
POTENTIAL THEORY OF DIAGONAL-REFLECTED RANDOM WALKS

JOE P. CHEN

Abstract. In this expository note, we demonstrate a potential-theoretic method for estimating the non-
equilibrium two-point correlations in the boundary-driven exclusion process on a locally finite connected
graph. This boils down to an analysis of random walks on the product of two copies of the said graph minus
the diagonal.
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1. Motivation

2. Random walk estimates on the product graph minus the diagonal

The main result of this section is Lemma ??, which is key to controlling the two-point correlation term.
The take-away message is that two-point correlation functions in the exclusion process on a single graph
can be estimated using probabilities coming from the random walk process on the product of two graphs
minus the diagonal. The reason for removing the diagonal is because in the exclusion process, two particles
cannot occupy the same vertex at any time. If we represent the position of two exclusion particles by a
vector X = (X1, X2), then according to the dynamics, (Xt)t≥0 is another Markov process which avoids the
diagonal X1 = X2 at any time.

2.1. Diag-reflected random walk on the product graph. We are given a connected graph G = (V,E),
a distinguished vertex subset V0 ⊂ V , and a function λΣ : V0 → R+, we define the (SSEP-induced) Laplacian
on G by

(∆f)(x) =
∑
y∼x

[f(y)− f(x)]− λΣ(x)f(x)1{x∈V0}, f : V → R.(2.1)

Recall that ∆ generates a Markov process corresponding to the symmetric random walk process on G with
boundary condition on V0.
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2 JOE P. CHEN

Now let Gi = (Vi, Ei), i = 1, 2, be two connected graphs. We call G12G2 the Cartesian product of G1

and G2 if it is a graph with vertex set V1 × V2 = {(x1, x2) : xi ∈ Vi} and edge set

E2 = {{(x, y1), (x, y2)} : x ∈ V1, {y1, y2} ∈ E2} ∪ {{(x1, y), (x2, y)} : {x1, x2} ∈ E1, y ∈ V2}.
For instance Z2 = Z2Z. From the Laplacian ∆ on G, we define the Laplacian ∆2 on G2G naturally as

(∆2f)(x, y) = (∆f(·, y))(x) + (∆f(x, ·))(y), f : V 2 → R.(2.2)

It is clear that ∆2 generates the symmetric random walk process on G2G with boundary condition on
∂(G2G) = {(x, y) ∈ V2 : x ∈ V0 or y ∈ V0}.

Next we remove the diagonal from the product graph. For a set U denote diag(U2) := {(x, y) ∈ U2 : x =
y}. We define the Cartesian product graph minus the diagonal, G�G, whose vertex and edge sets are

V� = V 2 \ diag(V 2),

E� = E2 \ ({{(x, x), (x, y)} : x ∈ V, {x, y} ∈ E} ∪ {{(x, x), (y, x)} : x ∈ V, {x, y} ∈ E}) .

The diag-reflected Laplacian ∆� on G�G is then given by

(∆�f)(x, y) = (∆2f)(x, y)− 1{x∼y} [f(x, x) + f(y, y)− 2f(x, y)] .(2.3)

Note that f(z, z) for any z ∈ V is in fact absent in (2.3). Compared to the product Laplacian ∆2, the
diag-reflected Laplacian ∆� loses the discrete gradient terms along the edges connected to diag(V 2).

We claim that ∆� is symmetric on L2(ν), where ν is the counting measure on V�. This is verified using
summation by parts:
(2.4)
〈f,−∆�g〉ν
=
∑
x∈V�

f(x)
∑
y∈V�
xy∈E�

[g(x)− g(y)] +
∑
a∈V0

∑
y∈V
y 6=a

f(a, y)λΣ(a)g(a, y) +
∑
b∈V0

∑
x∈V
x 6=b

f(x, b)λΣ(b)g(x, b)

=
1

2

∑
x∈V�

∑
y∈V�
xy∈E�

[f(x)− f(y)][g(x)− g(y)] +
∑
a∈V0

∑
y∈V
y 6=a

λΣ(a)f(a, y)g(a, y) +
∑
b∈V0

∑
x∈V
x 6=b

λΣ(b)f(x, b)g(x, b)

=
∑
x∈V�

g(x)
∑
y∈V�
xy∈E�

[f(x)− f(y)] +
∑
a∈V0

∑
y∈V
y 6=a

g(a, y)λΣ(a)f(a, y) +
∑
b∈V0

∑
x∈V
x 6=b

g(x, b)λΣ(b)f(x, b)

= 〈g,−∆�f〉ν .

The above display also defines a Dirichlet form on L2(G�G, ν):

E�(f, g) = 〈f,−∆�g〉ν = 〈−∆�f, g〉ν .(2.5)

The Markov process
(
X�
t

)
t≥0

generated by ∆� is the variable-speed random walk (VSRW) process on

G�G with boundary condition on ∂(G�G) = {(x, y) ∈ V� : x ∈ V0 or y ∈ V0}. By construction, X�
· can

visit a vertex which is distance 1 away from the diagonal, but then must jump to a vertex which is distance
2 away. We call this phenomenon “reflection off the diagonal.” Thus, for a lack of better name, we shall call
X�
· the diag-reflected random walk process on G�G.

