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Under the classical assumption that data are a random sample from a distribution with cumulative 
distribution function F. the jackknife generally yields bias reduction, an (asymptotically) pivotal 
statistic, and a variance estimator for an estimator of an unknown parameter B(F). In this article, 
the classical assumption is relaxed to allow for inhomogeneous subpopulations. The jackknife is 
been to account for these inhomogeneities automatically and. so, is valid in a class of problems 
much larger than that for which it was originally intended. Data from experiments to determine the 
acceleration of gravity at Washington, D.C., are analyzed. A family of weighted-mean estimators 
is considered, and recommendations are made regarding which estimators yield both valid and 
efficient jackknife-based inferences. 
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This article is about inference in the presence of inhomo- 
geneity. To motivate the general problem and the methodol- 
ogy proposed to solve it, consider the following experiment 
to determine the acceleration due to gravity in a labora- 
tory of the, then, National Bureau of Standards (now Na- 
tional Institute of Standards and Technology) at Washing- 
ton, D.C. The experiments were made at different epochs 
between May 1934 and July 1935 under various experi- 
mental conditions and were reported by Hey1 and Cook 
(1936). The II = 81 data shown in Figure 1 are the re- 
sulting eight series of measurements of the acceleration of 
gravity (N), expressed as deviations from 980,000, in units 
of 10-l’ cm/se? (Cressie 1982). This type of inhomogene- 
ity is potentially present in all experiments in which one 
can be sure of repeatable error structure only within strata 
but not across strata. 

Before 1900, the value obtained for Washington, D.C., 
was made by a direct connection with Potsdam and other 
stations in Europe; it was set at 980,112 x lo-” cm/se?. 
Later, the U.S. Coast and Geodetic Survey thought that 
this value was too low, so a determination of 0 on its own 
account was necessary. The method used was that of the 
reversible pendulum. Various configurations, depending on 
pendulum tube diameter and type of knife edge, were used. 
The measurements, presented by Cressie (1982), are re- 
peated here and, along with other summary statistics, can 
be found in Table 1. 

From Figure 1 and Table 1, it is clear that the eight series 
have remarkably ditferent within-series variability, leading 
one to question any analysis of these data that does not in- 
corporate weights. If the weights are guessed and guessed 
wrongly, however, the inference on 0 may be invalid. Or, if 
the weights are estimated, the inference should account for 
this. In what is to follow, it will be seen that a jackknife es- 
timator for H, in the presence of inhomogeneity, can handle 
such difficulties easily. 

Section 1 starts with a review of standard results for the 
jackknife and then generalizes them to the case of inho- 
mogeneity in the data; an example based on empirically 

weighted means is given. Section 2 contains an analysis of 
the gravity data shown in Figure 1; through a small sim- 
ulation study, recommendations are made for inference in 
experiments like the one reported by Hey1 and Cook (1936). 
Discussion is given in Section 3. 

1. HOMOGENEITY AND INHOMOGENEITY 

1 .l Review of Standard Results for the Jackknife 
To provide context for the results in this article, I be- 

gin by reviewing standard results for the jackknife in the 
case that data are assumed to compose a random sample. 
The jackknife was introduced by Quenouille (1949, 1956) 
to improve estimators whose biases go to 0 at the rate of 
(l/rb), where 71 is the sample size; the bias of the jack- 
knife estimator achieves the rate of (l/n)‘. For example, 
suppose that X1,. . .X, is a random sample, H = var(X,), 
and 8(X,, .X,) = CFxl(X, -x)‘/n, which is the max- 
imum likelihood estimator of e when the underlying dis- 
tribution is Gaussian. It is a simple exercise to show that 
E(B) = t? - (e/n). It is also simple to show from the defi- 
nition given in (1.3) that the corresponding jackknife esti- 
mator of H is e.1 = Cy=, (Xi - X)“/(rb - l), an unbiased 
estimator. Thus, jackknifing has removed the order (l/r)) 
term in the bias. 

More importantly, and in addition to bias reduction, the 
jackknife yields a variance estimator and an asymptotically 
pivotal statistic for estimation of N (Tukey 1958; Miller 
1964, 1974). To emphasize dependence of the unknown pa- 
rameter on the cumulative distribution function (cdf) E’ of 
the random sample X1, . ~ X,, ~ H is written as the func- 
tional H(F). 

