
CHAPTER 10

EXERCISE 1 0 . 1 .   In the first scaling phase, 8 units of flow is augmented along the path 1-4-6 and the node

potentials are [0, -10, -150, -15, -150, -15].  At the beginning of the second scaling phase, arc (1, 3) is saturated so

that reduced costs of all arcs become nonnegative.  In this scaling phase, we augment 4 units of flow along each of

the paths 3-4, 3-1-2, and 3-5-6.  At the end of this scaling phase, the arc flows and node imbalances are as illustrated

in Figure S10.1.
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EXERCISE 1 0 . 3 .   (a) False.  In the minimum cost flow problem illustrated in Figure S10.3(a), the value of e(i)

will be 5 at the end of the ∆-scaling phase for ∆  = 2.

(b) True.  For the example illustrated in Figure S10.3(b), the capacity scaling algorithm will successively perform

three augmentations of 4, 2, and 1 units.  However, the successive shortest path algorithm would solve the problem

in only one augmentation of 7 units.
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EXERCISE 1 0 . 5 .   Note that an arc (i, j) can be inadmissible during the improve-approximation procedure if and

only if cπ 
ij  ≥ 0.  Further, if the node potentials change to π' such that the arc (i, j) becomes admissible again, then

cπ' 
ij  < 0.  Hence, in order to make the arc (i, j) admissible again, its reduced cost must decrease.  We further note that

the relabeling of a node increases the reduced cost of all arcs entering into it and decreases the reduced cost of all arcs

emanating from it.  Hence, the arc (i, j) remains inadmissible until the algorithm relablels node i.

EXERCISE 1 0 . 7 .   If the flow is ε-optimal, then Σ(i,j) ∈W c
π 
ij  ≥ -nε for any arbitrary cycle W.  Further, if ε ≤ 1,

then Σ(i,j) ∈W c
π 
ij   ≥ -n.  But Σ(i,j) ∈W cπ 

ij   = Σ(i,j) ∈W cij, which is a multiple of (n+1).  Consequently, since
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Σ(i,j) ∈W cij ≥ -n, it follows that Σ(i,j) ∈W cij > 0.  The 0-optimality of the flow follows directly from the negative

cycle optimality conditions.

EXERCISE 1 0 . 9 .   The flow decomposition theorem implies that the flow x' can be expressed as x plus the flow

along at most (m+n) paths and cycles in G(x).  Note that any flow decomposition ensures that a directed path P

exists from each excess node to some deficit node in G(x).  Further, observe that the flow decomposition described in

the algorithm in the proof of Theorem 3.5 has the property that the flow value on any arc, which lies on any path P

in the decomposition is strictly positive.  Hence, for every path P in the flow decomposition of x' - x in G(x), the

reversal of the path P 
-   

also exists in G(x').

EXERCISE 10.11#.   Note that we start with ∆ = k logkC, not with  k log2C, as stated.  The push/relabel step

in the algorithm should be modified so that the node potential π(i) is updated as π(i) = π(i)+ε/k in the push/relabel

steps.  We also change our criterion of admissibility.  An arc (i, j) is admissible in G(x) if and only if -ε/k ≤ cπ 
ij <

0.  By using similar techniques as used in the text for the proof of Lemma 10.4, it may be shown that no node

potential increases more than (k+1)n times during an execution of the improve-approximation procedure.

Consequently, in each scaling phase, the algorithm performs O(knm) saturating pushes, O(kn2m) nonsaturating

pushes, and the number of scaling phases is logk(nC).  Hence, the running time of the algorithm is O(kn2m

logk(nC)), which is optimal for any constant k.

EXERCISE 1 0 . 1 3 .   When we scale costs by a factor of k, the algorithm performs O(knm) retreat steps because it

follows from Exercise 10.11 that each node is relabeled at most (k+1)n times and hence the total number of node

potential increases is (k+1)n(n+m) = O(knm).  The number of retreat steps is equal to the number of relabelings.

The advance steps can be distinguished into two types: (i) those that add arcs to an admissible path on which the

algorithm later performs an augmentation; and (ii) those that are later canceled by a retreat step.  The number of

advance steps of the first type is O(nm log U) (as in the original version of the double scaling algorithm), and the

number of advance steps of the second type equals the number of retreats which is O(knm).  Hence, the complexity
of the algorithm is O((knm + nm log U) logk(nC)).  Using the parameter balancing technique, we obtain an optimal

value of k = log U.  The time bound for this value of k is O(nm(logU)(log(nC))/ log log U).

EXERCISE 1 0 . 1 5 #.   This exercise is intended to be solved only for the weakly polynomial algorithms in the

chapter.