2.2. Formal setup. We now apply the above notions to our sequence of graphs {GN}N with boundary
∂GN . The SSEP-induced Laplacian on GN reads

(∆Nf)(x) = TN
∑
y∼x

[f(y)− f(x)]− TNλΣ,N (x)f(x)1{x∈∂VN}, f : VN → R.(2.6)

The corresponding Laplacian on GN2GN then reads

(∆2
Nf)(x, y) = (∆Nf(·, y))(x) + (∆N (x, ·))(y), f : V (GN2GN )→ R,(2.7)

and the diag-reflected Laplacian on GN �GN reads

(∆�
Nf)(x, y) = (∆2

Nf)(x, y)− TN1{x∼y} [f(x, x) + f(y, y)− 2f(x, y)](2.8)
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for f : V (GN �GN )→ R. As above, ∆�
N can be shown to be symmetric on L2(GN �GN , ν

�
N ), where ν�

N is a
counting measure on V (GN �GN ). In what follows it will be useful to use the normalized counting measure

m�
N =

1

|V (GN �GN )|
∑

x∈V (GN�GN )

δx(2.9)

so that m�
N (K2) = 1. In turn, we introduce the following Dirichlet form on L2(GN �GN ,m

�
N ),

E�
N (f, g) = 〈f,−∆�

Ng〉m�
N

= 〈−∆�
Nf, g〉m�

N
.(2.10)

We denote by (XN,�
t )t≥0 the corresponding diag-reflected random walk process on GN �GN (accelerated

by TN ); PN,�
x the law of XN,�

· started from x ∈ V (GN � GN ); and EN,�
x the corresponding expectation.

The symmetry condition implies that for all t ≥ 0 and all x,y ∈ V (GN �GN ) with x 6= y,

PN,�
x [XN,�

t = y] = PN,�
y [XN,�

t = x](2.11)

2.3. Rough isometry. As mentioned in the last section, the two-point correlation ϕNt (x, y) can be expressed

as a certain functional of the diag-reflected random walk XN,�
· . It is our objective to identify the analytic

framework which will enable us to estimate this functional effectively.

Storyboard

(1) GN � GN is a local bounded perturbation of GN2GN . Precisely, with an additional techni-
cal condition (non-quasi-1D), the two graphs (along with the associated graph metrics and
normalized counting measures) are roughly isometric.

(2) Transience can be characterized using the Poincaré inequality. Indeed we prove that GN2GN
is transient by exhibiting the corresponding Poincaré inequality, which follows immediately
from the spectral gap condition λ1 > 0. By rough isometry, we prove a Dirichlet energy
comparison lemma, and deduce that GN �GN is transient as well.

(3) Transience can be stated in (at least) 3 ways, two of which involve the time integral of the
heat semigroup. Our desired two-point correlation bound (at order of inverse volume) follows
from the transience of GN �GN .

Since GN � GN is a local perturbation of GN2GN , one expects that the (diag-reflected) random walk
process on GN � GN does not differ significantly from the random walk process on GN2GN , as far as the
bulk behavior is concerned. To make this idea precise, we shall invoke the notion of rough isometry,
formalized by Kanai [Kan85] and is essentially the same as that of coarse equivalence introduced by
Gromov [Gro81]. [Barlow has a better description of the history.]

Let G = (V,E) be a locally finite, connected, undirected graph, and π : E → R+ be a weight function on
the edge set. Note that π induces a probability measure on the vertex set V through π(x) =

∑
y∼x π(xy)

for x ∈ V . A weighted graph is a pair (G, π). We say that (G, π) has controlled weights (also known as the
(p0) condition in the literature, e.g. [Tel06]) if there exists p0 > 0 such that

π(xy)

π(x)
≥ p0 whenever x ∼ y.

We regard the weighted graph as a metric measure space (G, d, π), where d is the graph metric on G. Graph
metric balls in G are denoted Bd(x, r) := {y ∈ V : d(x, y) < r}.

The following definition comes from [Bar17, Definitions 1.12 and 1.14].

Definition 2.1 (Rough isometry). Two weighted graphs (G1, d1, π1) and (G2, d2, π2) which have controlled
weights are said to be roughly isometric if there exist a map ψ : V (G1)→ V (G2) and constants C1 ≥ 1,
C2 > 0, and C3 ≥ 1 such that:

(RI1) C−1
1 (d1(x, y)− C2) ≤ d2(ψ(x), ψ(y)) ≤ C1(d1(x, y) + C2) for all x, y ∈ V (G1).

(RI2)
⋃

x∈V (G1)

Bd2(ψ(x), C2) = V (G2).

(RI3) C−1
3 π1(x) ≤ π2(ψ(x)) ≤ C3π1(x) for all x ∈ V (G1).
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It can be seen that rough isometry is an equivalence relation. A property of the random walk process
on a weighted graph is said to be stable if it is preserved under rough isometries. The following lemma is
proved as [Bar17, Theorem 2.58], and is based on comparison of Dirichlet forms [Bar17, Proposition 2.56].

Lemma 2.2. The random walk type—transience or recurrence—of a weighted graph is stable under rough
isometries.

Distinction between CSRW and VSRW

" For the moment we have used π as the measure, which is reversible for the constant-speed random
walk (CSRW) on (G, π), with transition rate r(x, y) = π(xy)/π(x) when x ∼ y. However, in our
analysis to come, we will consider the variable-speed random walk (VSRW) on (G, π), with transition
rate r(x, y) = π(xy) and counting measure ν as the reversible measure. Both processes have the same
Dirichlet form.
While this distinction is important, let us reassure ourselves that since G is assumed to have bounded
degree, µ and ν are equivalent measures (there exist 0 < c ≤ C <∞ such that cµ(A) ≤ ν(A) ≤ Cµ(A)
for all A). So the VSRW is a time change of the CSRW.

Our goal is to apply this general idea to our sequences of graphs {GN2GN}N and {GN �GN}N , keeping
in mind that whatever estimates we make should be uniform in N .

2.4. A geometric condition on GN . A question we have mentioned, but not addressed, is whether
GN �GN is a connected graph. In this subsection we answer this question.

