
CHAPTER 6

EXERCISE 6 . 1 .   Construct the network G = (N1∪N2∪{s, t}, A), where N1 contains p nodes (each such node

represents some family) and N2 contains q nodes (each such node represents some table).  The source node s is

connected to each node i ∈ N1 by a directed arc (s, i) having a capacity of a(i), and each node j ∈ N2 is connected to

the sink node t by a directed arc (j, t) having a capacity of b(j).  An arc (i, j) of unit capacity exists between every
pair of nodes [i, j] satisfying i ∈ N1 and j ∈ N2.  A feasible seating arrangement exists if and only if all the arcs

emanating from node s are saturated in a maximum flow from node s to node t.  Such a maximum flow defines a

feasible seating arrangement in which a person from family i is to sit on table j if and only if arc (i, j) carries unit

flow.

EXERCISE 6 .3#.   We assume that the communication network is undirected.  We add a source node s to the

network and join it to each node in S through an uncapacitated arc.  Construct a network G' in which the node set S

of the graph G is contracted into a single node s.  Then find a minimum s-p cut in the network G'.  The value of

such a cut is equal to the minimal effort required in order to block all communications between the commander and

his subordinates.

EXERCISE 6 . 5 .   Construct the network G = (Nr∪Nc, A) in which Nr contains one node for each of the p rows

and Nc contains one node for each of the q columns.  For each node pair [i, j] such that i ∈ Nr and j ∈ Nc, there

exists a directed arc (i, j) ∈ A with lower and upper bounds defined as follows:

[lij  u ij] =

[dij dij]  if the (i, j)th entry is disclosed

[0   ∞]   if  the (i ,  j)th entry is suppressed
 

The supply of each row node i ∈ Nr is r(i) and the demand of each column node j ∈ Nc is c(j).  Let x be a feasible

flow in the network thus defined.  The undisclosed entry dij is unprotected if and only if the maximum and minimum

possible flows on the arc (i, j) have the same value.  In other words, the entry is unprotected if and only if xij can

not be decreased or increased in any feasible flow.  To identify it, we check whether there is a directed path from node

i to node j in G(x) and also a directed path from node j to node i.  If in both the cases G(x) does not contain any path,
then xij is unprotected; otherwise not.  This method can identify all unprotected elements in a total of O(nm) time.

EXERCISE 6 . 7 .   We can use the transformation given in Section 2.4 for removing the nonzero lower bounds.
We set xij=  lijfor each arc (i, j) ∈ A, which modifies b(.) to b'(.) in the following manner:

b'(i) = b(i) +   Σ{j:(j,i)∈A} lji  -   Σ{i:(i,j)∈A} lij .

Now solve the modified feasible flow problem. with arc capacities as u'ij  = uij - lij.  If x' is a feasible flow in the

modified network, then x = x' + l is a feasible flow in the original network.  

EXERCISE 6 . 9 .   In this case, we use exactly the same transformation as discussed in Application 6.4, except that
we set the capacity of the arc emanating from node Tkl according to the number of machine days available from day

k to day l.  The corresponding network for the network given in Application 6.4 is illustrated in Figure S6.9.
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Figure S6.9

EXERCISE 6 . 1 1 .   Let G = (N, A) be the undirected graph which is to be partitioned into two components.

Construct a directed graph G' in which every undirected arc (i, j) of G is replaced by two directed arcs (i, j) and (j, i)

of unit capacity in G'.  Choose any node of G' and designate it as s, the source node.  Now keeping s fixed, vary the

sink node i for all i ∈ N-{s}, and find a minimum s-i cut [Si, Si 
-  

] for each such i.  Then the minimum number of

arcs required to partition the network into two components is equal to mini∈N-{s}{u[Si, Si 
-  

]}.  It may be noted that

the running time of the algorithm is equal to the running time of n-1 maximum flow problems.  For a more

efficient solution we refer the reader to the following algorithm by Hao and Orlin which solves this problem in the

running time of a single maximum flow problem:

J. Hao, and J. B. Orlin. 1992. A Faster Algorithm for Finding the Minimum Cut in a Graph.  Proceedings of the

Third Annual ACM-SIAM Symposium on Discrete Algorithms, 165-174.

