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Slides and codes available at:

https://vermandel.fr/hyeres/

If you want to simulate models:

https://fr.mathworks.com/products/matlab/student.html
https://www.dynare.org/
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▶ How quick should we reduce Green House Gas (GHG) emissions?

▶ How much global warming would we get under alternative GHG emissions
reduction paths?

▶ What would be the economic losses under these scenarios?

▶ Answering those questions is a daunting task & stacks multiple fields of
sciences: climate science, economics, applied mathematics & computational
science.

Advanced Environmental Macroeconomics 3 / 69



▶ How quick should we reduce Green House Gas (GHG) emissions?

▶ How much global warming would we get under alternative GHG emissions
reduction paths?

▶ What would be the economic losses under these scenarios?

▶ Answering those questions is a daunting task & stacks multiple fields of
sciences: climate science, economics, applied mathematics & computational
science.

Advanced Environmental Macroeconomics 3 / 69



▶ How quick should we reduce Green House Gas (GHG) emissions?

▶ How much global warming would we get under alternative GHG emissions
reduction paths?

▶ What would be the economic losses under these scenarios?

▶ Answering those questions is a daunting task & stacks multiple fields of
sciences: climate science, economics, applied mathematics & computational
science.

Advanced Environmental Macroeconomics 3 / 69



▶ How quick should we reduce Green House Gas (GHG) emissions?

▶ How much global warming would we get under alternative GHG emissions
reduction paths?

▶ What would be the economic losses under these scenarios?

▶ Answering those questions is a daunting task & stacks multiple fields of
sciences: climate science, economics, applied mathematics & computational
science.

Advanced Environmental Macroeconomics 3 / 69



▶ IPCC (Intergovernmental Panel on Climate Change) is the main
intergovernmental organization that provides state-of-art assessment of
alternative policy scenarios;

▶ IPCC does not produce research/build new models, but rely on existing ones;

▶ It build comprehensive assessment based on existing tools;

▶ 6th assessment published in 2021, 2022 (1st one published in 1990), synthesis
to be published March 2023.
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▶ The Science of Climate Change mitigation: Integrated Assessment Models
(IAM).

▶ Main ingredients: biosphere & atmosphere equations linked with economic
models.

▶ IPCC for mitigation scenarios rely on a large pool of IAM: IMAGE, GCAM,
WITCH, etc developed and maintained by leading institutions.
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Global CO2 emissions (gigatons, GtCO2) for all IAM runs in the SSP database.
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▶ While IAM have become the scientific basis for building consistent economic
scenario mixing environmental and economic aspects,

▶ They also suffer from strong hypothesis that can make them possibly flawed;

▶ This lecture aims to provide a full description of the core model of IAM
(DICE model);

▶ And discuss its weaknesses that are mainly dealing with applied maths issues...

▶ ...thus opening avenues for possible improvements of IAM carried by joint
works between mathematicians and economists;
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Outline

1 Introduction

2 The big picture of global warming

3 The DICE model
The climate block
The socioeconomic block
Economic decisions
Simulating the model
The Social Cost of Carbon

4 IAMs Controversies
The role of inputs: the discount factor
Tipping points
What’s missing in IAM?

5 Concluding remarks
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Carbon emissions presentation

▶ Since industrial revolution, economies heavily
rely on fossil fuels (coal, oil, natural gas);

▶ Fossil fuels result from a carbon capture
physical process (i.e. fossilized remains of
plants and animals that lived millions of
years ago with high carbon content);

▶ In 150 years, human activities have burned
and released this carbon in the atmosphere.

Annual CO2 Emissions since
1850 by region
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GHG varieties
▶ Greenhouse gas (GHG) comprise different types of gas.
▶ Different lifetime and warming power: methane is 80 times more warming

than CO2, but shorter lifetime (20 years vs. >100 years).
▶ Methane responsible for ~20% of global warming, carbon responsible of

almost all the remaining part.

Greenhouse gas by type
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The warming effects of GHG
▶ Greenhouse effect: GHG create radiative forcing: the amount of energy that

enters the Earth’s atmosphere is different from the amount of energy that
leaves it.

Temperature increase
Advanced Environmental Macroeconomics 12 / 69



The uneven spatial distribution of the cost of a warming
planet

▶ The planet is warming unevenly: polluters are not necessarily facing the cost
of global warming.

Spatial distribution of the costs

Advanced Environmental Macroeconomics 13 / 69



Plan

1 Introduction

2 The big picture of global warming

3 The DICE model
The climate block
The socioeconomic block
Economic decisions
Simulating the model
The Social Cost of Carbon

4 IAMs Controversies
The role of inputs: the discount factor
Tipping points
What’s missing in IAM?

5 Concluding remarks

Advanced Environmental Macroeconomics 14 / 69



▶ DICE (Dynamic Integrated
Climate-Economy model) was developed by
Nordhaus (1992) and went through several
(minor) updates up to the latest 2016R
snapshot;

▶ Bill Nordhaus recipient of the 2018 Nobel
Memorial Prize in Economic Sciences for
DICE.
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DICE model

▶ DICE is simple but powerful model to provide fast estimates of the social cost
of carbon and transition pathways for the world economy;

▶ It has become an intuitive benchmark.