First, a quick observation: given a connected graph G, its product graph minus the diagonal G�G either
is connected, or consists of two connected components where (x, y) and (y, x) belong to distinct components
for every x, y ∈ V , x 6= y. This is best understood using the particle picture: start two particles at x and y,
can they swap their positions by moving on G without collision (i.e. they do not go through the diagonal
of G2G)? If this is possible for some (and hence all) x and y, then G�G is connected. If this is impossible
for ALL x and y, then G�G is disconnected.

We say that a connected path P = {x0, x1, · · · , xL} of distinct vertices xi ∈ V (G) is an isolated branch
of length L if for every vertex y ∈ V (G) and every xi ∈ P , with xi 6= y, we have that either xi is connected to
y via an edge in P , or xi is not connected to y. For instance, the discrete 1D interval with edges connecting
nearest neighbor vertices is an isolated branch. If we add edges to next-nearest-neighboring vertices, then
the graph is no longer an isolated branch. Any graph that contains a cycle is not an isolated branch.

Lemma 2.3. The following are equivalent for a connected graph G:

(1) G is an isolated branch.
(2) G�G is disconnected.

Proof. (1) ⇒ (2): Suppose G is an isolated branch. Then for any x, y ∈ V (G), x 6= y, it is impossible to
permute the positions of Particle 1 at x and Particle 2 at y without having them collide at some intermediate
vertex z ∈ V (G) during the move. Equivalently stated, every path connecting (x, y) and (y, x) in G2G must
intersect the diagonal {(z, z) : z ∈ V (G)}. So if the diagonal is removed, then (x, y) will no longer be
connected to (y, x), and this implies that G�G is disconnected.

(2)⇒ (1): Suppose G is not an isolated branch. Then for every sufficiently long path P = {x0, x1, · · · , xL}
of distinct vertices in G, there exists a branch point z ∈ P such that z is connected not only to its neighbors
via an edge in P , but also to a different vertex w ∈ V (G) via an edge absent in P . (Note that w may or
may not be in P ; it’s the edge zw which cannot lie in P .)

Start two particles at different vertices in P . It is direct to see one can move Particle 1 through the
branch point z and onto a branch separate from P , and then move Particle 2 along the P , so as to permute
the order of their positions on P without collision. Equivalently stated, for every x, y ∈ V (G), x 6= y, there
exists a path connecting (x, y) and (y, x) in G�G. Hence G�G is (path) connected. �

In light of Lemma 2.3, we shall assume that every GN is not an isolated branch. However, this does not
rule out the “quasi-1D” scenario in which every GN contains an isolated branch of length LN , and LN ↑ ∞
as N →∞. Since this is undesirable for the purpose of establishing rough isometry, we impose the following
technical condition.
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Assumption 1 (Non-quasi-1D). For every N , every isolated branch in GN has length uniformly bounded
in N .

2.5. Proof of rough isometry between GN2GN and GN�GN . In this subsection we establish the rough
isometry between the metric measure spaces (GN2GN , d

2
N ,m

2
N ) and (GN �GN , d

�
N ,m

�
N ). Here d2N and d�

N
are the graph metrics on GN2GN and GN �GN , respectively. As for the measures, we shall normalize them
so that they are probability measures on K2. So

m2
N (A) =

1

|V (GN2GN )|
∑

x∈V (GN2GN )

1A(x),(2.12)

m�
N (A) =

1

|V (GN �GN )|
∑

x∈V (GN�GN )

1A(x)(2.13)

for any measurable subset A of K2. Note that

|V (GN2GN )| − |V (GN �GN )| = |VN |.(2.14)

Therefore for every x ∈ V (GN �GN ) and y ∈ V (GN2GN ),

(2.15) 1 ≤
m�
N (x)

m2
N (y)

=
|V (GN2GN )|
|V (GN �GN )|

≤
(

1− 1

|VN |

)−1

.

Last but not least, we introduce the rough isometry, which is a surjection ΨN : V (GN2GN )→ V (GN �
GN ),

ΨN (x) =

{
some y ∼ x in GN2GN , if x ∈ diag(V 2

N ),
x, otherwise.

(2.16)

In this definition the choice of the vertex y neighboring x is not crucial. If x ∼ y in GN , then we have two
candidates for ΨN ((x, x)): (x, y) or (y, x). It follows that for every x ∈ V (GN �GN ), ΨN maps at most 3
points from V (GN2GN ) to x.

Now we have all the ingredients to prove the rough isometry.

Proposition 2.4. Suppose Assumption 1 holds, and let ΨN be defined as in (2.16). Then there exists con-
stant C1 ≥ 1 such that for every N , the metric measure spaces (GN2GN , d

2
N ,m

2
N ) and (GN �GN , d

�
N ,m

�
N )

satisfy the following:

(RI1) d2N (x,y)− C1 ≤ d�
N (ΨN (x),ΨN (y)) ≤ d2N (x,y) + C1 for all x,y ∈ V (GN2GN ).

(RI2)
⋃

x∈V (GN2GN )

Bd�
N

(ΨN (x), 1) = V (GN �GN ).

(RI3) m2
N (x) ≤m�

N (ΨN (x)) ≤ 3(1 + oN (1))m2
N (x) for all x ∈ V (GN2GN ).

Proof. (RI1): This is the most important of the 3 conditions to establish. As an interim result, we prove
that for every x,y ∈ V (GN �GN ), d2N (x,y) ≤ d�

N (x,y) ≤ d2N (x,y) + 4L+ 2, where L is the uniform-in-N
bound on the lengths of isolated branches in GN .

First of all, removing the diagonal, and the edges attached to the diagonal, cannot decrease the graph
distance, so d2N (x,y) ≤ d�

N (x,y).

