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The problem of characterizing the manifest probabilities of a latent trait model is considered. 
The item characteristic curve is transformed to the item passing-odds curve and a corresponding 
transformation is made on the distribution of ability. This results in a useful expression for the 
manifest probabilities of any latent trait model. The result is then applied to give a 
characterization of the Rasch model as a log-linear model for a 21-contingency table. Partial 
results are also obtained for other models. The question of the identifiability of "guessing" para
meters is also discussed. 
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1. Introduction 

Latent trait models have proved to be very useful in the theory and analysis of 
mental tests [e.g., Rasch 1960, Lord & Novick 1968; Lord, 1980]. In such applications, 
the latent trait represents an "ability" measured by the test. The usual development of 
these models begins with the probability that an examinee of a given ability level will 
respond correctly to each item. However, the ability of an examinee is not directly observ
able. All that can be estimated directly are the proportions of examinees in a given popu
lation who obtain particular patterns of right and wrong answers on the set of questions. 
These population proportions are the manifest probabilities. It follows that a latent trait 
model fits a set of data if it correctly predicts the manifest probabilities. In this paper we 
characterize some latent trait models directly from their manifest probabilities rather than 
following the more standard approach of building a model for the individual examinee 
responses. 

We begin with some notation. Assume that we are considering a given test T. Let xi 

denote correct or incorrect responses on the jth item of T by 

if item j is correct 
if otherwise. 

The test T has J items and we let x = (x 1, ... , x1) denote a generic pattern of right and 
wrong responses to the J items. We shall call x a response vector. Let a population* of 

* Our explicit consideration of a population of examinees is a major distinction between the development 
given here and more standard approaches that begin at the examinee level. 
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examinees, C, be specified and let p(x) denote the proportion of examinees in C who 
would produce response vector x if tested by T. There are 2J possible response vectors x 
and by definition of p(x) we have 

p(x) ~ 0 and 2: p(x) = i. 
x 

The collection, {p(x)}, formed by letting x range over its 2J values, constitutes the manifest 
probabilities for the test T in population C. Latent trait models specify a functional form 
for the manifest probabilities by assuming that there is a latent trait or ability value, 8, for 
each examinee in C and that p(x) has the representation: 

p(x) = f If Pi(£Wi(l - Pi(8)) 1 -xi] dF(8), (1) 

where Pi (8) is the item characteristic curve (ICC) for item j, and F(8) is the (cumulative) 
distribution functiont of the latent trait () over the population C. In this development, 
Pi(()) represents the proportion of examinees in C who respond correctly to item j among 
all those with () as their value of the latent trait. 

One way of interpreting (1) is as follows. In the population C there will appear to be 
a correlation between the rightness and wrongness of responses to the different questions 
on the test T. A latent trait model explains this correlation by assuming that it is due, 
solely, to the latent trait () and that the performance of examinees having the same value 
of() is random [i.e., independent Bernoulli trials with probabilities P1(8), .. ., PJ(())]. A 
second interpretation of (1) is that it separates the manifest probabilities p(x) into two 
components. The first-fli Pi(()Yi(l - Pi(8)) 1 -xi-is a characteristic of the test T. The 
second component-F(8)-is a characteristic of the population C. Since a transformation 
of () can interact with the form of the ICCs, this latter interpretation should not be ac
cepted uncritically. 

We find it useful to use an equivalent form of the ICC in our analysis, namely the 
item passing-odds curve (IPC). The IPC, lj(8), corresponding to an ICC, Pi(()), is defined 
by 

V(8) = Pi(()) 
1 1 - Pi(()) 

(2) 

The only difference in interpretation between lj(8) and Pi(()) is that lj(8) is the odds that 
a person of ability level ()will respond correctly to item j, whereas Pi(()) is the probability 
that such a person will respond correctly to item j. We summarize some simple facts 
relating Pi(()) and lj(8) in the following lemma whose proof we omit. 

Lemma 1: If Pi(()) is an ICC and lj(8) is the corresponding IPC then 

- lj(8) . 
(a) Pi(8) - l + lj(()), 

(b) Pi(()) is (strictly) monotone increasing if and only 
if lj(8) is (strictly) monotone increasing; 

(c) Pi(()) is (strictly) positive if and only if lj(8) 
is (strictly) positive; 

(d) Pi(())< 1 if and only if V;(8) < oo. 