▶ Bill Nordhaus’s work on climate has never been published in top 5 journals
(always rejected) but got published in Sciences, PNAS, etc.
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DICE model

▶ Economic model with climate externality: a social planner optimally
implements a mitigation policy.

▶ Physical capital, temperatures and carbon boxes are the main state variables
that the planner uses to optimally maximize social welfare;

▶ Ingredients: discrete time model, infinitely living agents, rational
expectations, welfare maximizing social planner.

▶ The framework is old-fashion:

▶ Extended Solow-growth model with climate externality;
▶ Centralized equilibrium based on Ramsey allocations;
▶ Purely deterministic setup;
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Carbon cycle

▶ Atmospheric loading of CO2:

Mt = ΦM Mt−1 + ΞM Et, (1)

where Mt = [MAT
t , MUP

t , MLO
t ]′ comprises 3 layers of carbon: atmospheric,

upper and lower ocean respectively.

▶ Matrices are determined by:

ΦM =

 1 − ϕ12 ϕ21 0
ϕ12 1 − ϕ21 − ϕ23 ϕ32
0 ϕ23 1 − ϕ32

 and ΞM =

 ξM

0
0



▶ Carbon emissions go into the atmosphere, before being captured by oceans
through a long lasting process.
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Temperatures

▶ Temperature anomalies Tt = [T AT
t , T OC

t ] of atmosphere and ocean
respectively:

Tt = ΦT Tt−1 + ΞT Ft, (2)

▶ Matrices are given by:

ΦM =

[
φ11 φ12
φ21 φ22

]
and ΞT =

[
ξT

0

]

▶ Cooling effects of oceans through φ12, ξT is the heating sensitivity to radiative
forcing Ft.
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Radiative forcing

▶ Greenhouse effect via radiative forcing (W/m2):

Ft = η log
(
MAT

t /M1750
)

/ log(2) + F EX
t (3)

▶ Here, η denote the forcing of equilibrium CO2 doubling (Wm-2).

▶ F EX
t is an exogenous process tracking the contribution of other sources of

GHG (i.e. methane) on Ft
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Input structure

▶ World population (billion):

Lt = Lt−1 (LT /Lt−1)
ℓg , (4)

ℓg ∈ [0, 1] convergence rate, LT ∈ [0,+∞) long term population.

▶ Law of motion of capital:

Kt = (1 − δK)Kt−1 + It, (5)

δK ∈ [0, 1] is the depreciation rate.
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Production of goods and emissions

▶ Production is Cobb-Douglas:

Yt = AtK
γ
t−1L1−γ

t (6)

where γ ∈ [0, 1] is capital intensity, exogenous TFP At, physical capital Kt−1.

▶ Emissions (GtCO2):
Et = σt (1 − µt) Yt + Eland

t (7)

where σt decoupling rate, µt is abatement share, Eland
t is exogenous process of

carbon emission from change in land use (i.e. deforestation).
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Equilibrium in goods and climate

▶ Resource constraint:

Yt

(
1 − θ1,tµ

θ2
t

)
Ω (Tt) = Ct + It (8)

LHS is output loss from abatement and damage, RHS is demand side.

▶ Damages are given by:
Ω (Tt) = 1/(1 + aT 2

t ) (9)

This expression is subject to deep uncertainty, and should be taken as a
normative measure of the social loss for the society of rising temperatures.
Tipping points could be introduced [Weitzman, 2012].
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Exogenous trends
Total factor productivity:

∆ log At = gA − δa log (At/A0)

Decoupling rate of carbon emission to GDP:
∆ log σt = gσ − δσ log (σt/σ0)

Cost of abating carbon emissions:
θ1,t = (1 − δθ) θ1,t−1σt/σt−1

Non-CO2 forcing law of motion:

F EX
t = min

(
F EX

t−1 + ∆F , FCAP

)
Land-use law of motion:

Eland
t = (1 − δe)Eland

t−1

World population dynamic:
Lt = Lt−1 (LT /Lt−1)

ℓg
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Figure. Exogenous variables
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Introducing a saving rate
▶ How should we determine optimally C and I?

▶ Could use decentralized decision problem, or use old-fashion centralized
equation following Ramsey allocation;

▶ Introduce optimal saving rate S, consumption and investment becomes:

Ct = (1 − St) × Yt

(
1 − θ1,tµ

θ2
t

)
Ω (Tt) (10)

It = St × Yt

(
1 − θ1,tµ

θ2
t

)
Ω (Tt) (11)

implicitely assuming that income spent between Ct and It.

▶ Economists typically assume that economic decisions are taken ’optimally’ by
solving an optimal control problem: e.g. maximizing welfare under budget
constraint. Here optimal determination of S.
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Introducing a saving rate

▶ The planner maximizes the social welfare:

max
{St,µt,...}

∑∞
t=0βtLt

(
c1−α

t − 1
)
(1 − α)−1 (12)

where ct = Ct/Lt is the per capita consumption, utility function concave.

