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Analysis of Variable Step Size Adaptive Least
Mean Square Algorithm to Enhance the SNR of

Fiber Optic Gyroscope
Ghaith Hattab

Abstract—In this paper, we design a one-step forward linear
predictor (FLP) to enhance the signal-to-noise ratio (SNR) of
fiber optic gyroscopes (FOGs) by reducing the angle random
walk (ARW) noise. The optimum FLP weights are obtained
using adaptive least mean square (LMS) algorithm. Moreover,
we propose two variable step size algorithms to provide faster
convergence and minimal mean-square error (MSE). We compare
the proposed algorithms with fixed step size based algorithms
and existing variable step size algorithms. We also investigate
the impact of the filter order on the convergence time, the SNR,
and the cutoff frequency of the FLP frequency response.

Index Terms—Adaptive filters, convergence, least mean-square
methods, prediction methods, size control.

I. INTRODUCTION

THE fiber optic gyroscope (FOG) has become a prevalent
solution in diverse applications of navigation, guidance,

and stabilization due to its desirable features such as its
affordable cost, long lifetime, high reliability, and robustness
[1], [2]. Nevertheless, there are some error sources that limit
the performance of the FOG, and one of these common sources
is known as the angle random walk (ARW) noise.

ARW impacts the short-term variations of the output, and it
is a random process that resulted from integrating different
sources of uncorrelated noises such as, but not limited to,
thermal noise and shot noise (i.e. ARW is a time correlated
noise) [2]. Tackling ARW is of great importance because it
makes analyzing the bias drift, an error that affects the long-
term performance of the FOG, very difficult. Bias drift is
a time-varying zero offset in the output of the FOG, and it
degrades the accuracy of the measurements [2]. Therefore, it
is necessary to minimize the impact of ARW to reduce the
uncertainty of the measurements acquired. For example, in
inertial navigation systems (INSs), FOGs are implemented,
during the alignment process to check the components of
the Earth rotation rate along their sensitive axes in order to
determine the initial attitude of the moving platform [1]. To
measure the Earth’s rotation rate with high accuracy, it is vital
to enhance the signal-to-noise ratio (SNR) by reducing the
ARW noise.

Several techniques have been proposed to tackle the ARW
problem. For example, increasing the number of gyroscopes
reduces the ARW effect [2], but this imposes additional cost
as well as certain systems are obliged with a certain number
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of devices (e.g., surveying processes for oil industry require
a minimum number of FOGs). Other techniques require hard-
ware modifications to the structure of FOG design. Moreover,
real-time signal processing techniques have also been utilized
to combat ARW. For example, in [3], a novel Kalman filtering
method is proposed. However, this method has a slow rate of
convergence, and it is relatively complicated.

In this paper, we design a forward linear predictor (FLP)
to reduce the ARW. We design a transversal tap delay line
finite impulse response (FIR) filter to improve the SNR of the
measurements acquired from the FOG. The main advantages
of this approach are the following. First, it does not require
any model or state-space formulation to remove the noise and
the other high frequency disturbances. Second, it does not
require a desired response for training the filter. Third, it has
the structure of a finite-impulse response (FIR) filter, which
is simple to implement, and more importantly, it is always
stable. The optimum filter weights are obtained using adaptive
least-mean square (LMS) algorithm. We investigate several
techniques for fixed and variable step sizes, and we analyze
their impact on both the accuracy and the convergence rate of
these algorithms. We also propose two new variable step size
algorithms based on exponential and linear functions.

The paper is organized as follows. We present a general
overview on LMS algorithm and linear prediction in Section
II. The system model and the design approach is discussed
in Section III. Simulation results are presented in Section IV.
The main results are concluded in Section V.

The following notation is used. Boldface upper-case letters
denote matrices, boldface lower-case letters denote vectors,
and italics denote scalars. The superscript (.)T denotes trans-
pose operation, E[.] denotes the expectation operator, and ∇
denotes the gradient vector.

