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Abstract 

As the demand for water in the USA rapidly approaches the total available water supply, it is 
essential that water resources be accurately monitored. Consequently, the National Weather Service 
(NWS) maintains a set of conceptual, continuous, hydrologic simulation models used to generate 
extended streamflow predictions, water supply outlooks, and flood forecasts. To obtain accurate 
predictions and forecasts, it is necessary, periodically throughout the snow season, to estimate the 
snow water equivalent in fiver basins throughout the USA. The estimates are obtained using a 
geostatistical model and snow course, SNOTEL, and airborne snow data. In this research, we 
develop a positive-definite spatial covariance function that allows researchers to incorporate geo- 
morphic site attributes when snow water equivalent estimates are obtained. We illustrate our 
approach using snow course and SNOTEL data collected in the North Fork Clearwater River 
basin. Our results indicate that by incorporating elevation into the covariance model used for the 
North Fork Clearwater River basin we are able to improve substantially the accuracy of the snow 
water equivalent estimates. 

1. Introduction 

Escalating industrial, agricultural, and societal water demands make accurate forecast- 
ing and management of available water supplies increasingly imperative. In the span of 
only 19 years from 1981 to the year 2000, it is estimated that the ratio of the Earth's 
available water to water demand will fall from 10:1 to 3.5:1 (Hudlow, 1988). To forecast 
water resources, the National Weather Service maintains a set of conceptual, continuous, 
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hydrologic simulation models used to generate extended streamflow predictions, water 
supply outlooks, and flood forecasts (Day, 1985; Hudlow, 1988). These forecasts are used 
in making major water management and disaster emergency services decisions for the 
USA by federal, state, and private agencies including the US Army Corps of Engineers, 
the Natural Resources Conservation Service (NRCS) of the US Department of Agricul- 
ture, and the Salt River Project in Arizona. 

Much of the water available for irrigation, power generation, recreation, and industrial 
and other societal requirements, particularly in the Western USA, comes from snow-melt 
runoff. Hence, an integral part of the NWS hydrologic simulation models is a snow 
accumulation and ablation model that uses observed temperature and precipitation data 
to simulate snow-cover conditions (Anderson, 1968, Anderson, 1976, Anderson, 1978, 
Anderson, 1986). Obtaining valid simulated snow-cover conditions to be incorporated into 
the hydrologic model is critical to making accurate streamflow and water-supply forecasts. 
In an effort to obtain precise forecasts, ground-based and airborne snow data are periodi- 
cally collected throughout the snow season by several federal and state agencies. These 
data, collected from over 2000 snow course and SNOTEL sites and over 1700 flight lines 
throughout the USA, are incorporated into the snow model to update the simulated snow 
water equivalent values (Day, 1990; McManamon et al., 1993; Carroll et al., 1995). 

The economic benefits (such as reduced costs associated with flooding and with obtain- 
ing irrigation water) of increasing the accuracy and reliability of snow water equivalent 
estimates used to update the NWS hydrologic simulation models are potentially very great. 
According to Castruccio et al. (1980), the benefit of a 6% improvement in the accuracy of 
streamflow predictions could be as high as $10 million for hydropower and $28 million for 
irrigation annually in the West. In an example from the Midwest, namely the 1985 flood in 
Fort Wayne, Indiana, the savings in flood costs (e.g. property-damage costs and lost 
business revenue) attributed to the use of real-time airborne snow water equivalent esti- 
mates alone were estimated to be approximately $2.4 million (Carroll, 1986). 

Recently, to improve the accuracy of snow water equivalent estimates used to update 
the snow simulation models, the NWS has developed a spatial statistical model that uses 
the ground-based and airborne data to estimate snow water equivalent in areas where no 
observed measurements are available (Day, 1990; Carroll et al., 1995). In this paper, we 
develop a modification to the spatial model that will, in general, result in more accurate 
snow water equivalent estimates than those that are currently being produced. 

An essential component of the spatial model is a covariance function that yields the 
covariance between the snow water equivalent at two sites. In the approach currently used, 
as is typical in spatial modeling, the covariance is modeled as a function solely of the 
spatial coordinates of the two sites. However, by adding other geomorphic attributes (such 
as elevation, aspect, slope, and tree cover) at the sites to the covariance function, the 
function may be defined more realistically, resulting in more accurate covariance esti- 
mates. It is expected that, by modeling attributes such as elevation, aspect, and others, 
precipitation and snow-melt rates at the various sites will be better represented than can be 
done when spatial coordinates alone are utilized. In this research, we shall show how the 
current covariance model can be adapted to include additional factors other than spatial 
coordinates. We show that more realistic modeling of the covariances will produce, 
typically, more accurate snow water equivalent estimates that are expected ultimately to 
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result in better water-resource forecasts. We shall illustrate our results on snow data 
collected in the North Fork Clearwater River basin in Idaho. 