▶ How to solve the problem?

1. Numerical solver: use solver to find sequences {St, µt}T
t=0 that maximizes

12.
2. Ramsey solution: maximize welfare 12 based on N equations and N + I

control variables (I corresponding to the number of instruments).
3. Dynamic programming: use Bellman equation and value function

iterations or projections.
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The Ramsey (1927) problem:

max
{ct,Yt,Kt,Tt,Mt,µt,St}

∑∞
t=0βtLt

(
c1−α

t − 1
)
(1 − α)−1

+ βtλ1,t
[
(1 − St) Yt

(
1 − θ1,tµ

θ2
t

)
Ω (Tt) − Ltct

]
+ βtλ2,t

[
Kt − (1 − δK)Kt−1 − StYt

(
1 − θ1,tµ

θ2
t

)
Ω (Tt)

]
+ βtλ3,t

[
Yt − AtK

γ
t−1L1−γ

t

]
+ βtλ4,t

[
Tt − ΦT Tt−1 − ΞT

(
η log

(
MAT

t /M1750
)

/ log(2) + F EX
t

)]
+ βtλ5,t

[
Mt − ΦM Mt−1 − ΞM

(
σt (1 − µt) Yt + Eland

t

)]
Summary: optimal control problem with 7 control variables, 5 constraints → 12
variables/equations.
(note that climate variables include more equations + Lagrangian multipliers)
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Model summary:

▶ 6 exogenous variables {At, σt, θ1,t, F EX
t , Eland

t , Lt} and 6 exogenous processes;

▶ 5 core equations (from initial model) and 7 first order conditions (from
Ramsey problem);

▶ There are 7 core endogenous variables {ct, Yt, Kt, Tt, Mt, µt, St} and 5
Lagrangian multipliers (from Ramsey) {λ1,t, ..., λ5,t};

▶ In sum: 18 equations and variables.
▶ Next step: get numerical simulations from the model.
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Numeric solution

▶ The presence of state variables in constraints (1-5) implies that current
decisions depend on future outcome; example with capital

▶ Stacking our equations into f:


(1 − St) Yt

(
1 − θ1,tµ

θ2
t

)
Ω (Tt) − Ltct = 0

Kt − (1 − δK)Kt−1 − StYt

(
1 − θ1,tµ

θ2
t

)
Ω (Tt) = 0

Yt − AtK
γ
t−1L1−γ

t = 0
....


→ f (yt+1, yt, yt−1) = 0

where f (yt+1, yt, yt−1) is the state-space representation of our model featuring
forward and backward looking variables.

▶ Here, yt = [Kt, St, µt, ...] is the vector of endogenous variables.
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Numeric solution

A sketch of the numeric problem:

▶ Finite horizon problem for t = 0, 2, ...T + 1;

▶ Terminal yT+1 and initial y0 conditions are given → need to numerically get
y1, y2, ...yT ;

▶ In absence of stochastic variables → deterministic problem → perfect foresight
setup where any variable in yt+1 corresponds to the realized variable in t + 1;

▶ Forward-looking models admit infinity of stable solutions → imposing a
terminal condition is an instrument to obtain one unique solution (Boucekkine
(1995));
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Numeric solution

▶ Over the time horizon t = 1, 2, ...T , stacking f() over time:

F (Y ) =


f (y2, y1, y0)
f (y3, y2, y1)

...
f (yT , yT −1, yT −2)


with Y = [y′

t, y′
t+1, ..., y′

T ]
′ and F : RNT → RNT

▶ Y and F (Y ) are two vectors of size NT × 1.
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Numeric solution

▶ The goal is to numerically solve:

Y ∗ = arg min
{Y }

|F (Y ) |

▶ How? Newton–Raphson method very efficient as shown by Laffargue (1990),
Boucekkine (1995) and Juillard et al. (1996). Basic idea:
▶ Set an initial value Y (0).
▶ nth Newton iterations:

Y (n) = Y (n−1) − JF

(
Y (n−1)

)−1
F (Y (n−1))

where JF

(
Y (n−1)

)
is Jacobian matrix of F of dimensions NT × NT .

▶ Stop the iterations if |F (Y (n−1))| < ε.

Advanced Environmental Macroeconomics 33 / 69



Numeric solution
▶ Each iteration requires to solve:

J1,1 J1,2 . . . 0N 0N

J2,1 J2,2 . . . 0N 0N

. . . . . . . . . . . . . . .
0N 0N . . . JT −1,T −2 JT −1,T
0N 0N . . . JT −1,T −1 JT ,T





∆y
(n)
1

∆y
(n)
2

. . .

∆y
(n)
T −1

∆y
(n)
T


= −


f1
f2
. . .

fT −1
fT



▶ The (inefficient) bruteforce way:

∆y
(n)
1

∆y
(n)
2

. . .

∆y
(n)
T −1

∆y
(n)
T


= −JF





∆y
(n−1)
1

∆y
(n−1)
2
. . .