(3) 

t In (1) we have used the Stieltjes form of the integral-dF(e) rather than F'(e) de as the differential 
element-to allow for complete mathematical generality. Readers who are not familiar with this notation can 
replace dF(e) by F'(e) de in all of the integrals and will obtain formulas in terms of the density function, F'(e). 
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Equation (1) is the usual way of expressing the relationship between the ICCs and the 
manifest probabilities of a latent trait model. The use of the IPCs gives us a second way of 
expressing this relationship that leads to useful formulas for the manifest probabilities for 
certain types of ICCs. This alternative representation of p(_x) is given in Theorem 1. 

Theorem I: The collection of manifest probabilities, {p(x)}, has the representation 
given in (1), where F(B) is an arbitrary distribution function and the ICCs Pi(B) are all 
strictly increasing with 0 < Pi(B) < 1, if and only if p(x) also has the representation 

p(x) = p(O) f 9 [V;(B)x1
] dG(B) (4) 

where 

(a) the functions V; (B) are finite, positive and strictly increasing, 
(b) G(B) is a distribution function (see (A3) in the Appendix) for which the following 

integral is finite 

f 9 V;(B) dG(B), (5) 

(c) and, p(O) > 0. 

The proof of Theorem 1 is given in the Appendix. 

A slightly more compact version of formula (4) is given in Corollary 1 which follows. 
Corollary 1 shows that the manifest probabilities of a latent trait model are proportional 
to the cross-moments of a special type of positive random vector. 

Corollary I: The collection of manifest probabilities, {p(x)}, satisfies the hypothesis of 
Theorem I if and only if 

p(x) = p(O)E[fl V.fi], (6) 
j 

where p(O) > 0, V; = V; (Z), the V; ( ·) are positive and strictly increasing functions and Z is a 
random variable for which E[fli V;(Z)] is.finite. 

In the next section we apply Theorem 1 (or Corollary 1) to the Rasch model and 
obtain a complete characterization of the manifest probabilities of that special latent trait 
model. 

2. The Rasch Model 

We shall use the term "Rasch model" to refer to the form of the ICC. For the Rasch 
model [Rasch, 1960], Pi(B) has the form 

eo-b; 

Pi(B) = 1 o-b· +e , 

and hence from (2) the IPC is given by 

V;(B) = eo-b;. 

If we make the transformation 

u = e9 

Jj = e-b; > 0 

(7) 

(8) 

(9) 

(10) 
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then we see that, in the u-scale, the IPC for the Rasch model is a linear function of u that 
goes through the origin, i.e., 

Jj(u) =Jju. (11) 

Henceforth we will work with the transformed ability u, rather than the usual ability 
parameter, e, since the Rasch, and more general models, then have IPCs of particularly 
simple forms. Theorem 1 is still true except that F is now the distribution of u, and the 
range of integration is [O, oo) rather than ( - oo, oo ). Similarly, Corollary 1 is only 
changed by the restriction that Z be non-negative. 

Ifwe apply Theorem 1 to the Rasch model and substitute (11) into (4) we find 

p(x) = p(O) 9 Jji f" ux+ dG(u) (12) 

where X+ =Li xi. If Z is a positive random variable with distribution function G from 
(12) then we may write (12) in the following form, 

p(x) = p(O) CT.f?E(zx+). 
j 

Equation (13) corresponds to (6) in the general case and may be derived from it. 
Taking logs of both sides of (13) we obtain the following log-linear model for p(x): 

where 

and 

log p(x) = rx + L /Jixi + y(x+) 
j 

rx = log p(O), 

/Ji= log Jj, 

y(t) = log [µ(t)] 

µ(t) = E(Z~ = 100

u1 dG(u). 

(13) 

(14) 

(15) 

(16) 

From (b) of Theorem 1 it follows that G(u) must possess at least J moments. The tth 
moment of G is denoted µ(t) in (16). We summarize these results in Theorem 2. 

Theorem 2: The probabilities {p(x)} are the manifest probabilities of a Rasch model if 
and only if log p(x) satisfies (14) where the y(t), t = 0, 1, ... , J are the logarithms of the.first 
J moments of a positive random variable, Z. 

The representation of p(x) as a log-linear model is most important, due to the famili
arity and understanding which exists for these models. Tjur [1980] has also derived the 
same log-linear representation of p(x) from a different point of view. 