EXERCISE 6 . 1 3 .   The paths on which the augmentations take place are the following: (i) one unit of flow along

1-3-2-4-5-6; (ii) one unit of flow along 1-2-3-5-4-6; and (iii) one unit of flow along 1-3-4-6.  The value of the flow

and the residual network at the termination of the algorithm are illustrated in Figures S6.13(a) and S6.13(b)

respectively.  The minimum cut is S = {1,2,3,4,5}, and  S 
-  

 = {6}.

Figure S6.13
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EXERCISE 6 . 1 5 .   (a)  There exist three arc-disjoint paths from the source node to the sink node and these are 1-4-

5-6, 1-2-3-6, and 1-3-4-6.  

(b) and (c).  Solutions to these parts of the exercise are straightforward but would take too much space.  Hence, these

solutions are omitted.



Network Flows 6.3                                         Ahuja/Magnanti/Orlin

EXERCISE 6 . 1 7 .   Figure S6.17 illustrates the formulation of the scheduling problem on uniform parallel

machines.  It is obvious that the arc (s, 1) will not be saturated in any maximum flow.  Hence a feasible schedule

does not exist.
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EXERCISE 6 . 1 9 .   The transformation required for this exercise is similar to the transformation described in

Application 6.6 for the tanker scheduling problem and is omitted.

EXERCISE 6 . 2 1 .   Let [S, S 
-
] be a minimum s-t cut in G.  It is easy to verify that the addition of incoming arcs

at s cannot change the set of forward arcs in the cut [S, S 
-
] because s ∈ S.  Hence, the capacity of the minimum cut

does not change, i.e., the value of the maximum flow does not change.  A similar argument also establishes that the

addition of outgoing arcs at t does not change the value of the maximum flow.

EXERCISE 6 . 2 3 .   It follows from Exercise 6.22 that if the network does not contain any infinite capacity directed

path from the source to the sink, then there exists a cut [S, S 
-
] in which all forward arcs have finite capacities.

Hence, the capacity of such a cut would be no larger than Σ (i,j) ∈Ao uij.  Hence, the minimum cut could have a

value of at most Σ (i,j) ∈Ao uij.  Hence any cut containing a forward arc with a capacity of M would have a value

which is never less than the minimum cut in the case when the arcs are uncapacitated, i.e., setting the capacities of

the uncapacitated arcs to M cannot decrease the maximum flow value.  It is also obvious that the decrease of arc

capacities cannot also increase the maximum flow value.

EXERCISE 6 . 2 5 .   Let G = (N, A) be a network having node capacities.  Construct the network Go = (No, Ao) in

which every node i ∈ N is replaced by two nodes i' and i" in No.  Further, the arc set Ao of Go is defined as Ao =

{(i", j') : (i, j)∈A}∪{(i', i") : i ∈ N}.  Each arc (i', i") in Ao has a capacity of ω (i).  A maximum flow in Go would

be equal to a maximum flow in G.  It is obvious that Ao will contain 2n nodes and m+n = O(m) arcs and, hence, the

worst-case complexity of any maximum flow algorithm will not be affected.

EXERCISE 6 . 2 7 .   Replace each arc (i, j) having absolute flow bound constraints -uij ≤ xij ≤ uij with two directed

arcs (i, j) and (j, i), each having a capacity of uij.  Every feasible flow in this modified network has a one-to-one

correspondence with a feasible flow in the original network.

EXERCISE 6 . 2 9 .   If there exists a path P of green and yellow arcs from node t to node s such that all yellow arcs

in the path have the same orientation as the direction of the path (from t to s), then it is obvious that the arc (s, t) is

contained in the cycle P∪{(s, t)} containing only green and yellow arcs, with all yellow arcs pointing in the same
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direction.  However, if such a path from t to s does not exist, then apply the labeling algorithm starting from node t,

with the modification that any node j ∈ N is labeled if and only if at that stage of the algorithm there exists a node i

in LIST such that (i) (i, j) is a yellow or a green arc; (ii) (j, i) is a green arc.  It is easy to see that by using such a

method, we would obtain a t-s cut of only red and yellow arcs, in which all yellow arcs are backward arcs in the cut.