∆y
(n−1)
T −1

∆y
(n−1)
T





−1 
f1
f2
. . .

fT −1
fT


inefficient as inversion of large matrices computationally expensive.Advanced Environmental Macroeconomics 34 / 69



Numeric solution

▶ Laffargue (1990) proposes using a triangular expression of JF

(
Y (n)

)
to allow

backward induction.

▶ Linear algebra yields the following: Proof


IN g1,2 . . . g1,T −1 g1,T
0N IN . . . g2,T −1 g2,T
. . . . . . . . . . . . . . .
0N 0N . . . IN gT −1,T
0N 0N . . . 0N IN





∆y
(n)
1

∆y
(n)
2

. . .

∆y
(n)
T −1

∆y
(n)
T


= −


d1
d2
. . .

dT −1
dT

 (13)

▶ Principle: once matrices gτ ,t and dt (for τ , t ∈ [1, T ]) are obtained, easy to get
∆y

(n)
t recursively by starting by last row of problem (13).
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▶ To simulate the model, we need to calibrate initial state variables (subset of
y0) to match values observed in 2015.

▶ Terminal conditions computed asymptotically t → +∞ by determining yT+1
that satisfies:

f (yT+1, yT+1, yT+1) = 0

▶ In finite horizon problem, T must be large enough to verify condition:

|f (yT+1, yT , yT −1) − f (yT+1, yT+1, yT+1) | < ε
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▶ We use the (free) Dynare package embedded in MATLAB/Octave/Julia;
https://www.dynare.org/

▶ Software developed at CEPREMAP (Centre d’Études Prospectives
d’Économie Mathématique Appliquées à la Planification);

▶ CEPREMAP founded in 1964 to build models for government planification
purpose.

▶ This software allows to simulate & estimate discrete time rational
expectations models (perfect foresight, perturbation methods).
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▶ ∆t = 5 years, t = {t0, t1, ..., T}, with t0 = 2015 and T = 2600;

▶ Consider two policies:

1. The mitigation policy:

max
{ct,Yt,Kt,Tt,Mt,µt,St}

∑∞
t=0βtLt

(
c1−α

t − 1
)
(1 − α)−1

s.t. (1) − (5)

2. The laisser-faire / Business As Usual (BAU) policy:

max
{ct,Yt,Kt,Tt,Mt,St}

∑∞
t=0βtLt

(
c1−α

t − 1
)
(1 − α)−1

s.t. (1) − (5)
s.t. µt = 0.03
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Some striking but controversial results from DICE:

▶ “Optimal” to warm the planet up to 3.5◦C;

▶ Mitigation policy saves about 2% of climate damage;

▶ Net zero emission optimal by 2100, 50 years later than in Paris-Agreement;

▶ Main critic from DICE’s policy output: those results have scientifically
grounded climate inaction in policy circles...

... but DICE has also the merit to set the climate issue to the agenda of
(macro-)economists.
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Social cost of carbon

▶ Why is it optimal to warm so much the planet according to DICE?

▶ An optimal carbon tax = how much the society is willing to pay to reduce
emissions ($ per ton of carbon).

▶ This is usually referred to as the Social Cost of Carbon (SCC) in literature.

▶ SCC reflects the society’s gains and losses from implementing the carbon tax.

▶ What is the model implied SCC?
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Social cost of carbon

▶ Get back to FOCs of the Ramsey-planner:

MAT
t : λAT

5,t = βΦM λAT
5,t+1 + λAT

4,t F ′ (Mt)

T AT
t : λAT

4,t = βΦT λ4,t+1 + λAT
2,t StYt

(
1 − θ1,tµ

θ2
t

)
Ω′ (Tt)

λAT
5,t (λAT

4,t ) is the marginal loss from carbon (temperature) increase.

▶ SCC expresses the social loss into numeraire equivalents (here consumption):

SSCt = −1000 × λAT
5,t /λ1,t ≃ −1000 × (∂Wt/∂Mt) / (∂Wt/∂Ct)

where λ1,t is marginal utility of consumption.
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Figure. Social cost of carbon

▶ SCC reflect the planner’s relative gains in terms of welfare from controlling Mt

against its consumption losses Ct from such action;

▶ Optimal to cut consumption now by 0.5% in order to avoid 1◦C of warming in
2100;

▶ As well off between scenarios by 2090 on current consumption grounds (but
not in welfare terms).
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How relevant are IAM models?

▶ IAM-believiers: they are relevant at least on normative grounds to provide
discussion basis on mitigation scenarios.

▶ IAM-deniers: they are useless to guide policy scenarios → the Pindyck
(2013, 2017) critique enumerates a list of flaws:

1. “certain inputs [parameters] are arbitrary, but have huge effects on the SCC
estimates the models produce”;

2. “the models’ descriptions of the impact of climate change are completely ad hoc,
with no theoretical or empirical foundation”;

3. “the models can tell us nothing about the most important driver of the SCC, the
possibility of a catastrophic climate outcome”

▶ →“IAM-based analyses of climate policy create a perception of knowledge and
precision, but that perception is illusory and misleading.”

