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Unit-3 

greedy method, is a powerful algorithm design technique that can be used when the solution to the 

problem may be viewed as the result of a sequence of decisions. In the greedy method we make 

irrevocable decisions one at a time, using a greedy criterion. However, in dynamic programming we 

examine the decision sequence to see whether an optimal decision sequence contains optimal 

decision subsequence. 

 

When optimal decision sequences contain optimal decision subsequences, we can establish 

recurrence equations, called dynamic-programming recurrence equations that enable us to solve the 

problem in an efficient way. Dynamic programming suggests solving each of the smaller sub 

problems only once and recording the results in a table from which we can then obtain a solution to 

the original problem. 

E.g.  Fibonacci Numbers  
0,1,1,2,3,5,8,13,21,34...   

 

Dynamic  programming  is  based  on  the  principle  of  optimality  (also  coined  by Bellman). The 

principle of optimality states that no matter whatever the initial state and initial decision are, the 

remaining decision sequence must constitute an optimal decision sequence with regard to the state 

resulting from the first decision. The principle implies that an optimal decision sequence is comprised 

of optimal decision subsequences. Since the principle of optimality may not hold for some 

formulations of some problems, it is necessary to verify that it does hold for the problem being 

solved. Dynamic programming cannot be applied when this principle does not hold. 

1.1 Elements of Dynamic Programming 

 Optimal substructure: An optimal solution to a problem is created from optimal solutions of 

sub problems. 

 Overlapping sub problems: The optimal solution to a sub problem is reused in solving more 

than one problem. The number of sub problems is usually a polynomial of the input size. 

1.2 Typical steps of Dynamic Programming 

 Characterize the structure of an optimal solution. 

 Recursively define the value of an optimal solution. 

 Compute the value of an optimal solution in a bottom-up fashion. 

 Compute an optimal solution from computed/stored information.  

Note:  
 One technique that attempts to solve problems by dividing them into sub problems is called 

dynamic programming.  

 It uses a otto -up  approa h i  that the su  pro le s are arra ged a d sol ed i  a 
systematic fashion, which leads to a solution to the original problem.   

1. Concept of Dynamic Programming 

Dynamic programming is a name, coined by Richard Bellman in 1955. Dynamic programming, as 
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 This bottom-up approa h i ple e tatio  is ore effi ie t tha  a top-do  
counterpart mainly because duplicated computation of the same problems is eliminated.  

 This technique is typically applied to solving optimization problems, although it is not 

limited to only optimization problems. 

Dynamic programming typically involves two steps:  

(1) develop a recursive strategy for solving the problem 

(2) de elop a otto -up  i ple e tatio  ithout re ursio . 

 

2. 0/1 – Knapsack 

Given weights and values of n items, put these items in a knapsack of capacity W to get the 

maximum total value in the knapsack. In other words, given two integer arrays val[0..n-1] and 

wt[0..n-1] which represent values and weights associated with n items respectively. Also given an 

integer W which represents knapsack capacity, find out the maximum value subset of val[] such that 

sum of the weights of this subset is smaller than or equal to W. You cannot break an item, either pick 

the o plete ite , o  do ’t pick it (0-1 property). 

That is, solve the following optimization problem with xi = 0 or 1, for 1  i  n: 

 

 

 

2.1 How to Solve the 0/1 – Knapsack by Dynamic Programming: 

 To solve the problem using dynamic programming, we first define a notation (expression) and 

derive a recurrence for it. 

 Let V[i, j] denote the maximum value of the objects that fit in the knapsack, selecting objects 

from 1 through i ith the sa k’s eight apa ity e ual to j.   
 To find V[i, j] we have two choices concerning the decisions made on object i (in the optimal 

solution for V[i, j]):  We can either ignore object i or we can include object i.   

 In the former case, the optimal solution of V[i, j] is identical to the optimal solution to using 

objects 1 though i –  ith sa k’s apa ity e ual to W (by the definition of the V notation) .   