EXERCISE 6.31#.   This problem cannot be formulated as a network flow problem, but we can develop a

greedy algorithm to solve this problem.

(a)  Create a network with n = 2p+2 nodes {s,t,F1, . . . , Fp, C1, . . . , Cp}.  There is an arc (s,Fi) for each i;

there is an arc (Fi,Cj) for each faculty member Fi who has ranked course Cj, and there is an arc (Cj,t) for each t.

All arcs have a capacity of 1.  If there is a flow of p units from source to sink, then it is a maximum flow, and

any such flow corresponds to a feasible assignment.  If the maximum flow has fewer than p units, then there is

no feasible assignment.

(b) and (c)  The following algorithm will find an assignment, if one exists, that matches a maximum number of

first choice arcs.

begin
while  G ≠ ø do

begin
if  there is some course node Cj with no incoming arcs then quit  {There is no feasible solution.}

else  i f  there is some course node Cj with exactly one incoming arc (Fi,Cj) then

assign Fi to Cj and eliminate both Fi and Cj from G

 e lse  {each component G is a simple cycle since every node has a degree 2}
       for each component G' of G do
       beg in

            express G' as M + M' where M consists of every other arc of G';
         i f  M has more first place arcs than M' then assign all of the arcs of M
         e l s e  assign all of the arcs of M';

       end;
end;

end;

EXERCISE 6 . 3 3 .   (a) True.  If each arc capacity is even, then the sum of the arc capacities of each forward arc in

the minimum cut is even.  Hence the maximum flow value is even.

(b) False.  A counterexample is illustrated in Figure S6.33, where all arcs have odd capacities, but the maximum

flow value is even.
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EXERCISE 6.35 .  (a) If the capacity of the arc (p, q) is increased by k units, then the values of the minimum cut

will increase by at most k units.  Hence, in order to reoptimize, at most k augmentation will be required, i.e., the

labeling algorithm will reoptimize the problem in O(km) time.

(b) If the capacity of an arc (p, q) has been overestimated by k units, then the maximum flow in the modified

problem will decrease by at most k units.  We reoptimize using the following method.  We decrease the flow (if

necessary) on arc (p, q) so that it satisfies the new capacity.  Suppose that this creates an excess of l ≤ k units at

node p and a deficit of the same amount at node q.  We then use the labeling algorithm to send l units from node p to

node q in the residual network.  If we succeed in sending all the flow, then the decrease in the capacity does not

change the maximum flow and we stop.  Otherwise, the maximum flow value must decrease.  We again use the

labeling algorithm to send the remaining excess at node p back to the source node, and to cancel the deficit at node q

by sending flow from node t to node q.  This approach reoptimizes using O(k) augmentations and takes O(km) time.

EXERCISE 6 . 3 7 .   (a) Apply a modification of the labeling algorithm which labels nodes starting from node t, the

sink node.  The algorithm iteratively selects a node i from LIST (the list of labeled but unexamined nodes), scans
arcs entering node i, and if arc (j, i) has rji > 0 and node j is unlabeled, then labels node j.  The final set of labeled

nodes will form the set S 
-
 in the minimum cut [S, S 

-
] such that for every minimum cut [R, R 

-
], R ⊆ S.

(b) The labeling algorithm, as discussed in the text, which labels nodes starting at the source node, will obtain such

a minimum cut.

(c) The maximum flow problem has a unique minimum cut if and only if the cuts obtained in (a) and (b) are

identical.  

EXERCISE 6 . 3 9 .   It follows from Exercise 6.38 that u[S, S 
-
] + u[T, T 

-
] ≥ u[S∪T, S∪T 

_ _ _   
] + u[S∩T, S∩T 

_ _ _   
].