Advanced Environmental Macroeconomics 45 / 69



How relevant are IAM models?

▶ IAM-believiers: they are relevant at least on normative grounds to provide
discussion basis on mitigation scenarios.

▶ IAM-deniers: they are useless to guide policy scenarios → the Pindyck
(2013, 2017) critique enumerates a list of flaws:

1. “certain inputs [parameters] are arbitrary, but have huge effects on the SCC
estimates the models produce”;

2. “the models’ descriptions of the impact of climate change are completely ad hoc,
with no theoretical or empirical foundation”;

3. “the models can tell us nothing about the most important driver of the SCC, the
possibility of a catastrophic climate outcome”

▶ →“IAM-based analyses of climate policy create a perception of knowledge and
precision, but that perception is illusory and misleading.”

Advanced Environmental Macroeconomics 45 / 69



How relevant are IAM models?

▶ IAM-believiers: they are relevant at least on normative grounds to provide
discussion basis on mitigation scenarios.

▶ IAM-deniers: they are useless to guide policy scenarios → the Pindyck
(2013, 2017) critique enumerates a list of flaws:

1. “certain inputs [parameters] are arbitrary, but have huge effects on the SCC
estimates the models produce”;

2. “the models’ descriptions of the impact of climate change are completely ad hoc,
with no theoretical or empirical foundation”;

3. “the models can tell us nothing about the most important driver of the SCC, the
possibility of a catastrophic climate outcome”

▶ →“IAM-based analyses of climate policy create a perception of knowledge and
precision, but that perception is illusory and misleading.”

Advanced Environmental Macroeconomics 45 / 69



How relevant are IAM models?

▶ IAM-believiers: they are relevant at least on normative grounds to provide
discussion basis on mitigation scenarios.

▶ IAM-deniers: they are useless to guide policy scenarios → the Pindyck
(2013, 2017) critique enumerates a list of flaws:

1. “certain inputs [parameters] are arbitrary, but have huge effects on the SCC
estimates the models produce”;

2. “the models’ descriptions of the impact of climate change are completely ad hoc,
with no theoretical or empirical foundation”;

3. “the models can tell us nothing about the most important driver of the SCC, the
possibility of a catastrophic climate outcome”

▶ →“IAM-based analyses of climate policy create a perception of knowledge and
precision, but that perception is illusory and misleading.”

Advanced Environmental Macroeconomics 45 / 69



How relevant are IAM models?

▶ IAM-believiers: they are relevant at least on normative grounds to provide
discussion basis on mitigation scenarios.

▶ IAM-deniers: they are useless to guide policy scenarios → the Pindyck
(2013, 2017) critique enumerates a list of flaws:

1. “certain inputs [parameters] are arbitrary, but have huge effects on the SCC
estimates the models produce”;

2. “the models’ descriptions of the impact of climate change are completely ad hoc,
with no theoretical or empirical foundation”;

3. “the models can tell us nothing about the most important driver of the SCC, the
possibility of a catastrophic climate outcome”

▶ →“IAM-based analyses of climate policy create a perception of knowledge and
precision, but that perception is illusory and misleading.”

Advanced Environmental Macroeconomics 45 / 69



How relevant are IAM models?

▶ IAM-believiers: they are relevant at least on normative grounds to provide
discussion basis on mitigation scenarios.

▶ IAM-deniers: they are useless to guide policy scenarios → the Pindyck
(2013, 2017) critique enumerates a list of flaws:

1. “certain inputs [parameters] are arbitrary, but have huge effects on the SCC
estimates the models produce”;

2. “the models’ descriptions of the impact of climate change are completely ad hoc,
with no theoretical or empirical foundation”;

3. “the models can tell us nothing about the most important driver of the SCC, the
possibility of a catastrophic climate outcome”

▶ →“IAM-based analyses of climate policy create a perception of knowledge and
precision, but that perception is illusory and misleading.”

Advanced Environmental Macroeconomics 45 / 69



The role of inputs: the discount factor

▶ In 2006, the main view on climate change among economists was the
Nordhaus (1992)’s view: optimal to warm up to 3.5◦C the planet.

▶ The Stern (2006)’s view shook this general agreement on many aspects:
▶ the core argument: the price of inaction would be extraordinary and the cost of

action modest ;
▶ irreversible impacts from climate change threatening access to water, food

production, health, and use of land and the environment;
▶ IAM supports such actions in particular by changing discount factor → debate.
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The role of inputs: the discount factor

▶ What’s discount factor? Welfare function as a discounted sum of future gains:

Wt = LtU (ct) + βWt+1

▶ β is a deep parameter that depends on several factors:

1. psychological aspects (time-preference → β low),

2. political aspects (how policymakers weight the future → β low/high),

3. intergenerational aspects (how we weight future generation welfare → β high).
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The role of inputs: the discount factor

▶ In practice, β not observable, but can be inferred from financial markets.