II. LINEAR FORWARD PREDICTION

Linear prediction can be classified into forward linear pre-
diction (FLP) and backward linear prediction (BLP) [4]. In
the former, we use the past samples (say u(n− 1), u(n− 2),
. . ., u(n − M)) to predict u(n). In the latter, however, we
predict u(n−M) from its future samples u(n), u(n−1), . . .,
u(n−M+1). In this paper, we focus on FLP, and particularly
on one-step FLP where we only predict a single sample unit
in the future.

The linear predictor is shown in Fig. 1. It is observed that
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the predicted value û(n) can be expressed as

û(n) =

M∑
k=1

wku(n− k), (1)

where u(n − k) is the k-th input sample, wk is the filter
tap weight, and M is the filter order. We assume that the
tap weights are drawn from zero-mean wide-sense stationary
(WSS) stochastic process. We can rewrite (1) in a vector form
as

y(n) = wTun−1, (2)

where w = [w1 w2 . . . wM ]T is referred as the Wiener
vector, and un−1 = [u(n − 1) u(n − 2) . . . u(n −M)]T is
the predictor input. We define the prediction error, e(n), as

e(n) = u(n)− û(n), (3)

where u(n) is the actual sample at time n. The Wiener vector
is optimally adjusted based on the minimization of mean-
square error (MSE) signal (i.e. E[e(n)2]) [5]. That is, we want
to minimize the following cost function

J(n) = E
[
e2(n)

]
= E

[
(u(n)− û(n))2

]
. (4)

It is shown that the cost function is a quadratic surface in w,
and hence a unique optimum solution can be obtained [4],
[5]. The update procedure of the tap weights based on LMS
algorithm can be shown to be [5]

wn+1 = wn −
µ

2
∇J(n)|w(n), (5)

where the step size µ is a small positive constant that controls
stability and rate of convergence, and

∇J(n)|w(n) =
[ ∂J
∂w1

∂J

∂w2
. . .

∂J

∂wM

]
, (6)

is the gradient of the cost function. We remark that the negative
sign is to indicate that we move in the direction opposite to the
gradient, and 1

2 is a normalization factor. Also, the step size µ
is a key design parameter that controls the rate of convergence,
and we are going to investigate it in details. Finally, if we solve
(6), then (5) can be expressed as

wn+1 = wn + µE
[
e(n)un−1

]
. (7)

However, the expectation operator is usually implausible for
real-time applications, and hence we can replace it with simple
multiplication. That is, we write (7) as

wn+1 = wn + µe(n)un−1. (8)

Fig. 1. Basic structure of a one-step FLP.

These equations are known as stochastic gradient method.
If we implement (8) instead of the true gradient in (7), we
expect that the approximation will be noisy. Nevertheless,
both the instantaneous gradient in (8) and the true gradient
in (7) point to the same direction, and for small values of
µ, the approximation errors resulted from using (8) become
negligible when they are averaged over several iterations.

III. SYSTEM MODEL

The adaptive system is illustrated in Fig. 2. The input
sequence u is basically raw measurements of KVH fiber optic
gyroscope acquired at 128 Hz using a National Instrument
12 bit data acquisition system. The LMS algorithm adaptively
adjusts the Wiener vector such that the MSE is minimized. In
other words, we want the predicted value û(n) to be as closely
as possible to the desired sample u(n). Next, we describe two
different parameters that impact the LMS algorithm, namely
the step size, µ, and the filter order, M .

A. Impact of the Step Size

During the design phase, the step size plays a key role in
determining the convergence rate as well as the misadjustment.
The former is an indication of how fast the cost function
reaches its minimum, whereas the latter is basically the
deviation from the minimum value (i.e. the deviation from
the steady-state value). Ideally, we want the rate to converge,
as fast as possible, towards the minimum value with zero
misadjustment. However, from (8) we can infer that large
values of µ will aid faster convergence at the expense of larger
misadjustment. We analyze two different types of µ, namely
fixed and variable step sizes.