Define 

e-, E 4(X,, >xj-l.xi+l?. .X,,) (1.1) 
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46 NOEL CRESSIE 

120 - where the limit exists because of the assumed Gateaux dif- 
E .g 

100 - : ferentiability. An important property of the influence curve m 
z * . * 

; : ; 
is that E(ICe(X,)) = 0; for further properties, see Hampel, 

0 . 
p *o-. . I 1 : 

. , * : i ! 1 Ronchetti, Rousseeuw, and Stahel (1986, sec. 2. I). The re- 
g 60 -- * . sult (1.4) shows in what respect the pseudo values can be 
z . 
‘, 40 - 

considered to be data: asymptotically, they fluctuate around 
= _m the true parameter value 0 with errors obtained from the 
2 
8 2o _ 

influence curve (1.5). 
Q. Again, the smoothness condition of Gateaux differentia- 

0 - 1 bility on the parameter O(F) allows, to leading order, the 
expressions 

1 2 3 4 5 6 7 8 

. Epochs e = Q(F) z N(F) + 

Figure 1. Plot of the Hey/ and Cook (1936) Data Presented in Tab/e 
.I 

K@(Z) dF,,(x) N HJ 

1 Versus Epoch. and hence 

and the pseudo values var(J) r” var(ijJ) ‘v E(S;/76). (1.6) 

& E d - (71 - l)H^_,, i= l....,n. (1.2) Furthermore, by writing the pseudo values as N, = -(sr) - 

Then the jackknife mean and the jackknife variance are l)(&, - 4) + 6, the (consistent) estimator of var(i), 

calculated as if the pseudo values were data; that is, ,l 

35 E 2 s,&l, ss G 2 (6, - Fl,)“/(n - 1). 

v%(J) E {(n - 1)/n} C (Li - 6)‘. (1.7) 
2=1 

1=1 2=1 is obtained. Finally, the quantity 

(1.31 

In fact, it can be shown (e.g., Hinkley 1978; Cressie 
1981) that if B(F) is a Gateaux differentiable functional 
and 4 = O(p)-that is, the estimator of B(F) is that same 
functional of the empirical distribution function $(z) z 
#{Xi I z: i = 1 . Iz}/n,-then for the purposes of 
asymptotics one may write 

Hi z 0 + IC&l(X,): i= l;...,n. (1.4) 

Briefly, a Gateaux differentiable functional T(.) is one that 
satisfies lim E,o{T((l - E)F + EG) - T(F)}/E = LF(G - 
E), where Lp is a linear functional (Huber 1981, p. 37). 
In (1.4), ICQ is the influence curve (or influence function) 
of the functional Q(F). That is, if S, denotes the cdf of a 
probability measure that puts all its mass at 2, then 

Ice(x) = ;lO{H((l - E)F + ES,) - H(F)}/&, 

-cc < .%’ < 00, (1.5) 

T = d2(HJ - H)/s,~ (1.8) 

is asymptotically standard Gaussian with zero mean and 
unit variance (Miller 1974). 

1.2 Inhomogeneity Model and Jackknife-Based 
Inferences 

The eight series of measurements shown in Figure 1 
clearly exhibit inhomogeneity in their variances (i.e., het- 
eroscedasticity). Hey1 and Cook (1936) described the great 
amount of care taken in the experiments and the adjust- 
ments made to avoid systematic error. Thus, zero bias is 
assumed in each series of measurements, so there is a well- 
defined parameter (the acceleration of gravity) to estimate 
from the n. = 81 data. In this section, jackknife-based in- 
ferences are developed for a general inhomogeneity model 
and then applied to a class of weighted-mean estimators for 
a common location parameter Q in the presence of unequal 
scale. The gravity data are well suited to this model. 