▶ Introducing a one-period financial claim:

max
{c,b}

∞∑
t=0

βt c1−γ
t

1 − γ
+ λt [bt (1 + rt−1) − ct − bt]

β
c−γ

t+1
c−γ

t

(1 + rt) = 1 → ln β = γ ln g + ln r

▶ By observing consumption growth and real interest rate, we can pin down β;

▶ But definition of relevant interest rate not clear: nominal bonds? corporate
bonds?

▶ Stern (2006) argues that discount factor should be β = 0.999 (versus 0.9852 in
Nordhaus).
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The role of inputs: the discount factor
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The role of inputs: the discount factor

▶ The Stern (2006)’s report provides a scientific motivation for the
Paris-Agreement.
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Figure. The role of the discount factor : Stern vs Nordhaus
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The role of inputs: the discount factor

▶ The Stern (2006)’s report provides a scientific motivation for the
Paris-Agreement.

▶ How? Consider FOC on T:

λAT
4,t = βΦT λ4,t+1 + λAT

2,t StYt

(
1 − θ1,tµ

θ2
t

)
Ω′ (Tt)

=
∞∑

τ=t

(βΦT )
τ−t Sτ Yτ

(
1 − θ1,τ µθ2

τ

)
Ω′ (Tτ )

▶ Bigger β gives a larger weight for future generations, SCC ↗
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Tipping points

▶ Tipping point are critical threshold beyond which a system reorganizes
abruptly & irreversibly.

▶ Natural system tipping points well identified:
▶ Antarctic & Artic ice sheet disintegration: complete disintegration (at +10◦C)

would raise the global sea levels by 53.3 metres;
▶ Amazon Rainforest destruction: a warming planet →rainforest may transform

into a dry savanna landscape;
▶ Sibera’s Permafrost thaw: unfreezing permafrost would release methane ↗ T◦C.
▶ etc.

▶ Tipping points are possible at today’s global warming of just over 1 ◦C (1.8
◦F) above preindustrial times, and highly probable above 2 ◦C (3.6 ◦F) of
global warming.
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into a dry savanna landscape;
▶ Sibera’s Permafrost thaw: unfreezing permafrost would release methane ↗ T◦C.
▶ etc.

▶ Tipping points are possible at today’s global warming of just over 1 ◦C (1.8
◦F) above preindustrial times, and highly probable above 2 ◦C (3.6 ◦F) of
global warming.
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Tipping points

▶ Tipping point are critical threshold beyond which a system reorganizes
abruptly & irreversibly.

▶ The damage function in Nordhaus (2017) augmented by Weitzman (2012)
with higher order polynomial:

Ω (Tt) = 1/(1 + aT 2
t + bT c

t )

where b and c are set to match potential losses as T grows: b = 5.0703e − 06,
c = 6.754.

Ω (1) Ω (3) Ω (5)
b = 0 - Nordhaus (2017) 0.9976 0.9792 0.9443
b > 0 - Weitzman (2012) 0.9976 0.9712 0.7544
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Tipping points
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Figure. The role of the discount factor : Stern vs Nordhaus
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Tipping points

▶ Why tipping points call for stronger actions?

▶ Get back to FOC:

λAT
4,t =

∞∑
τ=t

(βΦT )
τ−t Sτ Yτ

(
1 − θ1,τ µθ2

τ

)
Ω′ (Tτ )

▶ Ω′ (Tτ ) much larger under tipping climate, thus rising the Social Cost of
Carbon and in turn the carbon tax.
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What is missing in IAM?

IAM are still an imperfect tool, a list of imperfections from Pindyck:

1. Empirical foundation weak: need to apply inference method:

▶ In absence of explicit inference method, no possibility to gauge parametric
uncertainty on model’s outcome;

▶ Reasons: curse of dimensionality-> hard to solve climate models with stochastic
variables, even harder when adding particle filtering.

▶ Only/always mean-wise simulations that do not take into account the full
distribution of parameters to tackle parametric uncertainty;

▶ Bayesian inference requires sampling methods (e.g. Metropolis-Hastings) to
approximate integrals of posterior distributions: MH jumps imply to try new
vector of estimated parameter Φ′ with jump step J (Φ′|Φ) = N(Φ, cΩm). In
this expression, Ωm is covariance over estimated parameters, approximated with
numerical hessian, but approximation does not work well with nonlinear models.
Alternative samplers not relying on Ωm.

Advanced Environmental Macroeconomics 56 / 69



What is missing in IAM?

IAM are still an imperfect tool, a list of imperfections from Pindyck:

1. Empirical foundation weak: need to apply inference method:

▶ In absence of explicit inference method, no possibility to gauge parametric
uncertainty on model’s outcome;

▶ Reasons: curse of dimensionality-> hard to solve climate models with stochastic
variables, even harder when adding particle filtering.

▶ Only/always mean-wise simulations that do not take into account the full
distribution of parameters to tackle parametric uncertainty;

▶ Bayesian inference requires sampling methods (e.g. Metropolis-Hastings) to
approximate integrals of posterior distributions: MH jumps imply to try new
vector of estimated parameter Φ′ with jump step J (Φ′|Φ) = N(Φ, cΩm). In
this expression, Ωm is covariance over estimated parameters, approximated with
numerical hessian, but approximation does not work well with nonlinear models.
Alternative samplers not relying on Ωm.