2. Estimating snow water equivalent 

To obtain precise estimates of snow water equivalent, the NWS has developed a spatial 
estimation model that incorporates both the ground-based and airborne data (Carroll et al., 
1995). The snow water equivalent data obtained from snow course, SNOTEL, and air- 
borne sites are first standardized to have mean zero and variance one. Standardization of 
the data is necessary for two reasons. First, owing to orographic effects, precipitation in the 
West varies widely from site to site even if the sites are in close proximity to each other 
(Peck and Schaake, 1990). To obtain accurate estimates of  snow water equivalent, it is 
imperative to account for the variation in the means among the sites. Second, from 
historical data it is evident that the variance of the snow water equivalent is not constant 
from site to site. To obtain meaningful nonparametric estimators of spatial covariances, 
the variance of the observations must be equal. By standardizing the data, we account for 
both the large-scale variation and the nonconstant variance in the data. To standardize the 
observed data, the mean snow water equivalent for a specific site on a specific date is 
estimated using historical data or mean maps prepared by NWS personnel. The mean maps 
are generated for specific dates throughout the snow season from a snow accumulation and 
ablation model that uses information about precipitation, temperature, and melt rate at the 
sites. The standard deviation is modeled as a function of the mean. Historical snow course 
data are used to estimate the parameters of this model. 

When obtaining estimates of the snow water equivalent where no observations are 
collected, the standardized data are modeled using simple kriging (e.g. Journel and Huij- 
bregts, 1978). Let Y(s) represent the unstandardized snow water equivalent at location s. 
For flight line B i and locations s E Bi, the area is represented as 

I l i l=  [ _ d s > 0  (1) 
d B  i 

and the aggregated unstandardized snow water equivalent for flight line Bi is 

Y(Bi)= JB, Y(s)ds/lBil (2) 

Hence, the standardized snow water equivalent for the flight line is 

Z* (Bi) = [r (Bi) - lz(Bi) ]/ o(Bi) (3) 

where # ( B i )  and o(Bi) are the mean and standard deviation, respectively, of the snow 
water equivalent for the flight line. If  the data are ground-based (i.e. snow course or 
SNOTEL), we let B i = {si} and z * ( n i ) = Z ( s i )  , where 

Z ( s i )  : [Y ( s i )  - Id,(Si)]/cY(si) (4) 

and Ix(si) and o(si) are the respective mean and standard deviation of the snow water 
equivalent at site si. The means and standard deviations for snow course and SNOTEL 
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sites are estimated using historical data at the sites; typically about 30 years of  data are 
used, but the exact number varies somewhat  f rom site to site depending on the period of 
record at the site. As the periods of  record for flight lines are typically short, the means and 
standard deviations for airborne data are estimated from mean maps and a model that 
provides an estimate of the standard deviation as a function of  the mean. Using both the 
ground-based and airborne data, the best linear (i.e. simple kriging) estimator of  Z(so) is 

2(s0) = E XiZ*(Bi) (5) 
i = 1  

where n is the total number of  the ground-based and airborne observations. 
To obtain the coefficients {hi}, we minimize 

var[Z(s0)-  ~ ~kiZ*(Bi) ] (6) 
i=l  

obtaining the simple kxiging coefficients ~, = Y~ -lc, where 

)~' = (hi, X2 . . . . .  kn) (7a) 

= the  n × n matrix whose (i,j)th element  is cov[Z*(Bi), Z*(Bj)] (7b) 

covtz*<n,),z*<Bj)l= J I o s) <u)covtZ<s),Z<u)ldsdu/to<n,)o<nj)lnillnAa <7c) 
n~ Bj 

cov[Z(si), Z*(Bj)] = [ a(s)cov[Z(si), Z(s)]ds/[a(nj)[Bj [] (7d) 
J sj 

and 

c '  = { cov[Z(s0), Z*(B 1)] . . . . .  cov[Z(s0), Z* (Bn)] } (7e) 

I f B i =  {si} and Bj = {sj}, then 

coy[Z* (Bi) , Z* (Bj)] = covtZ(si),  Z(sj)] (8) 

In applications, the integrals above can be evaluated by numerical integration or some 
other approximation. 