Table 1. The Hey/ and Cook (1936) Measurements of the Acceleration of Gravity, Expressed 
as Deviations from 980,000 x fop3 cm/se$, in Units of lO-3 cm/se$ 

Deviations “i niln % s: 

76, 82, 83, 54, 35, 46, 87, 68 
87, 95, 98, 100, 109, 109, 100, al, 75, 68, 67 
105, 83, 76, 75, 51, 76, 93, 75, 62 
95, 90, 76, 76, 87, 79, 77, 71 
76, 76, 78, 79, 72, 68, 75, 78 
78, 78, 78, 86, 87, al, 73, 67, 75, 82, a3 
82, 79, 81, 79, 77, 79, 79, 78, 79, 82, 76, 73, 64 
84, 86, 85, 82, 77, 76, 77, 80, 83, al, 78, 78, 78 

8 .0988 66.36 
11 .I358 89.91 

9 .I110 77.33 
a .0988 al .38 
a .0988 75.25 

11 .I358 78.91 
13 .I605 77.54 
13 .I605 80.38 

(19.250)’ 
(15.293)” 
(15.756)’ 
( 8.297)’ 
( 3.655)” 
( 5.839)* 
( 4.737)’ 
( 3.355)2 

NOTE. QuantWs xi and Sf are the sample mean and the sample variance, respectively, of the jth group (1 = 1, 8). 
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JACKKNIFING IN THE PRESENCE OF INHOMOGENEITY 47 

It is no longer assumed that X1. ~ X,, are iid according 
to a single cdf F. Now define 

Xj hii (Xjl,. .Xj,,l)‘, (1.9) 

where each element XJk: of the vector in (1.9) is iid ac- 
cording to the cdf F,.j = 1. , m. That is, there are 
‘m < 30 subpopulations but the total sample size is still 
SrL 5 CyL1 n,,?. That is, the problem considered in this article 
is model inhomogeneity among independent measurements. 
Assume that, as n + 3cj, 

nJ /,n + p, E (0: 1). j=l....,m, (1.10) 

where clearly Cy=, pj = 1. 
The goal is to estimate a parameter 6’ = Q(Fi, . , F,), 

where Gateaux differentiability in each argument is as- 
sumed (Reid 1981); although univariate 6’ will be assumed, 
the same ideas could be applied to the case in which Q is 
a vector. Write the estimator as 4(X: ~ . . , Xi,). Delete the 
kth datum from the jth subpopulation and define 

B&k = @Xl,. .x,-1,x,1;. .Xj,k--l:Xj.k+l, 

~ q+1> ” , X,). (1.11) 

The pseudo values are, just as before, 

H,k E srd - (n, - l)Ljk, 

k = l.... :n3,j = 1.“‘) m, (1.12) 

and the jackknife mean and the jackknife variance are given 
by 

m 71, 

j=l k=l 

7n ‘11, 

s; = y y-; (ejk - i&)“/(n - 1). (1.13) 
jzl k=l 

Although the notation in (1.13) is different from that in 
(1.3) it is apparent that (1.13) and (1.3) yield identical quan- 
tities. Consequently, one does not necessarily have to iden- 
tify in advance the groups of observations from the m sub- 
populations to compute the jackknife mean and the jack- 
knife variance. 

Suppose now that 6 = Q(pi;. : l&), where FT is the 
empirical distribution function based on the subsample Xj. 
Then, for the purposes of asymptotics, one may write 

FiJk Y 0 + IClj’(X~~)/~ 13 ’ k= l:...,nj. (1.14) 

where 

IC;‘(.Z) = h{H(Fl~. . (1 - E)F~ + ES,. ~ F,) 

- Q(F,, . Fm)}/&. (1.15) 

Now E(ICf)(X,k)) = 0 and define 

7; f var(Ic~)(x,k)): j = l,..., m. (1.16) 

The smoothness condition of Gateaux differentiability al- 
lows, to leading order, the expressions 

As in Section 1.1, write the pseudo values as &k 
l)(&jk - 6) + 8 and, hence, to leading order 

,7=1 k=l 

Therefore, 

var(d) E var(g,) P E(Sj/n,), 

: -(n - 

(1.17) 

where the last approximation in (1.17) follows from (1.14) 
and the results of Cressie (1982). The results ( 1.17) and ( 1.6) 
are identical so that the same reasoning yields the following 
consistent estimator of var(8): 

vi(e) = {(n - 1)/71)xX (e-jk: ~ f!$“, (1.18) 
j=l k=l 

where recall that n = zyZ1 sn3. Notice once again 
that one does not necessarily have to identify in ad- 
vance the groups of observations from the ~2, sub- 
populations, to compute the jackknife-based estimator 
of var(8). 