2.1 The constraints on rx, {/31} and {y(t)} 

Equation (14) expresses log p(x) in terms of certain "log-linear" parameters, namely rx, 
{Pi} and {y(t)}. These parameters are not free to vary without constraint. In order to more 
clearly analyze these constraints it is useful to express y(x +) in a slightly different way. Let 
b(t, x+) be the Kronecker delta function (ofx) defined by 

b(t, X+) = g if X+ = t 

if X+ # t 
(17) 
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for t = 0, 1, ... , J. We may express y(x +) as the following linear combination of the func
tions J(t, x+) t = 0, ... , J: 

1 

y(x+) = L y(t) J(t, x+). (18) 
t=O 

Thus (14) may be rewritten as: 
1 1 

log p(x) =IX+ L f3ixi + L y(t) J(t, x+)· (19) 
j=l t=O 

In order to compute degrees of freedom for tests of fit, it is important to express the 
dimensionality of the collection of these values of log p(x). To do this we see that, for the 
Rasch model, log p(x) can be expressed as a linear combination of the following functions 
ofx 

1, X1, ... , Xi. b(O, X+), J(l, X+), ... , J(J, X+). 

It is easy to see that the <>-functions in (17) satisfy 
1 

1 = L J(t, X+) 
t=O 

(20) 

(21) 

so that the function 1 is linearly dependent on J's. Furthermore, since IX in (14) plays the 
role of a normalizing constant (i.e., IX insures that Lx p(x) = 1) IX is not a free parameter 
and is completely determined by the f3's and y's. Hence both the function 1 and the linear 
combination of the <5's that equals 1 in (21) can be eliminated from the list of functions in 
(20) and we obtain an equivalent system of functions in the sense that they have, essen
tially, the same linear span. This leaves us with the following list of 2J functions: 

X1, ... , X1, J(l, X+), ... , J(J, X+). (22) 

However, this set of functions satisfies one further linear constraint, namely that 

1 1 

L Xj = Lt J(t, X+)· (23) 
J=l t=l 

It may be shown that this is the only linear constraint on the system of functions given in 
(22) so that the 2J - 1 functions 

X1, ... , X1, J(2, X+), ... , J(J, X+) (24) 

are linearly independent. Thus the dimensionality of the set of values of log p(x) spanned 
by the functions in (20) or (22) or (24) is 2J - 1. This means that the Rasch model, when 
considered as a log-linear model for a 21 -contingency table has 2J - 1 parameters. There
fore, as F(u), the distribution of ability, ranges over the space of all distribution functions 
on [O, oo) and the {bi} in (7) range over all sets of J real numbers, the set of manifest 
probabilities {p(x)} for the Rasch model ranges over a 2J - 1 dimensional subset of the 
set of all such 21 dimensional probability arrays. This implies that the degrees of freedom 
for testing the fit of the Rasch model is 21 

- 1 - (2J - 1) = 21 
- 2J. 

However, we are not quite finished with the constraints on the log-linear parameters. 
Let p. = (µ(O), ... , µ(J)), where µ(O) = 1. The conditions given in Theorem 1 say that p. 
must be a "moment sequence". It is natural to ask in what ways are moment sequences 
different from vectors of arbitrary non-negative constants. This is classically known as the 
reduced-moment problem [Shohat & Tamarkin, 1943]. The answer is that the elements of 
p. must satisfy certain inequalities but they are not functionally dependent in any way. For 
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example, it is well known that 

µ(2) ;;:::: µ2(1) 

(since otherwise the variance would be negative). 
The most general set of inequalities on the moment sequence J1 are given in Theorem 

3 which we state without proof since it is a classical result [see Shohat & Tamarkin, 1943, 
Chapter III; Karlin & Studden, 1966, Chapter V, Theorem 10.1]. 

Theorem 3: Let J1 = (µ 0 , µi, ... , µ1) be the first J moments of a non-negative random 
variable, where µ0 = 1. Define 

A2m = det ["' 
µi ... 

µ. J µi µ2 ... 
µmti , 

µm µm+i ... µ2m 

m = 0, 1, 2, ... (25) 

r "· µ2 ... 

"•+'j µ2 µ3 ... µm+2 
. ' 

µm
0

+i µm+2 ... µ2~+i 
m = 0, 1, 2, ... A2m+i = det (26) 

Then A0 , Ai, ... , A1 are all 2:: 0. 

