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Discussion 3
Sequential Games: Playing over time

1 Key Concepts

• When the actions are not simultaneous, the order in which players make decisions
matter. We study this using sequential games.

• In sequential games, the strategies for each player are no longer equal to their actions.
Instead, strategies are actions that are contingent on what other players have chosen
before in the game.

• Sequential games can be represented by trees that show visually the order of moves
(the extensive form); or by a payoff matrix as with simultaneous move games, where
payoffs depend on players’ strategies (the normal form).

• One advantage of the normal form is that we can use the solutions concepts we have
studied so far, in particular the Nash equilibrium. One disadvantage is that sequential
games typically have many NE, and some of them include non-credible threats.

• Definition: A subgame perfect Nash equilibrium is a profile of strategies such that for
each subgame, the strategies define a Nash equilibrium of that subgame.

– the SPNE of a sequential game can be found using backward induction. That is,
start with the player who moves last, to see what is her best response after each
possible previous decisions, and working your way to the beginning of the game.

– Every SPNE is also a Nash equilibria. The converse is not true. Some NE of a
sequential game include non-credible threats, therefore they are not a SPNE

– A non-credible threat is a strategy that is not a best response if the player were
to actually reach that subgame.

• Stackleberg Competition: As with Cournot competition, firms choose quantity and
the market chooses the price at which firms can sell. In contrast with Cournot, firms
move sequentially.

2 Practice Problems

Extensive form vs Normal Form

1. *Remember the battle of the sexes with payoff matrix as follows:

Beauty

Beast
T D

T 1, 2 0, 0
D 0, 0 2, 1
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(a) *Suppose that instead of a simultaneous game it is played sequentially where
Beauty first chooses between having a (C)up of tea, or (D)ancing a waltz. Show
the game in extensive form.

(b) *What are the strategies for each player? Show the game in normal form.

(c) *Show that the unique SPNE is outcome equivalent to one of the NE of the
simultaneous move game.

(d) * Show that all other NE of the simultaneous move game are NE of the sequential
game. What are the non-credible threats?

(e) * Is there a first mover advantage or disadvantage?

2. Caed and Chris are playing a game of matching pennies. Caed proposes to play the
game sequentially instead and that he should go first. He thinks that he’ll have the
first mover advantage.
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(a) Show that he is wrong.

(b) Find a SPNE that uses mixed strategies.

(c) A random Econ student argues that for any game with complete information (i.e.
when players know the payoffs and the actions taken before them, etc) the SPNE
is usually unique. Do you see what the student means by “usually”

3. Consider the following game:
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(a) * How many actions and how many strategies does each player have?

(b) * How many subgames does this game have?

(c) * Find the unique SPNE. What are the actions on the equilibrium path?

(d) * Why must a strategy also define actions off the equilibrium path?

(e) *Consider a subgame outside of the equilibrium path and show that the SPNE
defines a Nash equilibrium of that subgame.

Oligopoly: Competition between firms

4. Versage and Kikland are fashion companies. Versage is a trend-setter. After Versage
has decided how much they will produce, Kikland follows and chooses how much to
produce. The demand for fashionable clothes is P (qv, qk) = 100 − (qv + qk).

(a) If the firms have the same marginal cost, do you expect the SPNE to be symmet-
ric?

Suppose that both firms have the same marginal cost equal to zero. However,
operating in this industry implies a fixed cost of $F . Finally suppose that firms
can avoid this fixed cost by not producing any unit.

(b) Represent this game in a tree with continuous actions.
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(c) Assume that F = 0 and find the SPNE. What are the equilibrium profits of each
firm?

(d) Suppose now that the fixed costs, F , is $400. Is it an equilibrium for Versage to
drive out the competition by producing more units than what you found in (4c).
Let’s answer this question in steps:

i. Write down Kikland’s profit as a function of Versage’s strategy.

ii. What is the smallest level of production that Versage can choose to make the
profits of Kikland be non-positive?

iii. Will choosing such a level of production lead to higher profits that the value
you found in (4c)?

(e) Suppose that the fixed cost is $0. What is the value to Versage of being the
leader in this market? Hint: What would the equilibrium profits be if the game
was simultaneous?

5. * Consider the following variation of the dictator game. Beth received $9 US Dollars
at the beginning of the game. She can decide how much of those to keep and how much
to invest. The money invested triples and is received by Margaret who can choose how
much of it to keep and how much to invest. Finally, the money invested by Margaret
is returned to Beth who decides how to split the pot between them. Each of them is
trying to maximize the total amount of money they end up with.

(a) * Carefully right (in English or in math) the strategies for each player.
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(b) * Draw the game tree and find the SPNE. Hint: When characterizing an equilib-
rium it is ok to assume what players will do when indifferent.

(c) * Show the SPNE is inefficient by providing a feasible outcome that all players
will prefer instead.

(d) * SPNE assumes that players believe that the other players are rational utility
maximizers even after deviations off the equilibrium path. What could Margaret
infer about Beth’s goals or rationality if Beth deviated from the SPNE and in-
vested the whole $9 in the first round?

(e) Argue that in any NE (not necessarily SPNE) Beth keeps everything she receives
in the last period (Think about dominant strategies).

(f) Use your previous result to argue that in any NE Margaret keeps everything she
receives. Conclude that for this game NE=SPNE.
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(g) NE makes a very strong prediction for this game that seems at odds with what
we see in reality. Come up with a simple modification to the game (either play-
ers, preferences, actions or timing of decisions) that will predict at least some
investment in equilibrium.
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