To obtain d�
N (x,y) ≤ d2N (x,y) + 4C + 2, let us assume the “worst-case scenario” that two particles are

adjacent to each other at vertices x, y on an isolated branch. If collision is allowed, then we can permute
their positions in two moves: d2N ((x, y), (y, x)) = 2. If collision is disallowed, we proceed in four moves:

(Move 1) Move one of the particles (the leading particle) out of P , through a branch point z, and pause it at
a neighboring vertex v1 of z.

(Move 2) Move the other particle (the lagging particle) out of P as well, through the said branch point z, but
then pause it at a different neighboring vertex v2 of z.

(Move 3) Move the leading particle from v1 back onto the branch P , until it hits the vertex occupied by the
lagging particle, and stops.

(Move 4) Finally, move the lagging particle from v2 back to the vertex occupied by the leading particle.
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Executing each of the above moves takes no more than L+1 steps, the 1 accounting for the distance between
z and v1 (resp. z and v2).

We have thus proved the interim result for all x,y ∈ V (GN�GN ). If x ∈ diag(V 2
N ), then d2N (x,ΨN (x)) = 1.

So by the triangle inequality

d2N (ΨN (x),ΨN (y)) ≤ d2N (ΨN (x),x) + d2N (x,y) + d2N (y,ΨN (y)) ≤ d2N (x,y) + 2,

and likewise d2N (x,y) ≤ d2N (ΨN (x),ΨN (y)) + 2. Combine these with the interim result to deduce the claim.
(RI2): This is clear by construction.
(RI3): This is a consequence of (2.15), and the factor of 3 comes from that ΨN is an “at most 3-to-1”

map. �

2.6. A Dirichlet energy comparison lemma. The Dirichlet form on GN2GN is defined as

(2.17)

E2
N (f, g) =

1

2

TN
|V (GN2GN )|

∑
x∈V (GN2GN )

∑
y∈V (GN2GN )

y∼x

[f(x)− f(y)][g(x)− g(y)]

+
TN

|V (GN2GN )|

 ∑
a∈∂VN

∑
y∈VN

λΣ,N (a)f(a, y)g(a, y) +
∑
b∈∂VN

∑
x∈VN

λΣ,N (b)f(x, b)g(x, b)

 .

Likewise, on GN �GN we have

(2.18)

E�
N (f, g) =

1

2

TN
|V (GN �GN )|

∑
x∈V (GN�GN )

∑
y∈V (GN�GN )

y∼x

[f(x)− f(y)][g(x)− g(y)]

+
TN

|V (GN �GN )|

 ∑
a∈∂VN

∑
y∈VN
y 6=a

λΣ,N (a)f(a, y)g(a, y) +
∑
b∈∂VN

∑
x∈VN
x 6=b

λΣ,N (b)f(x, b)g(x, b)

 .

A key property of the Dirichlet form on the product graph is the following decomposition

E2
N (f, g) =

1

|VN |
∑
x2∈VN

EN (f(·, x2), g(·, x2)) +
1

|VN |
∑
x1∈VN

EN (f(x1, ·), g(x1, ·)).(2.19)

This will come in handy when we discuss the Poincaré inequality in the next subsection.
The main result of this subsection is

Lemma 2.5 (Dirichlet energy comparison). There exists C2.5 > 0 such that for all N ,

E2
N (u ◦ΨN , u ◦ΨN ) ≤ C2.5E�

N (u, u) for all u ∈ domE�
N .(2.20)

Proof. Suppose λΣ,N (a) = 0 for all a ∈ V0: Then (2.20) follows from Proposition 2.4 and an adaptation of
the proof of [Bar17, Proposition 2.56]. For the sake of clarity we provide the complete argument.

Let x ∼ y in GN2GN , x′ = ΨN (x), and y′ = ΨN (y). Then (RI1) implies that 0 ≤ d�
N (x′,y′) ≤ 1 + C1.

Choose k = d1 + C1e so that there exists a path x′ = z0, z1, · · · , zk = y′ connecting x′ and y′. Then

|(u ◦ΨN )(x)− (u ◦ΨN )(y)| = |u(x′)− u(y′)| ≤
k∑
i=1

|u(zi−1)− u(zi)| ≤ k1/2

(
k∑
i=1

|u(zi−1)− u(zi)|2
)1/2

.

(2.21)

Meanwhile,

(2.22)
1

|V (GN2GN )|
= m2

N (x) ≤
(RI3)

m�
N (ΨN (x)) =

1

|V (GN �GN )|
.
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Therefore

(2.23)

|(u ◦ΨN )(x)− (u ◦ΨN )(y)|2 1

2|V (GN2GN )|

≤ k
k∑
i=1

|u(zi−1)− u(zi)|2
1

2|V (GN �GN )|

Summing (2.23) over all x ∼ y in GN2GN and multiplying by TN , the LHS yields the Dirichlet form
E2
N (u ◦ΨN , u ◦ΨN ), while the RHS is bounded above by kME�

N (u, u), where M is the maximum number of
pairs x ∼ y in GN2GN such that the same edge w ∼ w′ in GN �GN appears in a sum of the form (2.23).

It remains to argue that M < ∞. Fix an edge ww′ ∈ E(GN � GN ). If ww′ is on the path connecting
ΨN (x′) and ΨN (y′) where x′ ∼ y′ in GN2GN , then d�

N (ΨN (x′), w) ≤ k by construction. Thus it suffices to

bound |A| where A = Ψ−1
N (Bd�

N
(w, k)). Let z1, z2 ∈ A. Then by (RI1)

d2N (z1, z2)− C1 ≤ d�
N (ΨN (z1),ΨN (z2)) ≤ 2k,(2.24)

so d2N (z1, z2) ≤ c1(C1). Hence |A| ≤ c2(C1), and M ≤ c2
2.

