

EI  = M = - wx
2

/2 

EIy  = EIθ = - (w/2)(x
3

/3) + C1 

EIy = EIΔ = - ω/2 4
/12) + C1x + C2 

 

Solve for the constants of integration. Boundary 

condition: At x = L, θ = 0 

0 = - (w/2)(L
3

/3) + C1 C1 

= + wL
3

/6 

Boundary condition: At x = L, Δ = 0 

0 = - ω/2 L4
/12) + (wL

3
/6) L + C2 

C2 = + wL
4

/24 - wL
4

/6 = (wL
4

/24)(1 - 4) = - 3wL
4

/24 = - wL
4

/8 

 

Write the equations for Δ and θ. 

EIy  = EIθ = - (w/2)(x
3

/3) + wL
3

/6 = w/6 (- x
3 

+ L
3

) 

Thus, θ = (w/6EI) (L
3 – x

3
) 

 

EIy = EIΔ = - ω/2 4
/12) + (wL

3
/6) x - wL

4
/8 = (w/24)(- x

4 
+ 4xL

3 
- 3L

4
) Thus, Δ = (w/24EI)(- x

4 
+ 

4xL
3 

- 3L
4

) 

 
       Moment Area Method 

 

The moment-area method is one of the most effective methods for obtaining the bending 
displacement in beams and frames. In this method, the area of the bending moment diagrams is 
utilized for computing the slope and or deflections at particular points along the axis of the beam or 
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frame. Two theorems known as the moment area theorems are utilized for calculation of the 
deflection. One theorem is used to calculate the change in the slope between two points on the 
elastic curve. The other theorem is used to compute the vertical distance (called tangential 
deviation) between a point on the elastic curve and a line tangent to the elastic curve at a second 
point. 

Consider Figure 3.1 showing the elastic curve of a loaded simple beam. On the elastic curve 

tangents are drawn on points A and B . Total angle between the two tangents is denoted as . In 

order to find out 

, consider the incremental change in angle  over an infinitesimal segment     located at a 

distance of from point B . The radius of curvature and bending moment for any section of the beam is 

given by the usual bending equation. 

                                                                                          

where R is the radius of curvature; E is the modulus of elasticity; I is the moment of inertia; and M 
denotes the bending moment. 

The elementary length  and the change in angle  are related as, 

 
 

Substituting R from Eq. (3.2) in Eq. (3.1) 

 

 
 

The total angle change  can be obtained by integrating Eq. (3.3) between points A and B which is 

expressed as 
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. The negative sign is 

 

 

Area of M / EI diagram between A and B  

 

The difference of slope between any two points on a continuous elastic curve of a beam is equal to the 

area under the M / EI curve between these points.The distance dt along the vertical line through point B is 

nearly equal to. 

Integration of dt between points A and B yield the vertical distance  between the point B and the tangent 

from point A on the elastic curve. Thus, 

 

                                                                               (3.6) 

since the quantity M /EI represents an infinitesimal area under the M /EI diagram and distance   from 

that area to point B, the integral on right hand side of Eq. (3.6) can be interpreted as moment of the area 

under the M/EI diagram between points A and B about point B . This is the second moment area theorem. 

 

If A and B are two points on the deflected shape of a beam, the vertical distance of point B from the 
tangent drawn to the elastic curve at point A is equal to the moment of bending moment diagram area 
between the points A and B about the vertical line from point B , divided by EI . 

 

Sign convention used here can be remembered keeping the simply supported beam of Figure 3.1 in 

mind. A sagging moment is the positive bending moment diagram and has positive area. Slopes are 

positive if measured in the anti-clockwise direction. Positive deviation   indicates that the point B lies 

above the tangent from the point A . 

 
Example 3.1 Determine the end slope and deflection of the mid-point C in the beam shown below using 
moment area method .  

 

 

 

 

Solution: The M / EI diagram of the beam is shown in Figure 3.2(a). The slope at A ,   can be obtained 

by computing the  using the second moment area theorem i.e. 

 

(clockwise direction) 

 

 

The slope at B can be obtained by using the first moment area theorem between points A and B i.e. 

 

 

 
 

(anti-clockwise) 
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(It is to be noted that the because of the slope being in the clockwise direction. As per sign convention 

a positive slope is in the anti-clockwise direction) 

The deflection at the centre of the beam can be obtained with the help of the second moment area 
theorem between points A and C i.e. 

 

 
 

Example 3.2 Using the moment area method, determine the slope at B and C and deflection at C of the 
cantilever beam as shown in Figure 3.3(a). The beam is subjected to uniformly distributed load over 
entire length and point load at the free end. 

 
Solution: The moment curves produced by the concentrated load, W and the uniformly distributed load,w 
are plotted separately and divided by EI (refer Figures 3.3(b) and (c)). This results in the simple geometric 
shapes in which the area and locations of their centroids are known. 