Advanced Environmental Macroeconomics 56 / 69



What is missing in IAM?

IAM are still an imperfect tool, a list of imperfections from Pindyck:

1. Empirical foundation weak: need to apply inference method:

▶ In absence of explicit inference method, no possibility to gauge parametric
uncertainty on model’s outcome;

▶ Reasons: curse of dimensionality-> hard to solve climate models with stochastic
variables, even harder when adding particle filtering.

▶ Only/always mean-wise simulations that do not take into account the full
distribution of parameters to tackle parametric uncertainty;

▶ Bayesian inference requires sampling methods (e.g. Metropolis-Hastings) to
approximate integrals of posterior distributions: MH jumps imply to try new
vector of estimated parameter Φ′ with jump step J (Φ′|Φ) = N(Φ, cΩm). In
this expression, Ωm is covariance over estimated parameters, approximated with
numerical hessian, but approximation does not work well with nonlinear models.
Alternative samplers not relying on Ωm.

Advanced Environmental Macroeconomics 56 / 69



What is missing in IAM?

IAM are still an imperfect tool, a list of imperfections from Pindyck:

1. Empirical foundation weak: need to apply inference method:

▶ In absence of explicit inference method, no possibility to gauge parametric
uncertainty on model’s outcome;

▶ Reasons: curse of dimensionality-> hard to solve climate models with stochastic
variables, even harder when adding particle filtering.

▶ Only/always mean-wise simulations that do not take into account the full
distribution of parameters to tackle parametric uncertainty;

▶ Bayesian inference requires sampling methods (e.g. Metropolis-Hastings) to
approximate integrals of posterior distributions: MH jumps imply to try new
vector of estimated parameter Φ′ with jump step J (Φ′|Φ) = N(Φ, cΩm). In
this expression, Ωm is covariance over estimated parameters, approximated with
numerical hessian, but approximation does not work well with nonlinear models.
Alternative samplers not relying on Ωm.

Advanced Environmental Macroeconomics 56 / 69



What is missing in IAM?

IAM are still an imperfect tool, a list of imperfections from Pindyck:

1. Empirical foundation weak: need to apply inference method:

▶ In absence of explicit inference method, no possibility to gauge parametric
uncertainty on model’s outcome;

▶ Reasons: curse of dimensionality-> hard to solve climate models with stochastic
variables, even harder when adding particle filtering.

▶ Only/always mean-wise simulations that do not take into account the full
distribution of parameters to tackle parametric uncertainty;

▶ Bayesian inference requires sampling methods (e.g. Metropolis-Hastings) to
approximate integrals of posterior distributions: MH jumps imply to try new
vector of estimated parameter Φ′ with jump step J (Φ′|Φ) = N(Φ, cΩm). In
this expression, Ωm is covariance over estimated parameters, approximated with
numerical hessian, but approximation does not work well with nonlinear models.
Alternative samplers not relying on Ωm.

Advanced Environmental Macroeconomics 56 / 69



What is missing in IAM?

IAM are still an imperfect tool, a list of imperfections from Pindyck:

2. Uncertainty not taken into account on decisions:

▶ Perfect foresight simulation in a certain world, but in practice technology,
damage, as well as economic fluctuations are uncertain;

▶ In response, agents would exhibit precautionary & prudence motives that are
currently absent/not considered and would yield different policy outcomes (early
resolution of climate issues);

▶ Stochastic control must be introduced in a tractable way as climate dynamics
include many state variables subject to curse of dimensionality (discretizing HBJ
with multiple states beyond scope of current computers).

▶ Economists typically rely on gaussian shocks for economic fluctuations... but
climate change could also change change tail distribution.
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What is missing in IAM?
IAM are still an imperfect tool, a list of imperfections from Pindyck:

3. Causality in economic often addressed by linear models (Vector
Auto-Regressions, Local Projections,)

Yt = A + BYt−1 + Cεt, εt ∼ N (0, IN ) ,

but climate is a nonlinear process.

▶ Needs to reconsider the toolkit with nonlinearities (and add nonlinear terms in
VAR/LP), but poses some challenges for exact characterization of likelihood
function:

Yt = A + BYt−1 + Cεt + DYt−1 ⊗ Yt−1 + ... + Eεt ⊗ εt, εt ∼ N (0, Σε)

(multiple errors of prediction εt yield same prediction Et−1[Yt] because of
term εt ⊗ εt);

▶ Would help to better inform about damage function & physical risk in general.
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What is missing in IAM?

▶ Breaking those maths constraints would allow to explore some open questions
with respect to the climate issue: green finance, banking effect, role of
precautionary and prudence motives etc.

▶ It could bring fruitful contributions in economics and expand knowledge about
going into green.