Note that the necessary condition of Theorem 3 (i.e., that the determinants must all 
be;;:::: 0), is almost sufficient. For example, if one assumes that A0 = 1, and 0 <Ai, A2, ... , 
A1 < oo, then the converse to Theorem 3 is true and there exists a distribution function G 
for which 

µi = 1"' ui dG(u) < oo; j = 1, ... , J. 

This is an easy consequence of the results given in Karlin and Studden [1966, page 173]. 
It is important to be aware of these constraints as they impose significant restrictions 

on the manifest probabilities. A set of item response data produces estimates of the mani
fest probabilities which in turn produces estimates of the y's in (14), and hence estimates of 
the µ's from P,(t) = exp [y(t)]. Theorem 2 shows that a Rasch model interpretation of j)(_x) 
is not possible when 1, }1(1), ... , P,(J) do not satisfy the constraints of Theorem 2. Tjur 
[1980] considers the extended Rasch model in which these constraints on µ(t) are relaxed. 

The total number of parameters in p(x) is 21 
- 1 so that when J = 2 there are as 

many parameters in the Rasch model as there are in all of p(x), namely 3. When J > 2, 
this ceases to be true (e.g., for J = 3, 21 

- 1 = 7 while 2J - 1 = 5) so that for J = 3 the 
Rasch model restricts the manifest probabilities to a lower dimensional subspace of the 
whole set of parameters {p(x)}. The cases of J = 2 and J = 3 are instructive so we shall 
consider them in detail. 

2.2 The Rasch Model in the Case of J = 2 

We use the representation in (12) and we can assume thatfi = 1, so the three free 
parameters aref2, µ(l) and µ(2). Then 

p(l 1) = p(OO) f 2µ(2) 

p(lO) = p(OO)µ(l) 

p(Ol) = p(OO)f2 µ(1). 

(27) 
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The interaction cross-product ratio, ix12 , for the 2 x 2 table that gives the joint distri
bution of X 1 and X 2 in C is 

p(l l)p(OO) µ(2) 
IX12 = p(lO)p(Ol) = µ2(1) z 1. (28) 

The inequality in (28) follows from the condition that J1 be a moment sequence (i.e., 
A2 z 0). Thus, the values of p(x) must exhibit a cross-product ratio in excess of 1 (i.e., 
positive dependence between the two items). It may be shown that this is the only re
striction that the assumption of a Rasch model imposes on p(x) when J = 2. (We note 
that if the moment sequence restriction is relaxed the extended Rasch model does not 
restrict ix12 z 1). From this we may conclude that when J = 2, any p(x) with ix12 z 1 can 
be represented as a Rasch model. While this might not appear too surprising at first, we 
hasten to point out that the truth of this statement does not depend on anything special 
about the two items, save that they be positively associated. For example, it is true for 
two true-false items in which guessing may play a significant role. (The form of the ICC 
for the Rasch model does not allow for a "guessing" parameter i.e., a nonzero lower 
asymptote.) Our purpose in belaboring this point is to emphasize the fact that what can 
be seen at the global level of the data (i.e., the manifest probabilities) does not always 
correspond to the psychological assumptions made at the local level of the unobservable 
latent trait. We shall see this point arise again in Section 3. 

2.3 The Rasch Model in the Case of J.= 3 

When J = 3 the 8 cell probabilities for the 2 x 2 x 2 table are given by 

p(l 11) = p(OOO)fif3 µ(3) 

p(l 10) = p(OOO)f2 µ(2) 

p(lOl) = p(OOO)f3 µ(2) 

p(Oll) = p(OOO)fif3 µ(2) (29) 

p(lOO) = p(OOO)µ(l) 

p(OlO) = p(OOO)f2 µ(1) 

p(OOl) = p(OOO)f3 µ(1), 

where again we assume, without loss of generality, thatf1 = 1. 
The equations in (29) give the cell probabilities as functions of the 2 + 3 = 5 Rasch 

model parameters. This implies that if p(x) satisfies a Rasch model when J = 3, then there 
must be 21 

- 21 = 2 functional dependencies satisfied by the elements of p(x). From (29) 
they can be easily read off. They are: 

p(llO)p(OOl) = p(lOl)p(OlO) = p(Oll)p(lOO). 