 

Since the end A is fixed, therefore, . Applying the first moment-area theorem between points A and 

C 

 

 

 (negative sign is due to hogging moment) 

 (clockwise direction) 

The slope at B can be obtained by applying the first moment area theorem between points B and C i.e. 

 

 
 

 
 

 – 

 

(clockwise direction) 

 

 

 
 

 
 

 
 

(downward direction) 
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The deflection at C is equal to the tangential deviation of point C from the tangent to the elastic curve at A 
(see Figure 3.3(d)). 

 = moment of areas under M / EI curves between A and C in Figures 3.3(b) and (c) about C 

 

 

(downward direction) 

Example 3.3 Determine the end-slopes and deflection at the center of a non-prismatic simply supported 
beam. The beam is subjected to a concentrated load at the center. 

 

Solution: The M/EI diagram of the beam is shown in Figure 3.4(b). 
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Applying second moment-area theorem between points A and B , 

 

 
 

Applying first moment area theorem between A and C . 

 

 
 

(clockwise direction) 
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Applying second moment area theorem between A and C . 

 

(anti-clockwise direction) 

 
 

 
 

(downward direction) 

 

Example 3.4 Determine the slope and deflection at the hinge of the beam shown in the Figure 3.5 (a). 

 

 
 

Solution: The bending moment diagram is shown in Figure 3.5(b). 

 

 
 

 

Since the end A is fixed, therefore, . Applying the first moment-area theorem between points A and 

B 
(refer Figure 3.5(c)) 
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Applying second moment area theorem between points A and B , 

 

 
 

Applying second moment area theorem between points B and D , 

 

 
 

From the first moment area theorem between points B and D 

 

 
 

 

 

 

(clockwise direction) 

 

 
Example 3.5 Determine the vertical deflection and slope of point C of the rigid-jointed plane frame shown 
in the Figure 3.6(a). 

 

 

 
 

 
 
 

(anti-clockwise direction) 

 

 

 
(downward direction) 

(clockwise direction) 
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Solution: The M/EI and deflected shape of the frame are shown in the Figures 3.6(a) and (b), respectively. 

As the point A is fixed implying that . Applying first moment area theorem between points A and B , 

(looking from the left side) 

 

 

(anti-clockwise direction) 

 

 

Applying second moment area theorem between points B and C 

 

 
 

The vertical displacement of point C 

 

 

 

(downward direction) 

 

Applying first moment area theorem between point B and C 

 

 
Deflection by Strain Energy Method 

The concepts of strain, strain-displacement relationships are very useful in computing energy-related 

quantities such as work and strain energy. These can then be used in the computation of deflections. In 

 

 

 

 

(anti-clockwise direction) 
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the special case, when the structure is linear elastic and the deformations are caused by external forces 

only, (the complementary energy U * is equal to the strain energy U ) the displacement of structure in 

the direction of force  is expressed by 

                                                                                       

This equation is known as Castigliano's theorem. It must be remembered that its use is limited to 
the calculation of displacement in linear elastic structures caused by applied loads. The use of this 
theorem is equivalent to the virtual work transformation by the unit-load theorem. 

Calculation of Strain Energy 

 

When external loads are applied on an elastic body they deform. The work done is transformed into 
elastic strain energy U that is stored in the body. We will develop expressions for the strain energy for 
different types of loads. 

 

Axial Force : Consider a member of length L and axial rigidity AE subjected to an axial force P 
applied gradually as shown in the Figure 3.23. The strain energy stored in the member will be equal to 
the external work done by the axial force i.e 

 

 

 

 

 

 

 
 

 

 

 

Figure 3.24 Member subjected to axial force 

 

Bending Moment: Consider a beam of length L and flexural rigidity EI subjected to a general loading 
as shown in Figure 3.25. Consider a small differential element of length, dx . The energy stored in 
the small element is given by 

 

 

The total strain energy in the entire beam will be 
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Figure 3.25 Member under bending 

 

 

Shear Force: The strain energy stored in the member due to shearing force is expressed by  
 

 

 

where V is the shearing force; and is the shearing rigidity of the member. 

Twisting Moment: The strain energy stored in the member due to twisting moment is expressed by 

 

                                                                                   

where T is the twisting moment; and GJ is the torsional rigidity of the member. 

 

Example Find the horizontal deflection at joint C of the pin-jointed frame as shown in Figure 3.26(a). AE 

is constant for all members. 
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Solution: The force in various members of the frame is shown in Figure 26(b). Calculation of strain energy 
of the frame is shown in Table 3.3. 

 

 
 

Table 3.4 

 

 

Member 

 

Length ( L ) 

 

Force ( P ) 

 

AB L P  

BC L P  

BD   
 

CD L 0 0 

 

 

 

Horizontal displacement of joint C , 

 

 

 
Example A bar of uniform cross-section is bent into a quadrant of circle of radius R . One end of the bent is 
fixed and other is free. At the free end it carries a vertical load W . Determine the vertical and horizontal 
deflection at A . 