But since [S, S 
-
] and [T, T 

-
] are both minimum cuts, say, with capacity K, then the sum of the capacities of [S∪T,

S∪T 
___   

] and [S∩T, S∩T 
___   

] is 2K.  Since both of these cuts have capacity al least K, both must be minimum.  

EXERCISE 6 . 4 1 .   This problem is exactly similar to the tanker scheduling problem discussed in Application 6.6.

Use a similar transformation in order to transform the problem of optimal coverage of sporting events into a

minimum flow problem.

EXERCISE 6 . 4 3 .   Construct a network G' = (N∪{s}, A∪Ao) where Ao = {(s, i) : i ∈ N is a supply node}∪{(i, s)

: i ∈ N is a demand node}.  The upper and lower bounds of any arc in Ao is set to |b(i)|, if the arc is incident to the

node i ∈ N.  A feasible flow exists in G if and only if a feasible circulation exists in G'.   Now show that for every

set S in G, there exists a corresponding set S' in G' so that b(S) - u[S, S 
-
] ≤0 if and only if Σ{(i, j)∈[S' 

-
,S'] lij ≤   

Σ   {(i, j)∈[S', S' 
-
]   uij for the subset S' in G'.

EXERCISE 6 . 4 5 .   Let G = (N, A) be the network in which the maximum number of arc-disjoint path from N+ to

N- is to be determined.  Construct the network G' = (N∪{s, t}, A∪Ao) where Ao = {(s, i) : i ∈ N+}∪{(i, t) : i ∈ N-

}.  The capacity of each arc in A is one while the arcs in Ao are uncapacitated.  It follows from the flow

decomposition theory that the maximum number of arc-disjoint paths from N+ to N- in G is equal to the maximum

flow value from s to t in G'.  The implication of the max-flow min-cut theorem in this case is that the maximum

number of arc-disjoint directed paths between two disjoint node sets is equal to the minimum number of arcs whose

removal from the network disconnects all paths between the node sets.
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EXERCISE 6 .47 .   Let B be any subset of blue arcs with the property that no two arcs of B can be in any

directed path.  We first note that the number of paths needed to cover the blue arcs is at least |B|.  Thus it

suffices to show that there is some such set B and some collection P of paths covering the blue arcs such that

|B| = |P|.  We first formulate the problem of covering the blue arcs by a minimum number of directed paths.  Let

us first topologically order the nodes, and then let us introduce a source node s and a sink node t such that (s, i)

is an arc for all i, and (i, t) is an arc for all t.  For each blue arc (i, j), let us put a lower bound of 1 on the arc.

All other lower bounds are 0, and all upper bounds on arc flows are ∞.  We claim that a minimum value flow in

the network corresponds to a covering of the blue arcs with a minimum number of directed paths.  First of all,

suppose that C is a collection of directed paths covering the blue arcs.  We will show how to convert this

collection into a flow.  Each path P of C can be turned into a path from s to t by putting s at the beginning of

P and putting t at the end of P.  It follows that the union of paths can be turned into a union of |C| paths from s

to t, and these correspond to a flow of |C| units.   Now suppose that there is a flow of k units from s to t.  Then

by flow decomposition, this flow can be decomposed into k paths from s to t covering all of the blue arcs.  It

follows that the minimum flow from s to t satisfying the lower and upper bounds on arc flows is equal to the

minimum number of paths from  s to t covering the blue arcs.  

We now use the result of Exercise 6.18, which implies that the minimum flow in the network is equal to the

maximum of ∑
i∈S,j∉S

 lij - ∑i∉S,j∈S
 uij .  Since all upper bounds are ∞, we may restrict attention to cuts for

which there are no arcs in G directed fromS to S.  Since there are no arcs directed fromS to S, any two arcs directed

from S toS cannot be in the same directed path.  It follows that the maximum flow from s to t is equal to

∑
i∈S,j∉S

 lij  for some set S and this is the number of blue arcs from S toS, and none of which can be in the

same directed circuit.