Although (1.18) is the result needed for what is to follow 
in this article, note that the other two attractive properties 
of the jackknife-namely, bias reduction and an asymptot- 
ically standard Gaussian limit (in distribution) for (l.E)- 
also hold for the inhomogeneity model (1.9). 

Within the context of finite population sampling, several 
analogous results to (1.18) were given by Jones (1974) and 
Krewski and Rao (1981). For the regression model, 

Y=xp+E, (1.19) 

where the errors E are heteroscedastic, Weber ( 1986) and 
Shao and Wu (1987) showed that Hinkley’s (1977) jack- 
knife variance-matrix estimator (suitably normalized) yields 
a consistent estimator for var@), where a is the ordinary 
least squares estimator of p. The approach taken in this ar- 
ticle is more general, in that heteroscedasticity is just one 
of many ways inhomogeneities may arise. 

It is not always clear that a run of an experiment per- 
formed under slightly different conditions, with slightly dif- 
ferent experimental material, and by a different technician 
will yield data that could be considered a scaled version ot 
the statistical distribution used to model other runs of the 
experiment. For example, the series of data corresponding 
to epoch 7 in Figure 1 are exhibiting an outlier that might be 
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48 NOEL CRESSIE 

modeled by a heavier-tailed distribution than the Gaussian 
distribution that the other seven series seem to follow. For- 
tunately, it has been shown previously that jackknife-based 
inference is asymptotically valid under a general inhomo- 
geneity model that includes the model of heteroscedasticity 
as a special case. 

1.3 Weighted-Mean Estimator for a Location Parameter 
in the Heteroscedastic Model 

The heteroscedastic model is a special case of the in- 
homogeneity model and is defined as follows: 

{X,k: X: = 1.. .nJ} iid according to 

F((:T - H)/‘mj). j = 1.. ,771. (1.20) 

where it is assumed that J’ 11 dF(y) = 0 and ,I y2 (IF(y) 
= 1. The goal is inference on N. If al: . ~ 02, were 
known, the best linear unbiased estimator (BLUE) 
is {C:=, X,(Y~~,~/~,~)}/{C~~, nj/~~}, where X, = C’,“!, 
X,jk/n,,. It is typically the case, however, that a::. $,, 
are unknown. It is tempting (and commonplace) to replace 
$ with 

‘1 / 
‘ip E c (Xjk - xJ)2/(n,7 - 1) (1.21) 

k=l 

in the preceding BLUE. But such an estimator can have 
poor properties due to the misleading weighting that a small 
e: can engender (e.g., Cochran 1937; Cochran and Carroll 
1953; Graybill and Deal 1959; see Sec. 2.1). Nanayakkara 
and Cressie (1991) considered the case of m = 2 subpopu- 
lations and gave sufficient conditions under which a particu- 
lar class of estimators contains uniformly better estimators 
than X1 or 51,. That class, for 777 > 2, contains the follow- 
ing weighted estimator: 

sr 2 0. (1.22) 

The value r’ = 2 yields the estimated BLUE referred to 
previously. Although any nonnegative value of sr in (1.22) 
is allowed, 1 shall mainly consider r t [O. 21, which miti- 
gates against the extreme weights that concerned Cochran 
and others. The value r’ = 0 yields equal weights, which, 
in heteroscedastic situations, are inappropriate. In what fol- 
lows, the jackknife estimator of var(&‘)) will be used to 
indicate an appropriate choice of r. 

Calculation of quantities defined in Section 1.2 can now 
be carried out. Based on the definition 
B( f?l 1 i F,,,) 

(1.23) 

where recall that {pJ: j = 1. . rrt,} are given by (1. lo), it 
is straightforward to show that 0(k13.. ! F,) is asymptot- 

TECHNOMETRICS, FEBRUARY 1997, VOL. 39, NO. 1 

ically equivalent to (1.22), and 

ICk)(:1:) = (llJ/O’)“/‘( - 0) ,, .I /( @,,,m;l.‘l] . (1.24) 

Thus, E(ICF)(X,,I;)) = 0, as expected, and 

2 z var(ICF’(XJk)) 3 

Consider the estimator Gcr’! given by (1.22). Then. denote 
the jackknife mean as ??!$‘I and the jackknife variance as 
(Sy’)2, having obtained both quantities from the formula 
given by (1.13). Finally, (1.18) becomes 

var(@‘)) z {(n> - 1)/n} 

,ll n, 

x xx (i”i,. - $“)‘, r > 0. (1.26) 
“I=1 !i=l 

which is a consistent estimator of var(icr’)). Section 2 ap- 
plies jackknifing to (1.22) and the gravity data shown in 
Figure 1. 