For a fixed step size, we can arbitrarily choose a value
for µ. Nevertheless, µ must be bounded because very large
values can cause instability where the error increases without
a bound. In [4], it is shown that the upper limit that guarantees
stability is

µmax =
2

tr(R)
, (9)

where R is the autocorrelation matrix of un−1, and it is
expressed as

R = E[un−1uTn−1], (10)

Fig. 2. Block diagram of the overall system.
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and the trace operator, tr(.), is the summation of the main
diagonal elements of a square matrix. A tighter bound can be
expressed as [1]

µtmax =
1

λmax + λmin
, (11)

where λmax and λmin are the maximum and minimum
eigenvalues of R, respectively, and the superscript t is used to
indicate a tighter bound. On the other hand, the lower bound,
µmin, is a very small number bigger than zero. In [1], the
lower bound is the minimal step size that could track the
smallest variations of the MSE. From these observations, we
can see that µmax and µtmax are fixed because they depend on
R whereas µmin depends on the filter order because varying
the filter order will change the variations of the MSE [1].

Several techniques have been proposed to provide a variable
step size algorithm while updating the Wiener vector [6]–[8].
These methods require an MSE estimator to provide an update
equation of the step size. The optimal step size is obtained
after minimizing the MSE with respect to the step size on
an iterative basis. However, these methods impose additional
complexity [1]. Therefore, another technique is proposed by
Noureldin et al. in [1] where µtmax is used in the first few
iterations to achieve faster convergence, and µmin is used once
we approach the steady-state region of the MSE to achieve
minimal misadjustment. Particularly, the change occurs when
the prediction error is reduced to one-tenth of its original value
(i.e e(n) < 0.1e(1)).

We propose two variable step size algorithms based on
exponential and linear functions. The former is expressed as

f(n) =

{
µtmax exp

{
− n( δN ln µmin

µt
max

)
}

n ≤ N/δ
µmin n > N/δ

,

(12)
where N is the number of samples, and δ is chosen to decide
when we reach µmin. For example, if δ = 2, it means
that when we reach half of the samples (i.e. (N/2)), then
µ = µmin. Following the same procedure, we propose a linear
function, and it is expressed as

g(n) =

{
µtmax − n

(
δ
N (µtmax − µmin)

)
n ≤ N/δ

µmin n > N/δ
,

(13)
f(n) and g(n) are very similar since they initially start with
a step size of µtmax (i.e. f(0) = g(0) = µmax). The only
difference is that µ decreases exponentially in the former, and
in the latter it decreases linearly.

B. Filter Order

We remark that the step size does not impact the ARW
noise, and it merely controls the convergence rate, stability,
and steady-state. The minimization of ARW depends on the
filter order, M . Intuitively, if we have higher filter order, it
means that we can store more samples (i.e. more information
about the past samples), and thus expect a better prediction,
and consequently, the ARW is reduced. Nevertheless, higher
filter order slows the rate of convergence as well as imposes
inevitable time delay.

IV. SIMULATION RESULTS

The system model is simulated using MATLAB. We average
the FOG output over a 1 second interval before processing it
to the FLP. The averaging is necessary to reduce the high
frequency noise components, and consequently, reduce the
uncertainty of the measurements. Moreover, this significantly
reduces the FLP filter order that achieves desirable perfor-
mance [1]. We remark that longer averaging interval achieves
a better FLP performance, yet it imposes longer time delay.
Also, shorter averaging interval would not be sufficient to re-
duce the uncertainty of the measurements. Therefore, 1 second
averaging interval is determined to be a good compromise [1].

Fig. 3 shows the different step sizes used for M = 300. We
remark that changing the filter order will change the step sizes
except for both µmax and µtmax because they only depend on
the autocorrelation of the input signal, R.

A. Impulse Response and Frequency Response Analysis

Fig. 4 and Fig. 5 illustrate the impulse response and the
magnitude response of the FLP with µ = 0.001, respectively.
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Fig. 3. The different step sizes that are going to be used in the simulations.
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Fig. 4. The impulse response of the FLP (µ = 0.001).
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Fig. 5. The magnitude response of the FLP (µ = 0.001).
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Fig. 6. The phase response and the group delay of the FLP (µ = 0.001).

We observe that the FLP is basically a moving average filter.
Moving average filters are commonly used to reduce the
random noise, and in this case, the FLP basically reduces the
ARW noise, and thus it significantly improves the SNR at the
FOG output. Fig. 6 depicts that the FLP is linear in phase
with a constant group delay. Note that the spikes in the group
delay is due to the discontinuities in the phase response.

