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Chapter-I 

Vector Spaces 

 

Linear algebra is that branch of mathematics which treats the common properties of algebraic systems 

which consist of a set, together with a reasonable notion of a linear combination of elements in the set. In 

this section we shall define the mathematical object which experience has shown to be the most useful 

abstraction of this type of algebraic system. 

  

Definition 1:  Let V be a set on which addition and scalar multiplication are defined (this means that 

if u and v are elements in V and c is a scalar then we’ve defined  and cu in some way).  If the 

following axioms are true for all objects u, v, and w in V and all scalars c and k then V is called a vector 

space and the elements in V are called vectors. 

(a)   is in V  This is called closed under addition. 

(b) cu is in V  This is called closed under scalar multiplication. 

(c)  

(d)  
(e) There is a special object in V, denoted 0 and called the zero vector, such that for all u in V we have 

. 

(f) For every u in V there is another object in V, denoted      and called the negative of u, such 

that . 

(g)    

(h)    

(i)  

(j)  

  

  

Remarks: When we restrict the scalars to real numbers we generally call the vector space a real vector 

space and when we allow the scalars to be complex numbers we generally call the vector space 

a complex vector space.  We will be working exclusively with real vector spaces and from this point on 

when we see vector space it is to be understood that we mean a real vector space. 

  

We should now look at some examples of vector spaces and at least a couple of examples of sets that 

aren’t vector spaces.  Some of these will be fairly standard vector spaces while others may seem a little 

strange at first but are fairly important to other areas of mathematics. 

  

Example 1  If n is any positive integer then the set  with the standard addition and scalar 

multiplication as defined in the Euclidean n-space section is a vector space. 

  

Note that from this point on when we refer to the standard vector addition and standard vector scalar 

multiplication we are referring to that we defined in the Euclidean n-space section. 

  

Example 2  The set            with the standard vector addition and scalar multiplication defined as, 

  is NOT a vector space. 

  

Example 3  The set           with the standard vector addition and scalar multiplication defined as, 

http://tutorial.math.lamar.edu/Classes/LinAlg/EuclideanSpace.aspx#Euclid_nSpace_Defn1


          is NOT a vector space. 

  

Example 4  The set            with the standard scalar multiplication and addition defined as, 

 is NOT a vector space. 

  

Example 5  Suppose that the set V is the set of positive real numbers (i.e.  ) with addition and scalar 

multiplication defined as follows,  

This set under this addition and scalar multiplication is a vector space. 

Let’s go through each of the axioms and verify that they are valid. 

  

First let’s take a look at the closure axioms, (a) and (b).  Since by x and y are positive numbers their 

product xy is a positive real number and so the V is closed under addition.  Since x is positive then for 

any c  is a positive real number and so V is closed under scalar multiplication. 

  

Next we’ll verify (c).  We’ll do this one with some detail pointing out how we do each step.  First assume 

that x and y are any two elements of V (i.e. they are two positive real numbers). 

                                                    

We’ll now verify (d).  Again, we’ll make it clear how we’re going about each step with this one.  Assume 

that x, y, and z are any three elements of V. 

                              

  

Next we need to find the zero vector, 0. We need to find an element that is in V so that under our 

definition of addition we have,   

 
  

If x is any element of V,             

We next need to define the negative,       for each element x that is in V such that 

  

Given an x in V we know that x is strictly positive and so is defined (since x isn’t zero) and is positive 

(since x is positive) and therefore is in V.  Also, under our definition of addition and the zero vector 



we have,    Therefore, for the set V the negative of x is . 

  

We’ll start with (g). If x and y are any two elements of V and c is any scalar then, 

 
  

So, it looks like we’ve verified (g). 

  

Let’s now verify (h).  If x is any element of V and c and k are any two scalars then, 

 
  

So, this axiom is verified.  Now, let’s verify (i).  If x is any element of V and c and k are any two scalars 

then, 

 
  

We’ve got the final axiom to go here and that’s a fairly simple one to verify.  

 

Example 6  Let the set V be the points on a line through the origin in          with the standard addition 

and scalar multiplication.  Then V is a vector space. 

   

Example 7  Let the set V be the points on a line that does NOT go through the origin in  with the 

standard addition and scalar multiplication.  Then V is not a vector space. 

   

Example 8  Let the set V be the points on a plane through the origin in  with the standard 

addition and scalar multiplication.  Then V is a vector space. 

  

Example 9  Let n and m be fixed numbers and let             represent the set of all 

 matrices.  Also let addition and scalar multiplication on  be the standard matrix addition and 

standard matrix scalar multiplication.  Then  is a vector space. 



  

Example 10  Let be the set of all real valued functions that are defined on the interval .   

Then given any two “vectors”,  and  from and any scalar c define addition and 

scalar multiplication as, 

  .Under these operations 

 is a vector space. 