Now suppose λΣ,N (a) 6= 0 generally. It is then enough to obtain a comparison of the boundary terms in
the Dirichlet energies. For each a ∈ ∂VN and y ∈ VN , we have by (RI3) that

[(u ◦ΨN )(a, y)]2 · 1

|V (GN2GN )|
≤ [u(ΨN (a, y))]2

1

|V (GN �GN )|
.(2.25)

Using that ΨN is an at most 3-to-1 map, we sum the previous inequality over all a ∈ V0 and x2 ∈ VN to find

(2.26)

1

|V (GN2GN )|
∑

a∈∂VN

∑
y∈VN

λΣ,N (a)[(u ◦ΨN )(a, y)]2

≤ 3

|V (GN �GN )|
∑

a∈∂VN

∑
y∈VN\{a}

λΣ,N (a)[u(a, y)]2.

A similar inequality holds for the boundary term involving u(x, b), x ∈ VN , b ∈ ∂VN . �

2.7. Poincaré inequality and transience. Recall the classical Poincaré inequality: given a domain Ω ⊂
Rd which is bounded on one side, there exists a positive constant Cp = Cp(Ω) such that

‖u‖p ≤ Cp‖∇u‖p for all u ∈W 1,p
0 (Ω)(2.27)

where W 1,p
0 (Ω) is the Sobolev space of real-valued functions on Ω which vanish on the boundary ∂Ω, and

whose 1st weak derivative is in Lp(Ω). We focus on the case p = 2, and rephrase the above in terms of the
Dirichlet form:

‖u‖2 ≤ C2

√
E(u, u) for all u ∈ domE vanishing on ∂Ω.(2.28)

This idea can be generalized to any measure space.

Definition 2.6. A Dirichlet form (E ,domE) on L2(E,m) is said to satisfy PI2(E,m) if there exists a positive
Poincaré constant CP > 0 such that

‖u‖L2(E,m) ≤ CP
√
E(u, u) for all u ∈ domE .(2.29)

We also consider the Dirichlet form on the product space. Let (E2,domE2) be the Dirichlet form on
L2(E2,m×m) obtained via

E2(u, u) =

∫
E
E(u(·, x2), u(·, x2)) dm(x2) +

∫
E
E(u(x1, ·), u(x1, ·)) dm(x1).(2.30)

Lemma 2.7. Suppose (E ,domE) satisfy PI2(E,m) with Poincaré constant CP . Then (E2, domE2) satisfies
PI2(E2,m×m) with Poincaré constant CP /

√
2.
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Proof. By PI2(E,m) we have

‖u(·, x2)‖L2(E,m) ≤ CP
√
E(u(·, x2), u(·, x2)),(2.31)

‖u(x1, ·)‖L2(E,m) ≤ CP
√
E(u(x1, ·), u(x1, ·)).(2.32)

Recall (2.30). So we square each of the above inequalities, integrate over the remaining variable, and add
the two together to obtain PI2(E2,m×m). �

For our next result, we assume the following spectral decomposition condition: there exists an L2(E,m)-
orthonormal basis of eigenfunctions {ψi}i in domE such that E(f, ψi) = λi〈f, ψi〉L2(E,m), where the eigenval-
ues {λi}i are real-valued and nonnegative, with 0 ≤ λ1 ≤ λ2 ≤ · · · .

Lemma 2.8. Suppose λ1 > 0. Then (E , domE) satisfies PI2(E,m) with Poincaré constant (λ1)−1/2.

Proof. Every f ∈ domE ⊂ L2(E,m) can be expressed as a Fourier series f =
∑

i〈f, ψi〉L2(E,m)ψi. On the one

hand, ‖f‖22 = 〈f, f〉 =
∑

i〈f, ψi〉2. On the other hand, E(f, f) = E (f,
∑

i〈f, ψi〉ψi) =
∑

i〈f, ψi〉E(f, ψi) =∑
i λi〈f, ψi〉2. So E(f, f) ≥ λ1‖f‖22, and PI2(E,m) holds provided that λ1 > 0. In particular, the Poincaré

inequality saturates to an equality iff f = Cψ1 for some constant C. �

We say that a Dirichlet form (E ,domE) on L2(E,m) is transient if there exists a bounded, m-integrable,
and strictly positive function g : E → R such that∫

E
|u(x)|g(x) dm(x) ≤

√
E(u, u) for all u ∈ domE .(2.33)

The function g is called a reference function for the transient form (E ,domE). A corollary of (2.33) is that
E(1,1) ≥

∫
E g dm > 0, i.e., constant functions do not have zero energy. In turn, this implies that 1 is not an

eigenfunction with eigenvalue 0. One instance where this happens in practice is that domE carries Dirichlet
(zero) boundary condition.

Since the above notion of transience may be unfamiliar to some readers, we remind the following result
characterizing transience of a Markov semigroup from [CF12, §2.1]. The notation Lp+(E,m) := {f ∈
Lp(E,m) : f ≥ 0} is used below.

Proposition 2.9. Let (E,B(E),m) be a σ-finite measure space, {Tt}t>0 be a strongly continuous contraction
semigroup of symmetric Markovian operators on L2(E,m) (which admits an extension to L1(E,m)), and
(E ,F) be the corresponding Dirichlet form. The following are equivalent:

(T1) {Tt}t>0 is transient, i.e., there exists g ∈ L1
+(E,m) such that (Gg)(x) :=

∫ ∞
0

(Ttg)(x) dt < ∞ for

m-a.e. x.

(T2) For every f ∈ L1
+(E,m), (Gf)(x) :=

∫ ∞
0

(Ttf)(x) dt <∞ for m-a.e. x.

(T3) There exists a bounded m-integrable function g, strictly positive on E, such that∫
E
|u(x)|g(x)m(dx) ≤

√
E(u) for every u ∈ F .