By Theorem 3, Ai z 0 for i = 0, ... , 3 so that 

A0 = µ(0) = 1 z 0 

A 1 = µ(1) > 0 

A2 = µ(2) - µ 2(1) z 0 

A3 = µ(3)µ(1) - µ 2(2) z 0 

(30) 

(31) 

(32) 

In the 2 x 2 x 2 table, the cross-product ratio in the 2 x 2 layer for which X 3 = 1 is 
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p(ll l)p(OOl) = p(OOO)f2 f 3 µ(3)p(OOO)f3 µ(1) = µ(3)µ(1) > l 
p(lOl)p(Oll) p(OOO)f3 µ(2)p(OOO)f2 f 3 µ(2) µ2(2) - . 

Similarly, the cross-product ratio in the 2 x 2 layer for which X 3 = 0 is given by 

p(l lO)p(OOO) 
p(100)p(010) 

p(OOO)f2 µ(2)p(OOO) = µ(2) > 1. 
p(000)µ(1)p(OOO)f2 µ(1) µ 2(1) -

It is also possible to show that the corresponding cross-product ratios for all of the 2 x 2 
layers of the 2 x 2 x 2 table are restricted to be non-negative by (31) and (32). This fact is 
related to the condition for local independence given in Holland [1981], and shows the 
importance of taking the moment inequalities on the µ(t) into consideration. In general, 
the moment inequalities are the part of the model that determines the inter-item corre
lation structure, and are therefore related to the underlying rationale for the use of latent 
trait models. If the moment inequalities are relaxed it is possible to obtain a p(x) satisfying 
(14) which does not even satisfy the condition of local non-negative dependence given by 
Holland [1981]. 

2.4 The Rasch Model as a Log-Linear Model 

Theorem 2 implies that the manifest probabilities {p(x)} for the Rasch model form a 
log-linear model for a 21-contingency table. It is not one of the standard models for such 
tables since it includes interaction terms for every level of interaction, i.e., the y(t)'s. Fur
thermore, these interaction terms are subject to inequality constraints of a complex sort, 
given in Theorem 3. Thus, the usual methods for estimating log-linear parameters for 
contingency tables need to be modified in order to be applied. On the other hand, we 
might wish to consider a log-linear model of the form (14) in which the inequality con
straints on the {y(t)} are not imposed. Tjur [1980] did exactly this; he considered the 
extended Rasch model which did not restrict the y(t) parameters by the moment inequal
ities. The resulting sets of cell probabilities {p(x)} are not, in general, true manifest prob
abilities for any latent trait model. However, this model may still be of some practical use 
because if the fit of an extended Rasch model is not adequate for a given set of data then 
the fit of an ordinary Rasch model will also be inadequate. Since it will often be easier to 
fit the extended model this provides a quick way to decide that a more complex model is 
needed. On the other hand, if the data, do, indeed, follow a Rasch model they will also 
follow an extended Rasch model and the parameters can be estimated by ignoring the 
inequality constraints from Theorem 3. However, because, as we have illustrated for J = 2 
and J = 3, the moment inequalities are intimately related to the inter-item correlation 
structure of the model, we are reluctant to endorse the uncritical use of the extended 
Rasch model in practice. 

2.5 The Rasch Model Likelihood Function 

If we draw a sample of N examinees from C and test them with T, then for each x 
there will be n(x) examinees whose item response vector is x. We have 

L n(x) = N. 
x 

If N is small relative to the size of C, the likelihood function for { n(x)} is a multi
nomial with parameters N and {p(x)}. It has the form 

N' L = . 0 p(xt<x>. n n(x)! x 
(33) 

x 
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It should be pointed out that this likelihood function is not equivalent to the so-called 
conditional or unconditional likelihood functions used elsewhere in the literature. Instead 
it is equivalent to the so-called marginal likelihood function used by Bock and Aitkin 
[1981] for other forms of the ICCs. 

The log-likelihood function is given by 

log L = const + L n(x) log p(x). (34) 
x 

If we substitute (19) into (34) we get 

where 

log L = const + aN + L f3iNi + L y(t)R1 
j 

Ni= L n(x)xi =number of examinees getting itemj right, 
x 

R 1 = L n(x) b(t, x+) =number of examinees getting exactly t items correct on T. 
x 

(35) 

From (35) it follows that {Ni} and { R1} form the joint sufficient statistics for the model. 
This agrees with the usual development of the Rasch model from the examinee's per
spective. However, one advantage of the approach given here is that we see immediately 
that if the {p(x)} satisfy a Rasch model and if the log-linear parameters {/31} and {y(t)} are 
estimated by maximizing (35) without regard to the inequality constraints given in Theo
rem 3, the resulting parameter estimates Pi and Y(t) are consistent, asymptotically normal 
(though possibly somewhat inefficient) estimates of the parameters. These results are 
consequences of the standard theory of the multinomial distribution [Bishop, Fienberg, & 
Holland, 1975]. 