2. ACCELERATION OF GRAVITY 
AT WASHINGTON, DC. 

The introduction describes the eight series of measure- 
ments carried out at various epochs between May 1934 
and July 1935. In the notation of Section 1.2, there are 
mrt, = 8 subpopulations with, respectively, 7tI = 8. II:! = 

11.71,3 = 9,n,,l = 8.~~2 = 8.71~; = 11.7)~ = 13, and 
‘n>B = 13 measurements. The total number of measurements 
is 71, = C:=, 77, = Xl. 

2.1 Inference for the Acceleration of Gravity 
From the eight series of measurements presented in Ta- 

ble 1, the goal is to make inference on 0, the (deviation 
from 980,000 x lo-” cm/set’) acceleration of gravity at 
Washington, D.C. A perusal of Figure 1 shows vastly dif- 
ferent sample variances among the series. An examination 
of the eight Gaussian quantile-quantile (Q-Q) plots associ- 
ated with each series, showed no obvious departures from a 
Gaussian model (albeit with different variances), except for 
the series of data corresponding to epoch 7; see Figure 2. 
There, an outlier in the left tail is apparent, which could be 
modeled by a heavier-tailed distribution than the Gaussian. 
The results of the simulation in Section 2.2 indicate that 
this will have a small, conservative effect on the inferences 
based on vat-(d) given by (1.18). 

Recall the estimator fjc7.)% I’ > 0, of H, given by (1.22). 
Then, from (1.26), the asymptotically unbiased estimator. 
var(i$r)). of var(fi(“)) can be calculated and an asymptotic 
95% confidence interval for fl is given by 

(--I(“) E (@d _ I,gc,o/q$l’))}‘/2, 

8“) + l.~c;{v~r(H(~‘,)~““). (2.1) 
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JACKKNIFING IN THE PRESENCE OF INHOMOGENEITY 49 

85 - 2.2 Simulation Study 
. . 

. 
80 - . . . . . 

. 

i 

75 - 
. 

i 70 - 

A small simulation study was carried out to check 
whether the estimators in Section 2.1 were behaving as the 
theory in Section 1 suggested they should. The two most 
important conclusions from Section 2.1 were that T = 1.5 
in &‘) was the most efficient estimator of B and that the 
confidence interval given by (3.1) had approximately 95% 
coverage. 

I 
-2 -1 0 1 2 

Quantiles of Standard Gaussian 

Figure 2. Gaussian Q-Q Plot of Data From Epoch 7. 

The values of v&(&~)) for selected values of T are given in 
Table 2. 

From the results in Table 2, it seems that the usual choice 
of T = 2 is not the best. In this example, T = 1.5 yields the 
smallest variance estimator, var(f?cr)), and hence the small- 
est 95% confidence interval width, ICI(‘) 1. This choice is 
supported by a small simulation study given in Section 2.2. 

Intuitively, one can justify using T = 1.5 as follows. 
When {of} are known, the optimal weights (i.e., weights 
that yield minimum variance linear unbiased estimators) 
are proportional to {nj/a;}. If {of} are replaced by {fi;}, 
then because the estimate 6; has a skewed distribution with 
considerable probability near the origin when U: is small, 
the weight n3 /$ is an overestimate of nj /of. Therefore, 
a power transformation on the weights, {(nj/&;)‘i2}, for 
T < 2, should yield a more precise estimate e(T). Compro- 
mise this against the need to weight differentially because 
of heteroscedasticity, and one finds T = 1.5 to perform the 
best. 

In conclusion. the 95% confidence interval, 

CI(1.5) = (77.279,79.922) x lop3 cm/sec2, (2.2) 

is proposed. This should be compared to the slightly wider 
confidence interval, (77.02, 79.74), obtained by Cressie 
(1982). Therefore, with 95% confidence, the acceleration of 
gravity is in the interval (980,077.279,980,079.922) x lop3 
cm/sec2. Clearly, the ascribed value in 1900 of 980,112 x 
lop3 cm/sec2 was in fact too high, not too low as was 
originally thought. 