Capacity scaling algorithm.  In this case, in the first scaling phase we can choose ∆  to be ∆  = α2log K

instead of 2log(αK) and we scale only upto the α-scaling phase.  Hence, the capacity scaling algorithm will

perform only O(log K) scaling phases instead of O(log(αK)) scaling phases and, consequently, will run faster.

Cost scaling algorithm.  The number of consecutive pushes on an arc in the same direction can be at most K,

since the maximum arc capacity is αK and each push carries at least α units of flow.  Since the total number of arc

saturation is at most O(nm), the total number of pushes on an arc is O(Knm).  Consequently, the cost scaling

algorithm will run in a faster time bound of O(Knm log(nC)).

Double scaling algorithm.   In this case, we can choose ∆  in the first capacity scaling phase (within each cost

scaling phase) to be ∆  = α2log K instead of 2log(αK), and terminate at the end of the scaling phase when ∆  = α.

Hence, the double scaling algorithm will perform only O(log K) capacity scaling phases within each cost scaling

phase and, consequently, the algorithm will run faster.
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EXERCISE 1 0 . 1 7 .   (a) In the case of unit capacity networks, the capacity scaling algorithm will perform

augmentations in only the last scaling phase and will run in O(m S(n, m, nC)) time.

(b)  Since the network is of unit capacity, every push is a saturating once.  Hence, the time complexity of each

scaling phase is O(nm).  Therefore, the algorithm will run in O(nm log(nC)) time.

EXERCISE 1 0 . 1 9 .   When the transformation of Section 2.4 is applied to a bipartite network G = (N1∪N2, A),

then it is easy to verify that every fourth node in any augmenting path will lie in N1 and hence the length of any

augmenting path is at most 4n1.  Hence, the number of advance steps which are not canceled later by a retreat step is

O(n1m).  The number of node relabelings (which is also equal to the number of advance steps which are later

canceled  by a retreat step) is O(n1 m) since each node is relabeled at most O(n1) times and a total of O(n+m) nodes

are present in the network.  The time spent in arc scannings is also O(n1m) since each node is labeled at most n1

times and a total of 2m arcs are present in the transformed network.  Consequently, the double scaling algorithm,
when applied to bipartite networks runs in O(n1m log U log (nC)) time.

EXERCISE 1 0 . 2 1 .   Use the method discussed in Section 9.11 of the text for the cost sensitivity analysis in order

to reoptimize.  This requires solving a single maximum flow problem.

EXERCISE 1 0 . 2 3 .   Let ck 
ij be the cost of any arc (i, j) in the problem Pk.  If x* 

k  be an optimal solution to the

problem Pk, it is easy to see that x* 
k  is an optimal solution to the problem Po 

k, in which the cost of any arc (i, j) is

2ck 
ij .  Since 2ck 

ij  ≤ ck+1 
ij    ≤ 2ck 

ij  +1, it follows that problem Po 
k may be transformed into  Pk+1 by increasing the

cost of at most m arcs by one unit.  Consequently, a sequence of at most m cost adjacent problems Po 
k,  P1 

k ,..., P
r 
k

= Pk+1 can be found such that Pi+1 
k    is cost adjacent to Pi 

k  for all 0 ≤ i ≤ r.  Since an optimal solution to  Pi+1 
k   may

be found from an optimal solution to Pi 
k  by solving a maximum flow problem (see Exercise 10.21), an optimal

solution of Pk+1 may be obtained from an optimal solution of Pk by solving at most m maximum flow problem.

Thus, x* 
k+1 is obtained from x* 

k  in O(m M(n, m, U)) time and, consequently, the running time of the algorithm is

O(m logC M(n, m, U)).

EXERCISE 10.25# .  (a)  This exercise makes one additional assumption that the cost of each directed path from

node s to node t is strictly positive.  We prove the result by contradiction.  Assume that x* is an optimal solution of

the minimum cost flow problem with objective function z*, b(s) = v*, b(t) = -v*, and b(i) = 0 for all other nodes.

Clearly, x* is a feasible solution of the constrained maximum flow problem with objective function value v*.  Now

suppose that xo is an optimal solution of the constrained maximum flow problem with the objective function value

satisfying vo > v*.  The flow (xo - x*) can be decomposed into cycle flows anf path flows carrying (vo - v*) units

from node s to node t.  As there is no negatie cycle in G(x*) and the cost of each directed path from node s to node t

is strictly positive, it follows that z* = cx* < cxo ≤ D = z*, which is a contradiction.

(b)  Perform a binary search on v and obtain an interval [vo, vo+1] so that the corresponding minimum cost flows

satisfy z(vo) ≤ D < z(vo+1).  In the residual network corresponding to the flow value vo, identify a shortest path P

from node s to node t.  Let the cost of this path be δ.  Augment (D - z(vo))/δ units of flow along P.  The resulting

flow is an optimal flow of the constrained maximum flow problem.