Proof. The statement (T1) comes from [CF12, Definition 2.1.1-(i)]. The equivalence between (T1) and (T2)
is established in [CF12, Proposition 2.1.3-(i)]. The equivalence between (T1) and (T3) is established in
[CF12, Theorem 2.1.5-(i)]. �

In our context the heat semigroup acts on a function f : V (GN �GN )→ R according to

(TN,�
t f)(x) =

∑
y∈V (GN�GN )

PN,�
x [XN,�

t = y]f(y).(2.34)

We now show that the rescaled diag-reflected random walks are transient, uniformly in N . In particular,
the reference function g can be chosen to be a constant function.

Proposition 2.10. Let E�
N be the Dirichlet form defined in (2.18). There exists a positive constant C2.10

such that for all N ,

C2.10

∫
K2

|u(x)| dm�
N (x) ≤

√
E�
N (u, u) for all u ∈ domE�

N ,(2.35)
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Proof. By our assumptions on the geometric and spectral convergence,

‖u‖2L2(K,m) ≤ (λ1)−1/2E(u, u) for all u ∈ domE(2.36)

where domE consists of functions u of finite energy and u|∂K = 0. By restricting to the core C of E consisting
of the continuous functions, and using the weak convergence mN ⇒ m and the energy convergence EN → E ,
we see that this inequality also holds in the discrete setting: there exists a constant C ∈ (0,∞) such that

‖u‖2L2(K,mN ) ≤ C(λ1)−1/2EN (u, u) for all u ∈ C ∩ domE .(2.37)

We can boost this to the product space using the same argument as in Lemma 2.8:

‖u‖2L2(K2,m2
N ) ≤

1

2
C(λ1)−1/2E2

N (u, u) for all u ∈ C ∩ domE2.(2.38)

Let us work on (2.38) with u replaced by u ◦ ΨN . On the one hand, we use Cauchy-Schwarz to lower
bound the LHS of (2.38):∫

K2

|u ◦ΨN | dm2
N ≤ ‖u ◦ΨN‖L2(K,m2

N )(m
2
N (K2))1/2 = ‖u ◦ΨN‖L2(K,m2

N ).(2.39)

On the other hand, we can upper bound the RHS of (2.38) using Lemma 2.5. Consequently∫
K2

|u ◦ΨN | dm2
N ≤

√
1

2
C(λ1)−1/2C2.5

√
E�
N (u, u) for all u ∈ C ∩ domE�

N .(2.40)

Since V (GN �GN ) ⊂ V (GN2GN ), and the measures m2
N and m�

N satisfy (RI3), we have∫
K2

|u| dm�
N =

∫
K2

|u ◦ΨN | dm�
N ≤ (3 + oN (1))

∫
K2

|u ◦ΨN | dm2
N for all u ∈ C ∩ domE�

N .(2.41)

Altogether

(2.42)

∫
K2

|u| dm�
N ≤ (3 + oN (1))

√
1

2
C(λ1)−1/2C2.5

√
E�
N (u, u) for all u ∈ C ∩ domE�

N ,

and this inequality holds for all u ∈ domE�
N via the standard extension procedure. �

2.8. Measures of finite energy integral and their Green forms. We start this subsection with a
motivating example.

Proposition 2.11 ([CF12, Lemma 2.1.4.(ii)]). Let (E ,F) be a Dirichlet form on L2(E,m). For any g ∈
L1

+(E,m) ∩ L2
+(E,m),

sup
u∈F

∫
E |u|g dm√
E(u, u)

=

√∫
E
g ·Gg dm.(2.43)

where Gg =
∫∞

0 Ttg dt.

Corollary 2.12. Let (E ,F) be a transient Dirichlet form with reference function g. Then:

(i)
∫
E g ·Gg dm ≤ 1.

(ii) If f = h · g where h ≥ 0 is bounded, than
∫
E f ·Gf dm ≤ ‖h‖2∞.

Proof. (i) follows from combining (2.33) and Proposition 2.11. (ii) is similar, once we utilize the bound∫
E |u|f dm ≤ ‖h‖∞

∫
E |u|g dm. �

We shall call the quadratic form G(f1, f2) =
∫
E f1 · Gf2 dm the Green form, since the corresponding

integral kernel is the Green’s function. It is an exercise to show that G(f, f) equals

‖f‖2H−1 := sup
u∈dom0E

{
2〈f, u〉L2(m) − E(u, u)

}
,

the square of the H−1 norm (which is dual to the energy norm). Above dom0E denotes the space of functions
f ∈ domE carrying zero boundary condition. In light of this connection, Corollary 2.12 says that g or f = h·g
belongs to H−1(m). Note that domE ⊂ L2(m) ⊂ H−1(m).

Later in §3, we will see that the functions of interest are not necessarily of the form h · g; in fact some do
not have density with respect to m. So we need to extend the H−1 notion to the space of measures on E.
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Definition 2.13. Let (E ,F) be a transient Dirichlet form on L2(E,m). A positive Radon measure µ on E
is said to be of 0-order finite energy integral if there exists a positive constant C such that∫

E
|u| dµ ≤ C

√
E(u), ∀u ∈ F ∩ C0(E).(2.44)

[Describe the extended Dirichlet space Fe; quasi-continuous modification. This is also the place to explain
the boundedness of the H−1 norm. Follow [FOT11, §2.2].] By the Riesz representation theorem, (2.44) holds
if and only if there exists a unique function Uµ ∈ Fe such that

E(Uµ, v) =

∫
E
ṽ dµ, ∀v ∈ Fe.(2.45)

So in particular the Green form of µ with itself

E(µ) := E(Uµ,Uµ) =

∫
E

(Ũµ) dµ,(2.46)

and this generalizes the H−1 notion to measures. If µ and ν are both measures of finite energy integral,
then by the Cauchy-Schwarz inequality,

E(µ, ν) := E(Uµ,Uν) ≤
√
E(Uµ,Uµ)

√
E(Uν,Uν) =

√
E(µ)

√
E(ν).