The kriging variance (or mean squared prediction error) is the minimized value of 

n 

var [Z(so) -  ~ )~iZ*(Bi)] (9) 
i = l  

and is denoted by aE(so). Upon substitution of  )~ = Y, ~1, we obtain 

O-2z(S0) = 1 - c '  ,y_-I (10) 

Having obtained Z(s 0), we compute the unstandardized estimate of  the snow water equiva- 
lent at location So as 

]?'(So) = O(so)Z(so) +/~(s0) (11) 



46 S.S. Carroll, N. Cressie/Journal of  Hydrology 190 (1997) 42-59 

with simple kriging variance 

~ (So) = tr 2(s0)o~(s0) (12) 

For further details on kriging, the interested reader can consult Journel and Huijbregts 
(1978) or Cressie (1991). 

3. The covariance model 

Currently, to obtain the covariances necessary to solve for ~,, the National Weather 
Service uses historical data to estimate site-to-site covariances and then models the 
covariance between two sites as a function of distance. For all pairs of sites where sub- 
stantial historical records exist, covariances are estimated empirically from standar- 
dized historical data using cov[Z(si), Z(sj)] = ~T= 1 [(Zt(si)'Zt(sj)]l(T-1), where T is the 
total number of years of data used in the analysis. The covariance, cov[Z(s), Z(u)], 
between the (standardized) snow water equivalent at sites s and u is then modeled as an 
exponential function of distance. Specifically, we model the covariance (in this case the 
correlation because the data are standardized) as 

cov[Z(s), Z(u)] = ~ 1, s =u  (13) 
t Aexp(-Bl~-ul l ) ,  s ~ u 

where IIs - ull is the distance in kilometers between sites s and u, and 0 < A -- 1, B > 0 are 
covariance parameters to be estimated. The choice (within the family of positive-definite 
covariance functions) of which covariance function to adopt is somewhat subjective. 
However, Eq. (13) is used because it is flexible, has been found to fit the data well, and 
is a positive-definite covariance model (e.g. Cressie, 1991, Section 2.5). 

It is necessary that the covariance function, Eq. (13), be positive-definite to assure that 
all of the kriging variances obtained from the model are nonnegative. Moreover, the 
positive-definiteness of the point-to-point covariance function is Sufficient to guarantee 
that variances involving both point (ground-based) and line-area (airborne) data are 
nonnegative because lines and areas are obtained by integrating up the appropriate 
point values. 

For many river basins, we have found that the relationship between covariance and 
distance modeled by Eq. (13) is very strong. However, hydrologists at the NWS believe 
that, by including in the covariance function additional geomorphic attributes that help to 
explain differing precipitation and snow melt rates at the sites, the accuracy of the 
covariance estimates will be improved. In this paper, we validate this belief. 

We illustrate alternative models to Eq. (13) that incorporate geomorphic attributes at the 
sites using elevation, aspect, slope, and tree cover as examples of additional site char- 
acteristics that may be modeled. These characteristics were suggested by NWS hydrolo- 
gists as ones that may possibly improve covariance estimates. However, we do not suggest 
that these are the best attributes, nor that they are the only four attributes that may be of 
interest to hydrOlogists. Certainly, other site characteristics not considered here (e.g. 
radiation intensity at the site) could be modeled in a similar fashion and may prove to 
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provide more precise snow water equivalent estimates. In this research, our primary 
objective is to develop alternative positive-definite covariance models that allow hydrol- 
ogists to incorporate geomorphic attributes and to demonstrate that by incorporating one 
or more of these attributes the precision of  the snow water equivalent estimates can be 
improved. Elevation was selected for this study because climatological precipitation gen- 
erally increases with increased elevation (Daly et al., 1994). Slope and aspect were 
selected because local precipitation patterns may differ owing to differences in these 
factors (Daly et al., 1994). Furthermore, sites with similar slopes and aspects tend to 
have similar exposures to solar radiation and, hence, may have similar ablation rates. 
Finally, tree cover was selected because the accumulation and melt rates at a site may 
be influenced by tree canopy. 

For the first alternative model, we let 

1, s=u 
cov[Z(s), Z(u)] = (14) 

A e x p ( - B l i s - u l l - C X l  - D X 2 - E X  3 -FX4),  s =/= u 

where X1 is the absolute value of  the difference in the elevations between sites s and u, X 
2 is the absolute value of the difference in the slopes at sites s and u, X3 is equal to zero if 
tree cover is the same at sites s and u (i.e. if both sites are bare of  trees or both sites are tree 
covered) and is equal to one otherwise, X4 is equal to zero if sites s and u have the same 
aspect (i.e. if both sites are north facing or both sites are east facing, etc.) and is equal to 
one otherwise. The parameters 0 < A --< 1, B > 0, C > 0, D > 0, E > 0, F > 0 are all 
covariance parameters to be estimated. 