3. Other Models 

It is here where our approach shows more flexibility than that of Tjur [1980], who 
was only able to treat the special case of the Rasch model. The key is the tractability of 
the IPC used in Theorem 2. Table 1 catalogues the IPCs for several "logistic" ICCs. In 
Table 1 we have expressed all the ICCs in terms of u = e8 rather than () since this sim
plifies the form of the IPC. 

Each of the IPCs in Table 1 can be plugged into formula (4), but none of these results 
is a characterization of the corresponding manifest probabilities that is as neat as the one 
given for the Rasch model. Perhaps the easiest is the 2-parameter logistic. In that model 
the IPCs are power curves through the origin. Equation (4) becomes 

p(x) = p(O) CT.Jtiµ(L ajxj) (36) 
j j 

where µ(t) = f'' u1 dG(u). 

This is similar to the Rasch model case except that tin µ(t) is no longer restricted to be an 
integer. It is evident that discovering easily interpreted characterizations of the manifest 
probabilities for models that are more complex than the Rasch model is not a simple task. 

One approach to this impasse is to seek new ICCs whose IPCs lead to more trac
table integrals. One should not do this at the risk of losing the psychological realism 
embodied in the classical ICCs. Consider, for example, the following IPC. 

u 20. (37) 
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Table 1 

Item characteristic curves (ICCs) and their associated 
item passing-odds curves (IPCs) for four families of 
logistic ICCs. 

Name 

Rasch Model 

Rasch Model 
with guessing 

2-Parameter 
Logistic Model 

3-Parameter 
Logistic Model 

ICC 

f.u 

1 + f.u 
J 

c + f.u 
j J 

1 + f .u 
J 

a. 
f. u J 

1 + f. uaj 
J 

c. + f.uaj 

1 + f. uaj 
J 

IPC 

fju 

c. ( f. ) ~ l+~u 

a. 
fj u J 

c ( f. ) . 1 + c ~ uaj 

1 - c. J 
J 

This choice of IPC accommodates guessing [i.e., V(O) = gi >OJ, and the parameter ai 
can be used to regulate the growth of V;(u) as u---+ oo. The growth rate of V;(u) is a 
measure of the item's easiness. Substituting (37) into (4) yields 

p(x) = p(O) 9 gjif" e<~:ari>u dG(u) 

= p(O) Il gjiM(L aixJ 
j j 

(38) 

(39) 

when M(t) is the moment-generating function of a positive random variable. It is an 
interesting question for future research whether or not (39) can be used to give practical 
results for characterizing the manifest probabilities of models using the IPC given in (37). 
The ICC that corresponds to this IPC is, in the () scale, 

p.(()) = ci exp {exp[() - bi]} 
' (1 - c) + ci exp {exp [() - bi]} 

(40) 

where bi= -log ai and ci = gi/(1 + g). It is similar to the "Rasch model with guessing" 
from Table 1 which has the ICC 

P.(()) = ci +exp{() - bi}. 
' 1 + exp { () - b J (41) 
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In both (40) and (41) bi acts as a "translation" or "difficulty" parameter while ci is the 
value of the lower asymptote for both ICCs and may be interpreted as a guessing 
parameter. 

3.1 More on Guessing Parameters 

The IPC given in (37) can also be used to illustrate the point that distinctions made 
about parameters at the latent trait level do not always clearly evidence themselves at the 
level of the manifest probabilities. Consider for the moment a special case of (37) in which 
all the a/s are set equal to 1. In (40) this corresponds to all of the item difficulties, b/s, 
being set equal to zero. The resulting model has only "guessing parameters", i.e., the lower 
asymptotes, c/s. However ij(u) now has the form 

ij(u) = gie" u ~ 0. (42) 

If (42) is substituted into (4) we obtain the following formula for p(x): 

p(x) = p(O) I/ gji L'"(e"y+ dG(u) 

= p(O) TI gjiE(zx+) 
j 

(43) 