3. Applications to correlation estimates in the exclusion process

All results in this section will have the following flavor. Set F := {f : K2 → R : supN E�
N (f) < ∞} to

be the natural domain of the Dirichlet form for the diag-reflected random walks. Let {µN}N be a sequence
of positive Radon measures on K2 which satisfy the uniform-in-N version of Definition 2.13: there exists
C > 0 such that for all N and all u ∈ F ∩ C0(K2),∫

K2

|u| dµN ≤ C
√
E�
N (u).(3.1)

Then from the preceding discussion it follows that

sup
N

E�
N (µN ) <∞.(3.2)

Note that if dµN = fN dm
�
N , then

E�
N (µN ) =

∫
K2

fN ·G�
NfN dm

�
N(3.3)

where G�
Nf :=

∫∞
0 TN,�

t f dt.

We begin with the simplest example, µN = m�
N .

Corollary 3.1.

sup
N

E�
N (m�

N ) := sup
N

∫
K2

(G�
N1)(x) dm�

N (x) <∞.(3.4)

Proof. Note that {m�
N}N is a uniform-in-N sequence of measures of finite energy integral, by virtue of

Proposition 2.10. (The C in (3.1) can be taken to be C−1
2.10 in Proposition 2.10.) �

By an argument analogous to Corollary 2.12-(ii), for any sequence of measures {µN}N with dµN =
fN dm

�
N and the densities fN ≥ 0 bounded uniformly in N , we have

sup
N

E�
N (µN ) := sup

N

∫
K2

fN ·G�
NfN dm

�
N <∞.(3.5)

The next example of µN is crucial to the two-point correlation estimates in the exclusion process.

Assumption 2 (Sobolev embedding). Suppose the Dirichlet form (E ,F) on L2(K,m) satisfies the following:
there exists C > 0 such that

‖u‖∞ ≤ C
√
E(u) for all u ∈ C(K) ∩ F .(Sblv)
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Lemma 3.2. Suppose ρ : K → R belongs to L∞(K) ∩ F ; that is, ρ is essentially bounded and

sup
N
EN (ρ) := sup

N

TN
|VN |

∑
z,w∈VN
z∼w

(ρ(z)− ρ(w))2 <∞.(3.6)

Set

µN (x) :=

{
|VN |TN (ρ(z)− ρ(w))2, if x = (z, w) and z ∼ w,
0, else.

(3.7)

Then under (Sblv), there exists Cρ > 0, independent of N , such that for every u ∈ F ∩ C0(K2), we have∫
K2

|u(x)| dµN (x) ≤ Cρ
√
E�
N (u);(3.8)

that is, {µN}N is a uniform-in-N sequence of measures of finite energy integral, so supN E�
N (µN ) <∞.

Before giving the proof we make two observations. First, µN is supported on {(z, w) ∈ V (GN �GN ) : z ∼
w}, and it does not have bounded density with respect to m�

N as N → ∞. Therefore Lemma 3.2 does not
follow directly from Corollary 3.1. Second, by (3.6) it is easy to verify that µN (K2) � EN (ρ) = ΘN (1), so
{µN}N can be normalized to form a sequence of probability measures on K2. However, it is not generally
true that the squared measure has total mass µ2

N (K2) = ΘN (1), so we will not be able to use the embedding
L2 ⊂ H−1 to deduce that supN E�

N (µN ) <∞.

Proof of Lemma 3.2. To verify (3.1) we proceed in 3 steps.
Step 1: We write out the LHS of (3.1) explicitly: for every u ∈ F ∩ C0(K2),

(3.9)

∫
K2

|u| dµN =
|VN |TN

|V (GN �GN )|
∑
z∼w
|u(z, w)|(ρ(z)− ρ(w))2

= (1 + oN (1))
TN
|VN |

∑
z∼w
|u(z, w)|(ρ(z)− ρ(w))2 =

TN
|VN |

∑
z∼w
|u(z, w)|(ρ(z)− ρ(w))2 + oN (1),

where we used that u is bounded on K to arrive at the last oN (1) term. Observe that the dependence of
(3.9) on u rests in {u(x, y) : x ∼ y in GN}, rather than the full support of u.

By a small adaptation of the Stone-Weierstrass theorem, any u ∈ F ∩ C0(K2) can be approximated in

the norm ‖ · ‖∞ +
√
E(·) by tensor products of univariate functions (x, y) 7→

∑n
j=1 fj(x)gj(y), n ∈ N, with

the fj and gj belonging to F ∩ C0(K). Therefore for the rest of the proof we assume WLOG that u is in
tensor product form.

Step 2: Our next idea is to approximate fj(z)gj(w), z ∼ w, by the average 1
2(fj(z)gj(z) + fj(w)gj(w)).

Precisely, for every z ∼ w in GN we write

fj(z)gj(w) =
1

2
[fj(z)gj(z) + fj(w)gj(w)] + θ(fj , gj , z, w),(3.10)

where the shorthand θ(f, g, z, w) := 1
2(2f(z)g(w)−f(z)g(z)−f(w)g(w)) was introduced. As a consequence,

by replacing |u(z, w)| with
∑

j fj(z)gj(w) in (3.9), we see that the main term reads

(3.11)

TN
|VN |

∑
z∼w

∑
j

fj(z)gj(w)

 (ρ(z)− ρ(w))2 =
∑
z∈VN

∑
j

fj(z)gj(z)

 1

2

TN
|VN |

∑
w∼z

(ρ(z)− ρ(w))2

+
TN
|VN |

∑
w∼z

∑
j

θ(fj , gj , z, w)

 (ρ(z)− ρ(w))2.