B. Step Size Analysis

Fig. 7 shows the learning curves of the FLP for different
fixed step sizes. We observe the following. First, operating at
the upper limit, µmax, gives poor performance in terms of con-
vergence rate (slow) and the misadjustment (high). Operating
at tighter upper limit, µtmax, provides the fastest convergence
rate, yet it still has a relatively high misadjustment. Third,
operating at the lower limit, µmin, provides the smallest
misadjustment, yet the convergence rate is the slowest. Using
a fixed µ in between clearly provides a desirable compromise.

Fig. 8 illustrates the learning curves of the FLP for different
variable step sizes. We observe that the algorithm proposed by
Noureldin et al. in [1] outperforms the fixed step size because
it provides both faster convergence rate and still maintains the
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Fig. 7. Learning curves of different fixed step sizes.
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Fig. 8. Learning curves of different variable step sizes.

low misadjustment. Also, the two proposed algorithms provide
almost identical performance. To summarize, the tradeoff
between the convergence rate and the misadjustment cannot
be alleviated if we use a fixed step size (i.e. a compromise
must be made). However, this tradeoff can be significantly
reduced if we use variable step sizes such that we start with a
large value of µ for faster convergence, and then we change it
to a smaller value when we reach the region of convergence
to reduce the misadjustment.

C. Impact of Filter Order

Unlike the step size, the filter order has a direct impact on
the ARW noise. Fig. 9 illustrates that increasing the filter order
will impose longer time delay, and thus longer convergence
time. We remark, however, that the MSE converges faster
when the filter order is higher. However, there is another source
for the delay, which is the number of samples required to be
collected by the FLP. For instance, for M = 600, we need
600 seconds to collect 600 samples since the FOG output is
averaged over 1 second interval (i.e. the samples are being
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collected at a rate of 1 Hz) whereas the latter only requires 300
samples (i.e. 300 seconds) before it predicts û(n). Therefore,
when we add the two delay sources together, we conclude that
higher filter orders incurs slower convergence rate.

Fig. 10 shows the impact of filter order on the cutoff fre-
quency. We observe that increasing the filter order reduces the
cutoff frequency. Thus, more high frequency noise components
are removed. Fig. 11 shows the FOG output after processing it
with FLP with different filter orders. It is observed that the FLP
significantly reduces the ARW noise, and hence reduces the
measurement uncertainty. We also observe that increasing the
filter order provides better ARW reduction. This is expected
because the cutoff frequency of the FLP decreases as the filter
order increases. All these demonstrations are quantified in
Table I.1
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Fig. 9. Impact of filter order on convergence time (µ = 0.0001).
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Fig. 10. The cutoff frequency of FLP filter with different filter orders (µ =
0.0001).

1The uncertainty for the FOG output before processing with FLP filters
is 6.49× 10−4 (Volts2).
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Fig. 11. The FOG output before processing with FLP and after processing
with FLP with different filter orders (µ = 0.0001).

TABLE I
IMPACT OF FILTER ORDER ON CONVERGENCE TIME τ , MEASUREMENT

UNCERTAINTY γ , AND THE CUTOFF FREQUENCY fc .

M τ (s) γ (Volts2) fc (Hz)

100 208 5.79× 10−5 9
300 352 1.35× 10−5 3
600 631 1.06× 10−5 1.5

V. CONCLUSION

Angle random walk (ARW) noise severely impacts the
output measurement uncertainty of the fiber optic gyroscope
(FOG). One-step forward linear predictor (FLP) has shown
to be an effective solution to reduce it. In this paper, we
have designed an FLP with optimum tap weights based on
the adaptive least mean square (LMS) algorithm. We have
demonstrated that using a variable step size is more effective
towards faster convergence and lower misadjustment. More-
over, we have studied the impact of varying the filter order
on the FOG’s output. We have shown that higher filter orders
achieve better SNR performance because their corresponding
frequency responses have lower cutoff frequency, and hence
more high frequency noise components are eliminated. The
drawback, however, is the increased delay because increasing
the filter order means observing more samples.
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