Table 2. Results From Jackknifing 0 *cr), Tabulated as a Function of r 

r BP) vir (6 cr)) Cl(‘) 1 Cl(‘) 1 

.O 78.38 1.9339 (75.65, 81 .I 1) 5.45 

.5 78.57 .9191 (76.69, 80.45) 3.76 
1 .o 78.61 .5206 (77.20, 80.02) 2.83 
1.5 78.61 .4298 (77.33, 79.89) 2.57 
2.0 78.63 .5099 (77.23, 80.03) 2.80 
2.5 78.69 .7027 (77.05, 80.33) 3.29 

NOTE: (Cl)“’ denotes the two-sided 95% conhdence interval defined by (2.1) 

Data were simulated from the heteroscedasticity model 
(1.20) with m = 8 groups, parameter 6’ = 0, {g,“: j = 
1, . . , S} set equal to estimates { Si: j = 1, , S} found 
in Table 1, and {n, : j = 1, . . . , S} also the same as in Table 
1. Two different standard cdf’s were chosen, the Gaussian 
cdf corresponding to the density 

f(y) = (27r-‘/2exp(-y2/2), -cc < y < ox> (2.3) 

and the Laplace cdf corresponding to the heavier-tailed (but 
still symmetric) density 

f(y) = (l/2) (1/2”2) exp(-lyl/21’2)~ 

- m < y < co. (2.4) 

Although simulation from (2.4) yields an occasional out- 
lier in the eight series of measurements, it was decided to 
assess directly the influence of the outlier in epoch 7, il- 
lustrated in Figure 2. A further simulation was carried out 
based on the Gaussian cdf for all epochs except epoch 7. 
In epoch 7, the outlier in the left tail stayed in as a deter- 
ministic value in every simulation, and the 12 remaining 
measurements were simulated according to (2.3) but with 
variance set equal to the sample variance based on the 12 
nonoutlier, epoch-7 measurements. This model, which we 
call Gaussian/O, is an example of an inhomogeneous model 
(but not a heteroscedastic model), for which the results in 
Section 1.2 apply. 

The number of simulations in each case was 3,600, yield- 
ing *.Ol accuracy in coverage probabilities. The following 
quantities were computed for each simulation: 

and 

E{var(H(‘))} (2.5) 

Pr{O E (!JcT) - z,~~v~I-(~(“))~/~, ST) + ~,,2var(Jcr))‘/2)}, 

CY = .lO, .05, .Ol, (2.6) 

where z,12 is given by, n/2 = sZ?+ (27r-1/2 exp( -x2/2) dz 
and values of T were chosen in steps of .25 from 0 to 2. 
The expectation and probabilities in (2.5) and (2.6) are in 
fact calculated by an average and relative frequencies, re- 
spectively, over the 3,600 simulations. The results for (2.5) 
are given in Table 3 and the results for (2.6) are given in 
Table 4. 

Table 3 shows that (2.5) is minimized at T = 1.5, regard- 
less of which model is used. Table 4 shows that 90%, 95%, 
and 99% confidence intervals are valid, if on occasions con- 
servative, for all three models. Although there is some de- 
terioration in coverage due to increasing T, it is small, tends 
to be conservative, and is a small price to pay for the vastly 
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50 NOEL CRESSIE 

Table 3. Entries Showing Expected Estimated Variance Given 
by (2.5), Tabulated as a Function of r 

E{ v&@cri)} 

r Gaussian Gaussian/O 

.O 1.9294 1.9327 

.25 1.3379 1.3427 

.5 .9604 .9661 

.75 .7335 .7420 
1 .o .6089 .6212 
1.25 .5550 .5679 
1.5 5322 .5582 
1.75 .5401 .5767 
2.0 .5639 .6136 

Laplace 

2.7065 
1.7597 
1.1971 
.8812 
.7162 
.6413 
.6198 
.6307 
.6614 

increased efficiencies, as evidenced by Table 3. It is worth 
repeating here the difficulty of obtaining an estimate for 
var(&‘)) by conventional means. It is possible to linearize 
the statistic &“I via a Taylor-series approximation, but the 
calculation is by no means straightforward. In contrast, the 
jackknife estimator (1.26) can be computed easily and is 
even robust to misspecitication of homogeneous strata. 