As before, it is imperative that Eq. (14) be a positive-definite covariance model. Unlike 
Eq. (13), which is a commonly used positive-definite model in spatial estimation, Eq. (14) 
is not a standard model and must be shown to be positive-definite. (We provide a proof of  
positive-definiteness in Appendix A.) 

As a second alternative model to Eq. (13), we let 

{ 1 ,  s=u  (15) 
cov[Z(s),Z(u)]= e x p ( - B I [ s - u l I - C X I - D X 2 - E X 3 - G X s ) ,  s ~ u 

where X5 is a function of  the absolute difference in the aspects at sites s and u and aspect at 
a site is measured in degrees from due north of  the site. Xs is the smallest angle (in degrees) 
between the two aspects located at s and u. Necessarily then, 0 --< X5 --< 180 °. The 
parameters 0 < A ----- 1, B > 0, C > 0, D > 0, E > 0, G > 0 are all covariance parameters 
to be estimated. 

The models given by Eq. (14) and Eq. (15) differ only in the treatment of  the aspects at the 
two sites. In Eq. (14), we model aspect as a discrete variable; in Eq. (15), it is continuous. 
One can easily prove that Eq. (15) is a positive-definite covariance function using arguments 
similar to those in Appendix A used to show that Eq. (14) is positive-definite. 

4. Application to snow data collected in Idaho 

To illustrate the benefit of  incorporating geomorphic attributes into the covariance 
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Fig. 1. Snow course and SNOTEL sites in and around the North Fork Clearwater  River basin in Idaho. 

function, we provide an example using snow water equivalent data collected in the North 
Fork Clearwater River basin, a major drainage basin in the Columbia River system, 
located in northern Idaho (Fig. 1). The data set used in the analysis consists of  33 years 
of  snow water equivalent data (measured in millimeters). The data were collected on or 
near 1 April for the years 1961-1993 at nine SNOTEL and three snow-course sites in and 
around the basin. No airborne data were available. The locations of  the 12 sites extend 
from 46.48 ° to 47.08°N and from 114.58 ° to 116.34°W. The elevations of  the sites range 
from 938.78 to 1914.14 m, the slopes range from 4% to 24% (where 100% is equal to 45 °) 
the aspects range from 96 ° to 338 ° , and all sites are located in tree-covered areas. (Detailed 
information about each of  the sites is provided in Table 1.) The data are part of  a vastly 
larger data set of  SNOTEL and snow-course snow water equivalent observations main- 
tained by the NRCS that covers much of  the USA. The following example is provided for 
illustrative purposes; the parameter estimates and covariance models selected for these 
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Table 1 
Snow course and SNOTEL site information 

49 

Site name Latitude Longitude Elevation Slope Aspect 
(deg) (deg) (m) (%) (deg) 

1. Pierce Ranger Station 46.50 115.80 938.78 5 302 
2. Sherwin 46.95 1 ! 6.34 975.36 5 157 
3. Cayuse Airstrip 46.67 115.07 1066.80 22 146 
4. Shanghai Summit 46.57 115.74 1392.94 11 302 
5. Lolo Pass 46.63 114.58 1597.15 5 343 
6. Elk Butte 46.84 116.12 1734.31 24 154 
7. Hemlock Butte 46.48 115.63 1770.89 14 338 
8. Hoodoo Creek 46.98 115.02 1798.32 6 123 
9. Crater Meadows 46.56 115.29 1816.61 16 103 
10. Hoodoo Basin 46.98 115.03 1844.04 4 118 
I 1. Lost Lake 47.08 115.96 1862.33 11 96 
12. Cool Creek 46.76 i 15.29 1914.14 14 220 

data are specific to the North Fork  Clearwater  River basin and should not necessarily be 
applied to other basins. However,  the technique used to derive the estimates and to select 
the models  is appropriate for any region. 

First, we estimate the parameters  in Eq. (13), and in modified versions of  Eq. (14) and 
Eq. (15) using a constrained weighted nonlinear least-squares fit (using SAS Institute, Inc. 
(1989) PROC NLIN) of theoretical  covariances to empirical  covariances.  The estimates 
are constrained to be greater than or equal to zero. The weights used are proportional to the 
inverse of  the square of  one minus the covariance function being fitted, as recommended 
by Cressie (1985). Modification of  Eq. (14) and Eq. (15) was necessary because all sites in 
this data set are located in t ree-covered areas and, hence, in this illustration, the relation- 
ship between tree cover and the covariance cannot be determined. Consequently,  tree 
cover  (X3) was el iminated from Eq. (14) and Eq. (15) before the parameters were fitted. 
The parameter  estimates and the residual mean squared error (REMSE) of  fitted 
covariances to empirical  covariances,  for Eqs. (13)-(15) ,  are shown in Table 2. 