▶ It also be useful to improve the toolkit of IPCC.
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Concluding remarks

▶ IAM are useful to provide model-consistent policy scenarios;
▶ But also exhibits weaknesses, leaving avenues for further research bridging

applied maths and economics;
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Thank you!

gauthier@vermandel.fr
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max
{ct,Yt,Kt}

∑∞
t=0βtLt

(
c1−α

t − 1
)
(1 − α)−1

+ βtλ1,t
[
(1 − St)AtK

γ
t−1L−γ

t − ct

]
+ βtλ2,t

[
Kt − (1 − δK)Kt−1 − StAtK

γ
t−1L1−γ

t

]
FOC on K:

γβλ1,t+1 (1 − St+1)At+1Kγ−1
t L−γ

t+1

− βλ2,t+1
[
(1 − δK) + γSt+1At+1Kγ

t L1−γ
t+1

]
= 0

Optimal decision on Kt requires to know future λ1,t+1, λ2,t+1, St+1, At+1, Lt+1}.
Go to main slides
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To illustrate, consider t = 1, 2, 3, y0 & y4 given, y1:3 unknown. We are at n-step
update, ŷt = y

(n−1)
t :

F


 ŷ1

ŷ2
ŷ3


 =

 f (ŷ2, ŷ1, y0)
f (ŷ3, ŷ2, ŷ1)
f (y4, ŷ3, ŷ2)

 ,

JF

(
Y (n−1)

)
=


∂f (ŷ2,ŷ1,y0)

∂ŷ1

∂f (ŷ2,ŷ1,y0)
∂ŷ2

∂f (ŷ2,ŷ1,y0)
∂ŷ2

∂f (ŷ3,ŷ2,ŷ1)
∂ŷ1

∂f (ŷ3,ŷ2,ŷ1)
∂ŷ2

∂f (ŷ3,ŷ2,ŷ1)
∂ŷ3

∂f (y4,ŷ3,ŷ2)
∂ŷ1

∂f (y4,ŷ3,ŷ2)
∂ŷ2

∂f (y4,ŷ3,ŷ2)
∂ŷ3


Percentage of zeros in JF

(
Y (n−1)

)
grows in T . Note that ∂f (ŷt+1,ŷt,yt−1)

∂ŷτ
with τ ∈ t

is a N × N matrix.
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▶ Recall, each Newton iteration requires to solve:

JF

(
Y (n−1)

)−1
∆Y (n) = −F (Y (n−1)) J1,1 J1,2 0N

J2,1 J2,2 J2,3
0N J3,2 J3,3


 ∆y

(n)
1

∆y
(n)
2

∆y
(n)
3

 = −

 f1
f2
f3


where Jt,τ

∂f (ŷt+1,ŷt,yt−1)
∂ŷτ

and ft = f (ŷt+1, ŷt, ŷt−1).
▶ Linear problem: triangular expression of JF allows backward induction.

Advanced Environmental Macroeconomics 65 / 69



▶ 1. Solve first row to get ∆y
(n)
1 as linear function of ∆y

(n)
2 .

In∆y
(n)
1 +g1∆y

(n)
2 +0N = −d1

J2,1∆y
(n)
1 +J2,2∆y

(n)
2 +J2,3∆y

(n)
3 = −f2

0N +J3,2∆y
(n)
2 J3,3∆y

(n)
3 = −f3

with d1 = J−1
1,1 f1 and g1 = J−1

1,1 J1,2.
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▶ 2. Use first row IN ∆y
(n)
1 = −d1 − g1∆y

(n)
2 and replace to replace ∆y

(n)
1 :

IN ∆y
(n)
1 +g1∆y

(n)
2 +0N = −d1

0N +IN ∆y
(n)
2 +g2∆y

(n)
3 = −d2

0N +J3,2∆y
(n)
2 J3,3∆y

(n)
3 = −f3

where g2 = (J2,2 − J2,1g1)−1J2,3 and d2 = (J2,2 − J2,1g1)−1 (f2 − J2,1d1).
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▶ 3. Use second row IN ∆y
(n)
2 = −d2 − g2∆y

(n)
3 and replace to replace ∆y

(n)
2 :

IN ∆y
(n)
1 +g1∆y

(n)
2 +0N = −d1

0N +IN ∆y
(n)
2 +g2∆y

(n)
3 = −d2

0N +0N +IN ∆y
(n)
3 = −d3

where d3 = (J3,3 − J3,2g2)−1(f3 − J3,2d2).
▶ Going back to stacked matrix: IN g1 00

0N IN g2
0N 0N IN

 ∆Y (n) = −

 d1
d2
d3


→ Backward induction by solving last row of ∆Y (n) recursively.
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▶ Generalization to a T horizon yields:

d1 = J−1
1,1 f1

d2 = (J2,2 − J2,1g1)
−1 (f2 − J2,1d1)

gt = (Jt,t − Jt,t−1gt−1)
−1Jt,t+1 for t ∈ [2, T − 1]

dt = (Jt,t − Jt,t−1gt−1)
−1 (ft − Jt,t−1dt−1) for t ∈ [2, T − 1]

dT = (JT ,T − JT ,T −1gT −1)
−1(fT −1 − JT ,T −1dT −1).

Go to main slides
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