 In the latter case, the parts of the optimal solution of V[i, j] concerning the choices made to 

objects 1 through i – 1, must be an optimal solution to V[i – 1, j – wi], an application of the 

principle of optimality  Thus, we have derived the following recurrence for V[i, j]: 

  V[i, j] = max(V[i – 1, j], vi + V[i – 1, j – wi]) 

The boundary conditions are V[0, j] = 0 if j  0, and V[i, j] =  when j < 0. 

General Algorithm: 

Dynamic-0-1-knapsack (v, w, n, W)  

for w = 0 to W do  

   c[0, w] = 0  

for i = 1 to n do  

   c[i, 0] = 0  

   for w = 1 to W do  

      if i ≤  the   
         if vi + c[i-1, w-wi] then  

. subject to  Maximize
11

Wwxvx
n

i
ii

n

i
ii  
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            c[i, w] = vi + c[i-1, w-wi]  

         else c[i, w] = c[i-1, w]  

      else  

         c[i, w] = c[i-1, w] 

2.2 Analysis of algorithmThis algo ith  takes θ ,  ti es as ta le  has  + .  +  e t ies, 
he e ea h e t y e ui es θ  ti e to o pute. 

2.3 Example: Assume that we have a knapsack with max weight capacity W = 5 

Our objective is to fill the knapsack with items such that the benefit (value or profit) is maximum. 

Following table contains the items along with their value and weight. 

item i  1 2 3 4 

value val  100 20 60 40 

weight wt  3 2 4 1 

Solution:  Total items n = 4,Total capacity of the knapsack W = 5 

Now we create a value table V[i,w] where, i denotes number of items and w denotes the weight of 

the items. Rows denote the items and columns denote the weight. As there are 4 items so, we have 5 

rows from 0 to 4.  And the weight limit of the knapsack is W = 5 so, we have 6 columns from 0 to 5. 

V[i,w] w = 0 1 2 3 4 5 

i = 0             

1             

2             

3             

4             

We fill the 1
st

 row i = 0 with 0. This means when 0 item is considered weight is 0. Then we fill the 1
st

 

column w = 0 with 0. This means when weight is 0 then items considered is 0. Rule to fill the V[i,w] 

table. 

if wt[i] > w then 

V[i,w] = V[i-1,w] 

else if wt[i] <= w then 

V[i,w] = max( V[i-1,w], val[i] + V[i-1, w - wt[i]] ) 

After calculation, the value table V 

V[i,w] w = 0 1 2 3 4 5 

i = 0 0 0 0 0 0 0 

1  0 0 0 100 100 100 

2  0 0 20 100 100 120 

3  0 0 20 100 100 120 

4  0 40 40 100 140 140 

 

Maximum value earned 

Max Value = V[n,W] 

= V[4,5] 

= 140 
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3. Multistage Graph 

A multistage graph is a graph  

o G=(V,E) with V partitioned into K >= 2 disjoint subsets such that if (a,b) is in E, then a is in V i , 

and b is in Vi+1 for some subsets in the partition;  

o and | V1 | = | VK | = 1.  

The vertex s in V1 is called the source; the vertex t in VK is called the sink.  

G is usually assumed to be a weighted graph.  

The cost of a path from node v to node w is sum of the costs of edges in the path.  

The "multistage graph problem" is to find the minimum cost path from s to t.  

Dynamic Programming solution: 

Let path(i,j) be some specification of the minimal path from vertex j in set i to vertex t; C(i,j) is the 

cost of this path; c(j,t) is the weight of the edge from j to t. 

To write a simple algorithm, assign numbers to the vertices so those in stage Vi have lower number 

those in stage Vi+1. 