 

Solution: 
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Vertical displacement of A : The vertical displacement of A is given by 

 

 
 

For evaluation of the total strain energy in the system, consider a small element  as shown in the 

Figure. The bending moment at this element,  . Thus, 

 

 
Since there is no horizontal force acting at point A , apply a horizontal force, F at A as shown in 
Figure 3.27(b). From the Castigliano's theorem, the horizontal displacement of A due to applied external 
load W is given by 
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The bending moment at the small element   is   . Thus, the horizontal 

displacement of A 

 

 
 

 
 

 
 

 
 

(i.e. deflection is in direction) 

 

Castiglia o s first theorem: 

 

It states that the deflection caused by any external force is equal to the partial derivative of the strain 

energy with respect to that force. A generalized statement of the theorem is as follows: 

 If there is any elastic system in equilibrium under the action of a set of a forces W1 , W2, W3 

………….Wn and corresponding displacements δ1 , δ2, δ3…………. δn and a set of moments M1 , M2, 

M3………Mn and  corresponding  rotations Φ1  , Φ2, Φ3,…….. Φn , then the partial derivative of the 

total strain energy U with respect to any one of the forces or moments taken individually would yield 

its corresponding displacements in its direction of actions. 
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Expressed mathematically, 

 

 

 

 

 

 

Unit Load Method 

Principle of Virtual Work 

 

Consider a structural system subjected to a set of forces ( … referred as P force) under 

stable equilibrium condition as shown in Figure 3.11(a). Further, consider a small element within the 

structural system and stresses on the surfaces caused by the P forces are shown in Figure 3.11(b) and 

referred as . 

 

 

Let the body undergoes to a set of compatible virtual displacement . These displacements are 

imaginary and fictitious as shown by dotted line. While the body is displaced, the real forces acting on the 

body move through these displacements. These forces and virtual displacements must satisfy the 

principle of conservation of energy i.e. 

 

 

 

This is the principle of virtual work 

 

If a system in equilibrium under a system of forces undergoes a deformation, the work done by the 

external forces ( P ) equals the work done by the internal stresses due to those forces, ( ). 

 

In order to use the above principle for practical applications, we have to interchange the role of the 
forces and displacement. Let the structure acted upon by a virtual force is subjected to real 
displacements then the Eq. can be written as 

 

                                                              

U 
W 1 

1 

U 
M 1 

1 

Downloaded from  be.rgpvnotes.in

Page no: 36 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


Strength of Material  Mr.Vaibhav Bhawsar 

 

This is the principle of complimentary virtual work and used for computing displacements. 

 

Consider a structure shown in Figure 3.12(a) and subjected to P force and it is required to find 

the displacement of point C in the direction specified. First apply a virtual forceat C in the 

required direction. Next apply the external (real) loads acting on the structures as shown in Figure 

3.12(a) with the virtual force remain in the position. The displacement of C in the required ditection 

be and the internal elements deform by an amount . Using Eq. ( 

                                                                     

The left hand side of Eq. (3.11) denotes the external work done by the virtual force moving through 

the real dispolacement . On the other hand, the right hand side of Eq. (3.11) represents the 

internal work done by the virtual internal element forces d f moving through the displacement . 

 

Since is arbitrary and for convenience let =1 (i.e. unit load). The Eq. (3.11) can be re-written as 

                                                                     (3.12) 

where f denotes the internal force in the members due to virtual unit load. 

 

The right hand side of Eq. (3.12) will directly provide the displacement of point C due to applied 
external forces. This method is also known as unit load method. 

 

Similarly for finding out a rotation,   at any point of a loaded structure, the corresponding Eq. (3.12) 
will take place as 

 

                                                                     (3.13) 

where denotes the internal force in the members due to virtual unit moment applied in the direction of 

interested  . 
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Conjugate Beam Method | Beam Deflection 

Properties of Conjugate Beam 

1. The length of a conjugate beam is always equal to the length of the actual beam. 

2. The load on the conjugate beam is the M/EI diagram of the loads on the actual beam. 

3. A simple support for the real beam remains simple support for the conjugate beam. 

4. A fixed end for the real beam becomes free end for the conjugate beam. 

5. The point of zero shear for the conjugate beam corresponds to a point of zero slope for the real 

beam. 

6. The point of maximum moment for the conjugate beam corresponds to a point of maximum 

deflection for the real beam. 

Supports of Conjugate Beam 

Knowing that the slope on the real beam is equal to the shear on conjugate beam and the deflection on 

real beam is equal to the moment on conjugate beam, the shear and bending moment at any point on 

the conjugate beam must be consistent with the slope and deflection at that point of the real beam. Take 

for example a real beam with fixed support; at the point of fixed support there is neither slope nor 

deflection, thus, the shear and moment of the corresponding conjugate beam at that point must be zero. 

Therefore, the conjugate of fixed support is free end. 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 
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