  

  

Theorem 1  Suppose that V is a vector space, u is a vector in V and c is any scalar.  Then, 

(a)  

(b)  

(c)  

(d) If           then either or  

  

Subspaces  

 

In Example 1 we saw that  was a vector space with the standard addition and scalar multiplication 

for any positive integer n.  So, in particular  is a vector space with the standard addition and scalar 

multiplication.   

 

Definition 1  Suppose that V is a vector space and W is a subset of V.  If, under the addition and scalar 

multiplication that is defined on V, W is also a vector space then we callW a subspace of V. 

  

The following theorem is the necessary and sufficient condition for a space to be a subspace. 

 

  

Theorem 1  Suppose that W is a non-empty (i.e. at least one element in it) subset of the vector 

space V then W will be a subspace if the following two conditions are true. 

(a) If u and v are in W then  is also in W (i.e. W is closed under addition). 

(b) If u is in W and c is any scalar then cu is also in W (i.e. W is closed under scalar 

multiplication). 

Where the definition of addition and scalar multiplication on W are the same as on V. 

  

Proof : To prove this theorem all we need to do is show that if we assume the two closure axioms are 

valid the other 8 axioms will be given to us for free.  As we discussed above the axioms c, d, g, h, i, 

and j are true simply based on the fact that W is a subset of V and it uses the same addition and scalar 

multiplication and so we get these for free. 

  

We only need to verify that assuming the two closure condition we get axioms e and f as well.  From the 

second condition above we see that we are assuming that W is closed under scalar multiplication and so 

both 0u and           must be in W, but from theorem1 from the previous section we know that, 

 

  
 

  

But this means that the zero vector and the negative of u must be in W and so we’re done. 



 

Remarks: 

 

Every vector space, V, has at least two subspaces.  Namely, V itself and  (the zero space). 

  

  

Example 1  Determine if the given set is a subspace of the given vector space. 

(a) Let W be the set of all points, , from  in which .  Is this a 

subspace of ?    

(b) Let W be the set of all points from  of the form .  Is this a subspace 

of ?    

(c) Let W be the set of all points from  of the form .  Is this a subspace 

of ?    

Solution: 
In each of these cases we need to show either that the set is closed under addition and scalar 

multiplication or it is not closed for at least one of those. 

  

(a) This set is closed under addition because,  

      and since   we also have          and so the resultant point is back in W. 

      However, this set is not closed under scalar multiplication.  Let c be any negative scalar and further 

assume that            then,  

Then because  and  we must have  and so the resultant point is not 

in W because the first component is neither zero nor positive. 

Therefore, W is not a subspace of V. 

  

(b) This one is fairly simple to check a point will be in W if the first component is zero.  So, 

let and be any two points in W and let c be any scalar then, 

                                  

So, both  and cx are in W and so W is closed under addition and scalar multiplication and 

so W is a subspace. 

 

 (c) This one is here just to keep us from making any assumptions based on the previous part.  This set is 

closed under neither addition nor scalar multiplication.  In order for points to be in W in this case the first 

component must be a 1.  However, if  and  be any two points 

in W and let c be any scalar other than 1 we get, 

                                 

 
  

Neither of which is in W and so W is not a subspace. 



  

Example 2  Determine if the given set is a subspace of the given vector space. 

 Let W be the set of diagonal matrices of size .  Is this a subspace of ?    

 

Solution 

(a)  Let u and v be any two  diagonal matrices and c be any scalar then, 

     

 

                                                  

  

Both  and cu are also diagonal  matrices and so W is closed under addition and 

scalar multiplication and so is a subspace of . 

 

We now need to look at a fairly important subspace of  that we’ll be seeing in future sections. 

  

Definition 2  Suppose A is an  matrix.  The null space of A is the set of all x in  such 

that . 

  

Let’s see some examples of null spaces that are easy to find. 

  

Example 4  Determine the null space of each of the following matrices. 

     

Solution 

(a)  

  

To find the null space of A we’ll need to solve the following system of equations. 

                        

 



  

We’ve given this in both matrix form and equation form.  In equation form it is easy to see that the only 

solution is .  In terms of vectors from  the solution consists of the single 

vector  and hence the null space of A is   

  

The above example shows the following result: 

 

Theorem 2  Suppose that A is an  matrix then the null space of A will be a subspace of . 

  

Proof : We know that the subspace of A consists of all the solution to the system .  First, 

we should point out that the zero vector, 0, in  will be a solution to this system and so we know 

that the null space is not empty.  This is a good thing since a vector space (subspace or not) must contain 

at least one element. 

  

Now that we know that the null space is not empty let x and y be two elements from the null space and 

let c be any scalar.  We just need to show that the sum and scalar multiple of these are also in the null 

space and we’ll be done. 

  

Let’s start with the sum.  

  

  

The sum,  is a solution to  and so is in the null space.  The null space is 

therefore closed under addition. 

  

Next, let’s take a look at the scalar multiple. 

 
 

  

The scalar multiple is also in the null space and so the null space is closed under scalar multiplication. 

  

Therefore the null space is a subspace of . 

 