3.1 General Algorithm : 

    int[] MStageForward(Graph G) 

    { 

       // returns vector of vertices to follow through the graph 

       // let c[i][j] be the cost matrix of G 

       int n = G.n (number of nodes); 

       int k = G.k (number of stages); 

       float[] C = new float[n]; 

       int[]   D = new int[n]; 

       int[]   P = new int[k]; 

       for (i = 1 to n) C[i] = 0.0; 

       for j = n-1 to 1 by -1 { 

          r = vertex such that (j,r) in G.E and c(j,r)+C(r) is minimum 

          C[j] = c(j,r)+C(r); 

          D[j] = r; 

       } 

       P[1] = 1; P[k] = n; 

       for j = 2 to k-1 { 

          P[j] = D[P[j-1]]; 

       } 

       return P; 

    } 

3.2 Time complexity: 
Complexity is O (|V| + |E|). Where the |V| is the number of vertices and |E| is the number of edges. 
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3.3 Example: Find the shortest path in the following multistage graph- 

 
 

Solution: 

There is a single vertex in stage 1, then 3 vertices in stage 2, then 2 vertices in stage 3 and only one 

vertex in stage 4 (this is a target stage). 

Backward approach 

d(S, T)=min {1+d(A, T),2+d(B,T),7+d(C,T)} …  

We will compute d(A,T), d(B,T) and d(C,T). 

d A,T = i { +d D,T ,6+d E,T } …  

d B,T = i { +d D,T , +d E,T } …  

d C,T = i { +d E,T ,d C,T } …  

Now let us compute d(D,T) and d(E,T). 

d(D,T)=8 

d(E,T)=2 backward vertex=E 

Let us put these values in equations (2), (3) and (4) 

d(A,T)=min{3+8, 6+2} 

d(A,T)=8 A-E-T 

d(B,T)=min{4+8,10+2} 

d{B,T}=12 A-D-T 

d(C,T)=min(3+2,10) 

d(C,T)=5 C-E-T 

d(S,T)=min{1+d(A,T), 2+d(B,T), 7+d(C,T)} 

=min{1+8, 2+12,7+5} 

=min{9,14,12} 

d(S,T)=9 S-A-E-T 

The path with minimum cost is S-A-E-T with the cost 9. 

Forward approach 

d(S,A)=1 

d(S,B)=2 

d(S,C)=7 

d(S,D)=min{1+d(A,D),2+d(B,D)} 

         S 

         C 

         B 

         B 

         E 

         D 

         T 

1 

2 

7 

3 

6 

4 

10 

3 

10 

8 

2 
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=min{1+3,2+4} 

d(S,D)=4 

d(S,E)=min{1+d(A,E), 2+d(B,E),7+d(C,E)} 

=min {1+6,2+10,7+3} 

=min {7,12,10} 

d(S,E)=7 i.e. Path S-A-E is chosen. 

d(S,T)=min{d(S,D)+d(D,T),d(S,E),d(E,T),d(S,C)+d(C,T)} 

=min {4+8,7+2,7+10} 

d(S,T)=9 i.e. Path S-E, E-T is chosen. 

The minimum cost=9 with the path S-A-E-T. 

Using dynamic approach programming strategy, the multistage graph problem is solved. This is 

because in multistage graph problem we obtain the minimum path at each current stage by 

considering the path length of each vertex obtained in earlier stage. 

Thus the sequence of decisions is taken by considering overlapping solutions. In dynamic 

programming, we may get any number of solutions for given problem,from all these solutions we 

seek for optimal solution, finally solution becomes the solution to given problem. Multistage graph 

problem is solved using this same approach. 

4. Reliability Design 

Dynamic Programming basically works on the combined concept of Recursion and memorization 

using some method (like a hash table).In this type of solving, we have the sub-problems getting 

overlapped which reduces the exponential complexity to polynomial complexity like 

O(n),O(n^2),O(n^3)etc. By memorization, we need not re-calculate a given value reducing the 

complexity of the algorithm. When you look at a normal recursion algorithm, we will recalculate 

many times where this is avoided in dynamic programming. 

Key points: 

• Solve a problem with a multiplicative optimization function 

• Several devices are connected in series 

• ri be the reliability of device Di 

• Then the Reliability of the entire system 

• Duplicate : multiple copies of the same device type are connected in parallel use switching circuits 

Even if the individual devices are very reliable (the ri is very close to one). The reliability of the system 

may not be very good. 

