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CRESSIE–READ STATISTIC

Many tests of goodness-of-fit∗ can be reduced
to testing a hypothesis about the parameter
π = (π1, . . . , πk) from the multinomial distri-
bution

Pr(X = x) = n!
x1! · · · xk!

π
x1
1 · · ·πxk

k ,

where the elements of π are probabilities that
sum to 1, and the elements of x are nonnega-
tive integers that sum to n. The multinomial
probability vector π may contain substan-
tial inner structure, such as that imposed
by log-linear models for discrete multivariate
data. It is also possible that the multinomial∗

random vector X is derivative, in that Xj rep-
resents the number of times that values of a
random sample Y1, . . . , Yn belong to a class
Cj. Here {Cj : j = 1, . . . , k} is a set of mutually
exclusive classes exhausting the probability
content of the distribution, and this dis-
tribution F(y; θ ) may depend on unknown
parameters θ = (θ1, . . . , θs).

To test the simple null hypothesis

H0 : π = π0,

where π0 = (π01, . . . , π0k) is a prespecified
probability vector, the two most commonly
used statistics are Pearson’s statistic X2:

X2 =
k∑

j=1

(Xj − nπ0j)2/(nπ0j),

and the log-likelihood-ratio statistic G2:

G2 = 2
k∑

j=1

Xj ln(Xj/(nπ0j)).

A large observed value of the statistic leads to
rejection of H0. There has been considerable
controversy in the past over which statistic
is more appropriate. This controversy has
been documented in a chapter of Read and
Cressie [14], and has largely been resolved
by Cressie and Read’s [3] introduction of a
family of power-divergence statistics:

2nIλ = 2
λ(λ + 1)

k∑
j=1

Xj

{(
Xj

nπ0j

)λ

− 1

}
,

− ∞ < λ < ∞. (1)
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The statistics 2nI0 and 2nI−1 are defined
to be the limits of 2nIλ as λ → 0 and λ → −1,
respectively. A large observed value of 2nIλ

leads to rejection of H0.
Under the simple null hypothesis H0

where k is fixed, each member of the family (1)
converges in distribution to the chi-squared
distribution∗ on (k − 1) degrees of freedom,
as n → ∞; and for a composite null hypoth-
esis where an s-dimensional parameter θ is
estimated efficiently, a further s degrees of
freedom must be subtracted (Cressie and
Read [3]). This distributional result is seen
most easily in the case of a simple null
hypothesis. Observe that (1) can be written as

2nIλ = 2n
λ(λ + 1)

×
k∑

j=1

π0j

{(
1 + Xj − nπ0j

nπ0j

)λ+1

− 1

}
,

provided λ �= 0, λ �= −1. Now set Vj = (Xj −
nπ0j)/(nπ0j) and expand (1 + Vj)λ+1 in a Tay-
lor series∗ to obtain

2nIλ =
k∑

j=1

π0j(n1/2Vj)2 + op(1),

where op(1) represents a stochastic term
which converges to 0 in probability, as
n → ∞. An identical result can be derived
in the special cases λ = 0 and λ = −1. Thus

2nIλ = X2 + op(1), −∞ < λ < ∞.

It is clear now why under H0 each fam-
ily member has the same asymptotic chi-
squared distribution when k is fixed. How-
ever, when k grows with n, this asymptotic
equivalence no longer holds, as discussed
in Cressie and Read [3]. Of course, small-
sample properties of 2nIλ vary widely as λ

ranges over the real line.
Particular values of λ in (1) cor-

respond to well-known statistics: Pear-
son’s statistic∗X2(λ = 1), log-likelihood-
ratio statistic G2(λ = 0), Freeman–Tukey
statistic∗(λ = −1/2), modified log-likelihood-
ratio statistic (λ = −1), and Neyman-
modified statistic (λ = −2). Now it is clear
why these statistics are indeed comparable,
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Figure 1. Exact distribution of Cressie–Read statistic and density of a chi-squared random
variable on 4 degrees of freedom. (Reprinted from Read [13], with the permission of the American
Statistical Association.)

since they are all members of the same fam-
ily. Comparisons can be found in Cochran [2],
Bahadur [1], West and Kempthorne [17],
Holst [5], Larntz [10], Fienberg [4], Hutchin-
son [6], Koehler and Larntz [9], Upton [16],
Lawal [11], Kallenberg et al. [7], Koehler [8],
and Rudas [15], although most debate has
centered around the comparative merits of
X2 and G2.

Cressie and Read [3] propose a statistic
which is ‘‘between’’ G2(λ = 0) and X2(λ = 1),
viz. λ = 2/3, to take advantage of the desir-
able properties of both. The test statistic

2nI2/3 = 9
5

k∑
j=1

Xj

{(
Xj

nπ0j

)2/3

− 1

}
(2)

has been called the Cressie–Read statistic by
Rudas [15]; a large observed value of 2nI2/3

leads to rejection of H0. [Earlier, Moore [12]
named the family (1) the Cressie–Read
statistics.] As an omnibus test of goodness
of fit, Cressie and Read [3] show 2nI2/3 to
be the most competitive in the family (1)
when the following criteria are considered
jointly: finite sample approximation to the
chi-squared distribution with regard to both
critical value and moments, power in finite
samples, Pitman and Bahadur efficiency∗,

approximations for large sparse multinomi-
als, and sensitivity. More details can be found
in Read [13] and Read and Cressie [14].

To give some idea of the exact distribu-
tion of the Cressie–Read statistic (2) under
H0, as compared to its asymptotic chisquared
distribution, the case of n = 10, k = 5, π0j =
1/k; j = 1, . . . , k, was computed. Figure 1
shows a histogram of the exact distribu-
tion function (for multinomial X and π = π0)
of the Cressie–Read statistic (2) along with
the density of a chi-squared random variable
on k − 1 = 4 degrees of freedom. Notice how
close the two are in the upper tail, precisely
where it is most important for obtaining sig-
nificance levels.
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See also CHI-SQUARE TESTS; GOODNESS OF FIT; and LOG-

LINEAR MODELS IN CONTINGENCY TABLES.
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