We claim that the second term on the RHS is oN (1) as N →∞. Indeed, since the
∑

j fj(x)gj(y) converges

uniformly to u(x, y) on K2, it follows that for all z ∼ w, both |
∑

j fj(z)(gj(z)−gj(w))| and |
∑

j gj(z)(fj(z)−
fj(w))| are oN (1) as N →∞, and therefore by the triangle inequality, |

∑
j θ(fj , gj , z, w)| = oN (1) uniformly

for all z ∼ w. This together with ρ ∈ F implies the claim.
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Step 3: We turn to analyzing the first term on the RHS of (3.11). The approximation theorem implies

that x 7→
∑

j fj(x)gj(x) converges to x 7→ u(x, x) =: û(x) in the norm ‖ · ‖∞ +
√
E(·). So there is no issue

replacing
∑

j fj(z)gj(z) by û(z) in (3.11). Using the Γ-calculus identity (??) we obtain∑
z∈VN

û(z)
1

2

TN
|VN |

∑
w∼z

(ρ(z)− ρ(w))2 = EN (ρ, ûρ)− 1

2
EN
(
û, ρ2

)
(3.12)

For the first term on the RHS of (3.12), we apply Cauchy-Schwarz to the inner product EN (·, ?) to get

|EN (ρ, ûρ)| ≤
√
EN (ρ)

√
EN (ûρ).(3.13)

Since both û and ρ belong to F ∩ L∞(K), we have by [FOT11, Theorem 1.4.2-(ii)] that ûρ ∈ F with√
EN (ûρ) ≤ ‖û‖∞

√
EN (ρ) + ‖ρ‖∞

√
EN (û).(3.14)

For the second term on the RHS of (3.12), we again apply Cauchy-Schwarz to get

|EN (û, ρ2)| ≤
√
EN (û)

√
EN (ρ2).(3.15)

The first energy EN (û) stays as is. As for EN (ρ2), we shall use that ρ is bounded to get

(3.16)

EN (ρ2) =
TN
|VN |

∑
z∼w

(ρ2(z)− ρ2(w))2 =
TN
|VN |

∑
z∼w

(ρ(z) + ρ(w))2(ρ(z)− ρ(w))2

≤ 4‖ρ‖2∞
TN
|VN |

∑
z∼w

(ρ(z)− ρ(w))2 = 4‖ρ‖2∞EN (ρ).

Putting together (3.13) through (3.16) we obtain the bound

(3.17)

∑
z∈VN

û(z)
1

2

TN
|VN |

∑
w∼z

(ρ(z)− ρ(w))2 ≤
√
EN (ρ)

(√
EN (ρ)‖û‖∞ + 2‖ρ‖∞

√
EN (û)

)
≤
√
EN (ρ) max(

√
EN (ρ), 2‖ρ‖∞)

(
‖û‖∞ +

√
EN (û)

)
.

It remains to convert the norm on the RHS to that on K2. On the one hand, ‖û‖∞ = supx∈K |u(x, x)| ≤
supx,y∈K |u(x, y)| = ‖u‖∞. On the other hand, consider u of tensor product form, u ∈ F ∩ C0(K2) in the
orthonormal basis

u(x, y) =

∞∑
j,k=1

cjk(u)ej(x)ek(y), cjk(u) ∈ R,(3.18)

where the {ej}j are the L2-orthonormal eigenfunctions with E(ej , ek) = λjδjk, with 0 < λ1 ≤ λ2 ≤ . . . ≤
λn ≤ . . . ↑ +∞. Here the Fourier coefficients {cjk(u)}j,k are such that the series (3.18) converges absolutely;∑

j,k |cjk(u)|2 < ∞; and
∑

j,k(λj + λk)|cjk(u)|2 < ∞. Indeed the last condition is based on the energy
identity

E(u) =
∑
j,k

(λj + λk)|cjk(u)|2,(3.19)

which can be verified using, for instance, approximation by the discrete energy forms {E2
N}N . We compare

this to

E(û) =(3.20)

E2
N (u) =

TN
|VN |2

∑
x∈VN

∑
z∼w

∑
j

fj(x)(gj(z)− gj(w))

2

+

∑
j

gj(x)(fj(z)− fj(w))

2(3.21)

This together with (3.9) and (3.17) implies that∫
K2

|u| dµN ≤ C(ρ)

(
‖u‖∞ +

√
E�
N (u)

)
(3.22)
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for a positive constant C(ρ) depending only on ρ, which can be taken to be ???. [Finally, we use that
F ∩ C0(K2) is a special core for E�

N , that is, the Dirichlet form is regular.] Assuming that Proposition ??
holds, this completes the proof of Lemma 3.2. �

Remark 3.3. In Lemma 3.2 we only require that ρ : K → R be bounded and of finite energy. This
implies some regularity on ρ (i.e., in H1), and it may be tempting to assume higher regularity, say, that
ρ ∈ dom∆, i.e., ∆ρ ∈ C(K). That said, we do not use this at all, for a good reason. If K is a self-
similar fractal such as the Sierpinski gasket, then it is well known that any nonconstant f ∈ dom∆ has
f2 /∈ dom∆ [Kus89, BBST99], and so we cannot invoke functions such as ∆(ρ2) in the proof (viz. the
identity E(û, ρ2) = 〈û,−∆(ρ2)〉 makes no sense). Instead, we keep everything in the domain F of the
Dirichlet energy E .

Acknowledgements. I thank Otávio Menezes for many useful feedbacks on earlier versions of this note.
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