(44) 

where log Z has the distribution function G. From (44) it follows that p(x) satisfies (13) 
where Z is now restricted to exceed 1 in addition to being positive. Therefore p(x) is a 
Rasch model by Theorem 2. Hence we have shown that a family of ICCs that only have 
"guessing" parameters produce manifest probabilities that are a subset of those produced 
by a family of ICCs that only have "difficulty" parameters. This result can also be seen by 
observing that the form of ij(u) in (42) is identical to the IPC for the Rasch model given 
in Table 1 with the replacement of e" by u. This transformation corresponds to truncating 
the distribution of u in the Rasch model at the value u = 1. This type of example makes us 
wary of claims that guessing parameters are simple creatures that can be added or deleted 
from a model using simple intuitions as the only guide. After all, on an intuitive level 
guessing and difficulty are related. The easier it is to guess the correct answer the easier 
the item is! We believe that there is still work to be done to resolve the conflict between 
the intuitive appeal of guessing parameters and the identifiability problem they create. We 
expect Theorem 1 and the IPC will be useful tools in such investigations. 

4. Discussion 

The results of Section 2 imply that for the Rasch model the distribution of the latent 
trait u = e9 is determined only up to its first J moments. This is because G(u) [and, conse
quently, F(u)], are not identifiable in the integral (4). Understandably then, inference 
about the latent trait distribution, F, may need further assumptions about its parametric 
form (e.g., Bock & Aitkin, 1981). Sometimes, such as in the prediction of ability given the 
value of x for an examinee, the direct estimation of F can be avoided. For an example of 
this see Cressie [1982]. 

Holland [1981] characterizes the manifest probabilities of a very wide class of item 
response models that includes all of those mentioned in this paper. His conditions of 
monotonicity and local non-negative dependence set a plausible upper bound on the level 
of complexity of the structure of a latent trait model for tests. The Rasch model can be 
viewed as setting a lower bound on this level of complexity. Thus, by combining Hol
land's results with those given here, we can sandwich the values of p(x) between these two 
extremes. Indeed, when J = 2, Holland's conditions and those derived here for the Rasch 
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model agree. When J > 2, however, they do not agree and the manifest probabilities for 
the Rasch model form a proper lower-dimensional subset of those that satisfy Holland's 
conditions. We believe that, in this article, we have contributed to the understanding of 
how the simple but very important Rasch model fits into the general models considered 
by Holland [1981]. From this perspective we can now ask (but as yet cannot answer) the 
very interesting question of "How far away from the Rasch model are the other models 
(e.g., the 3-parameter logistic model) when interpreted in terms of the manifest probabil
ities?" Do they essentially approximate the general class defined by Holland or do they 
only expand the class defined by the Rasch model in some minor way? How do the 
answers to these questions depend on the number of items, J? 
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Proof of Theorem 1 

Appendix 

First, suppose the (1) holds. Substituting (3) into (1) yields 

p(x) = f n [VJ (eyi] n [1 + VJ (B)r t dF(O), 
J J 

and hence 

p(O) = f 9 (1 + VJ(0))- 1 dF(O), 

which must be positive since all of the VJ(O) are. 
Next, define a new distribution function G(O) by 

dG(O) = dF(O) 

p(O) CT (1 + VJ(B)) 
j 

(Al) 

(A2) 

(A3) 
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Note that from (A2) it follows that 

f dG(O) = 1. (A4) 

Furthermore, the finiteness of the integral in (5) is equivalent to the (obvious) finiteness of 

f 9 P1(0) dF(O)/p(O). (AS) 

Finally, if (A3) is substituted into (Al) we see that (4) holds, and that (a), (b), and (c) are 
satisfied. 

To prove the converse, substitute (2) into (4). This yields 

p(x) = p(O)J n P1(0)"J n (1 - P1(0)) 1 -"J n (1 - P1(0))- 1 dG(O). (A6) 
J J J 

Using, 

(A7) 

so that (A6) may be written as 

p(x) =In P1(0)"1(1 - P1(0))1 -"Jp(O) n (1 + J.j(O)) dG(O), (AS) 
J J 

and defining F( (}) by 

dF(O) = p(O) 0 (1 + J.j(O)) dG(O), 
j 

(A9) 

we see that p(x) satisfies (1). The only question remaining is whether F(O) defined by (A9) 
is a distribution function (i.e., integrates to 1 ). From (b) it follows that all of the integrals 

f 9 J.j(O)"i dG(O) (AlO) 

are finite and so upon expanding the product ffi (1 + J.j(O)) we see from (4) that 

J dF(O) = ~ p(x) = 1. QED 
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