Thus, one can have both validity and efficiency in the 
problem of estimating H, the acceleration of gravity at 
Washington, D.C., from the eight series of measurements 
shown in Figure 1. The small simulation experiment de- 
scribed in this section justifies the inference for Q given at 
the end of Section 2.1; namely, with 95% confidence, H lies 
in the interval (980,077.279,980,079.922) x lop3 cm/sec2. 
For scientitic studies like the acceleration of gravity consid- 
ered here, the following recommendations are made: First, 
exploratory data analysis is needed to determine a plausi- 
ble model. Second, jackknife-based analysis analogous to 
that given in Section 2.1 is performed. Finally, simulations 
are carried out to confirm the efficiency and validity of the 
jackknife-based inference. 

3. DISCUSSION 
The attractive properties of the jackknife rely on large n, 

for their validity. It was shown in Section 2.2 that Q = 81 
is sufficiently large for (inhomogeneous) sampling from a 
Gaussian distribution (with and without an outlier) and the 
heavier-tailed Laplace distribution. Both the Gaussian and 
the Laplace densities are symmetric: hence, to obtain fur- 

.O ,912 ,956 ,990 

.25 .912 ,958 ,991 

.5 ,916 ,958 .992 

.75 ,916 ,958 .991 
1 .o .914 ,957 ,991 
1.25 ,915 ,952 ,990 
1.5 ,914 ,953 ,988 
1.75 ,914 ,952 .988 
2.0 ,915 .953 ,987 

ther understanding of the jackknife-based procedures for a 
problem like the gravity data but with an asymmetric den- 
sity, the simulations were repeated from a highly skewed 
distribution, the shifted exponential: 

1 

e-(.“+l) :I’ > -1 
f(x) = (3.1) 

0: .I: 5 -1. 

Considering the quantity E(vir(&‘))) as a function of 
‘Y, once again improved efficiency was obtained for r E 
(1.2). The actual coverages of confidence intervals, how- 
ever, showed unacceptably liberal intervals that became 
worse as T increased from 1 to 2. From the evidence to 
be given, this seems to be a “small 71,” problem, in which 
here n = 81 is not large enough to allow sufficient av- 
eraging to deal with the skewness in the model (1.20) 
and (3.1). 

All the simulations were repeated for a larger total sam- 
ple size of ‘IL = 162, while retaining the same proportions, 
p, E nj/n,j = 1,. ,8, as for the case in which n = 81. 
The actual coverage of nominal 90%, 95%, and 99% con- 
fidence intervals (2.6) improved for the larger total sample 
size. For the purposes of illustration, consider &‘), where 
T = 1.5, and the nominal 95% confidence interval. Then, 
for the shifted exponential model (3.1), the actual coverage 
improved from 82.3% to 87.8%. (For the symmetric mod- 
els in Section 2.2, the coverage, which is already excellent, 
changed less than l%.) 

Under a general model of inhomogeneity, the usual jack- 
knife methodology is seen to retain the attractive property 
of providing an (asymptotically) unbiased estimator of vari- 
ance. This result is important because in reality these in- 
homogeneities may be hidden from the statistician. Thus, 
the jackknife provides a methodology that is robust to 
inhomogeneity-type departures from the classical assump- 
tion of a random sample from a single distribution. 
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Tab/e 4. Entries Showing Nominal and Actual Confidence intervals Given by (2.6), Tabulated as a Function of r 

Gaussian Gaussian/O Laplace 

90% 95% 99% 90% 95% 

,906 ,953 
.908 ,955 
,913 ,958 
,922 ,964 
.928 ,965 
.931 .966 
,934 ,967 
,935 ,968 
.936 ,971 

99% 

,991 
.991 
,993 
.994 
.994 
,995 
,996 
,996 
.995 

90% 95% 99% 

,904 .956 .993 
.903 ,954 ,992 
,907 .956 .992 
,913 ,962 .995 
,919 ,965 ,994 
.920 ,968 ,995 
.921 ,966 ,994 
.924 ,968 ,992 
,927 ,965 .990 
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