For example , if n=10 and ri =.99, 1<=i<=10, then πri=.904.Hence it is desirable to duplicate 

devices.Multiple copies of the same device type are connected in parallel through the use of 

switching circuits.The switching circuits determine which devices in any group are functioning 

properly. 

stage in contain mi copies of Di 

                                                                 P(all mi malfunction) = (1-ri)
mi

 

                                                         Reliability of stage i =1-(1-ri)
mi 

   Reliable Design 

• Maximum allowable cost of the system 

 ir
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 Maximize  

 Subject to  

 Mi >=1 and integer, 1<=I <=n 

• Assume ci>0 

 ui =  

5. All pairs shortest paths 

In the all pairs shortest path problem, we are to find a shortest path between every pair of vertices in 

a directed graph G. That is, for every pair of vertices (i, j), we are to find a shortest path from i to j as 

well as one from j to i. These two paths are the same when G is undirected. 

When no edge has a negative length, the all-pairs shortest path problem may be solved by using 

Dijkst a’s g eedy si gle sou e algo ith   ti es, o e ith ea h of the  e ti es as the sou e 
vertex. 

The all pairs shortest path problem is to determine a matrix A such that A (i, j) is the length of a 

shortest path from i to j. The matrix A can be obtained by solving n single-source problems using the 

algorithm shortest Paths. Since each application of this procedure requires O (n
2
) time, the matrix A 

can be obtained in O (n
3
) time. 

Algorithm All Paths (Cost, A, n) 

// cost [1:n, 1:n] is the cost adjacency matrix of a graph which 

// n vertices; A [I, j] is the cost of a shortest path from vertex 

// i to vertex j. cost [i, i] = 0.0, for 1 < i < n. 

{ 

for i := 1 to n do 

for j:= 1 to n do 

A [i, j] := cost  [i, j]; // copy cost into A. for k := 1 to n do 

for i := 1 to n do 

for j := 1 to n do 

A [i, j] := min (A [i, j], A [i, k] + A [k, j]); 

} 

5.1 Floyd warshall algorithm 

The Floyd Warshall Algorithm is for solving the All Pairs Shortest Path problem. The problem is to find 

shortest distances between every pair of vertices in a given edge weighted directed Graph. 

Algorithm 

Create a |V| x |V| matrix, M, that will describe the distances between vertices 

For each cell (i, j) in M: 

    if i == j: 

  ni ii m
1

)(
cmc

ni
ii 1




   i

n

ji cccc /)(
1
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        M[i][j] = 0 

    if (i, j) is an edge in E: 

        M[i][j] = weight(i, j) 

    else: 

        M[i][j] = infinity 

for k from 1 to |V|: 

    for i from 1 to |V|: 

        for j from 1 to |V|: 

            if M[i][j] > M[i][k] + M[k][j]: 

                M[i][j] = M[i][k] + M[k][j] 

5.2 Example 

 
 

 

 

0 -1 2   

 0 -6 2  

  0 5 8 

   0 1 

 2   0 

 

Let G be a graph,  

 wij be the length of edge (i, j), where 1 i, j n, and  
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 d
(k)

ij be the length of the shortest path between nodes i and j, for 1  i, j, k  n, without passing 

through any nodes numbered greater than k. 

   (k)       wij                                         if k = 0 

dij =              (k-1)      (k-1)      (k-1)  

           min(dij     ,   dik    + dkj       )       if k  1 

 

FLOYD-WARSHALL (W) 

 n = rows[W] 

 d = W 

 for k = 1 to n 

       do for i = 1 to n 

       do for j = 1 to n 

   do d [i, j] = min (d [i, j],  d [i, k] + d [k, j]) 

 return d 

After execution Final Cost Matrix which having the all pair shortest path- 

 
1 2 3 4 5 

1 0 -1 -7 -2 -1 

2  0 -6 2 2 

3   0 5 6 

4  3  0 1 

5  2 -4 1 0 

 

5.4 Algorithm Time Complexity 

The Floyd-Warshall algorithm runs in time O(V
3
). This is because of the three nested for loops that 

are run after the initialization and population of the distance matrix, M. 

Downloaded from  be.rgpvnotes.in

Page no: 9 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 
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