It is clear from inspection of  the preceding parameter estimates for Eq. (14) and Eq. (15) 
that (for the North Fork Clearwater  River  basin) it is reasonable to eliminate aspect from 
further consideration. Hence, we now consider  two submodels.  We  define a model  given 
by Eq. (16) to be 

{ 1 ,  s=u (16) 
cov[Z(s),Z(u)]= exp( -Bl[s -u l[ -CXi-DXz) ,  s ~ u 

and a model  given by Eq. (17) to be 

1, S=U 
cov[Z(s),  Z(u)] = (17) 

A exp( -B l~-u l I -CXO,  s ~ u 

Parameter  estimates and the REMSE for these two models  are shown in Table 2. 
Inspection of  the parameter  estimates,  the associated standard deviations (not shown), 

and the REMSE from Eq. (16) and Eq. (17) indicates that, for this river basin, slope does 
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Table 2 

Parameter estimates and REMSE 

Model  A intercept B d is tance  C elevation D slope F aspect G aspect R E M S E  
(equation no.) (X+) (Xs) 

13 0 .82468 0.130023 . . . .  0.26132  

14 0 .99035 0 .00107  0 .00023  0 .00039  0.0 - 0 .11417  

15 0 .99049 0 .00108  0 .00023  0 .00019  - 0.0 0 .11417 

16 0 .99045 0 .00109  0 .00023  0 . 0 0 0 1 6  - - 0 .11419  

17 0 .98994  0 .00110  0 .00023  - - - 0 .11254  

not contribute substantially to the explanation of  covariance. This conclusion is based 
partially on the fact that, even for large values o f X  2 (the maximum in this data set is 20%) 
and for the estimate of D in Eq. (16), differences in slopes affect the covariance estimates 
only slightly. For completeness, at this point we fit two additional models. The first of  
these two models includes distance, X~, and X4; the second includes distance, Xl, and Xs. 
We fit these models to determine if the effect of  aspect would become apparent given that 
X2 is no longer in the model. For these two models, the parameter estimates of  both F and 
G are zero, and our previous conclusion about the effect of  aspect is unaltered. Thus, for 
the North Fork Clearwater River basin, we conclude that, of  the three geomorphic attri- 
butes considered, only elevation contributes substantially to explaining the covariance. 
Hence, we compare the models given by Eq. (13) and Eq. (17) in more detail. 

We first examine the influence of  distance and elevation on the covariance estimates 
obtained from these two models. In Eq. (13), where only distance is considered, the 
estimate of the distance parameter B is 0.00023. Furthermore, for the North Fork 
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Clearwater River basin, the maximum distance between any two ground-based sites is 
nearly 139 km. Hence, we see that in Eq. (13) the covariance estimates are not greatly 
influenced by the distance between the si tes--a conclusion that is illustrated in Fig. 2, 
where we display the relationship between covariance and distance. In this figure, we show 
a graph of covariance vs. distance with the estimated model in Eq. (13) overlaid on the 
plot. In Eq. (17), where distance and elevation are considered, the estimate of the distance 
parameter B is 0.0011, which is nearly five times larger than the estimate of B obtained in 
Eq. (13). Moreover, in Eq. (17), the estimate of B is large enough to make the distance 
between two sites influential in estimating the covariance of the snow water equivalent 
between the sites. The estimate of the elevation parameter C in Eq. (17) is 0.00023, and the 
maximum difference in elevation between two sites in this data set is 975 m. Conse- 
quently, in this river basin, at the extremes of distance and elevation difference, it is the 
elevation difference that has a greater influence on the fitted covariance. 

In Fig. 3, we illustrate the effects of distance and elevation on the covariance estimates 
that are modeled by Eq. (17). In this figure, we again plot the covariances vs. distance. 
However, we divide the covariances into two sets. The first set (represented by plus signs 
in the plot) is the set of pairs of sites whose elevation differences are less than 500 m. The 
second set (represented by circles) is the set of pairs of sites whose elevation differences 
are more than 500 m. We divided the observations in this fashion because 500 m is the 
approximate midpoint between the minimum and maximum difference in elevations. We 
have overlaid two lines on the plot. The continuous line shows the relationship between 
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covariance and distance--estimated in Eq. (17)- -wi th  Xl fixed at 250 m. The dashed line 
shows the relationship between covariance and distance with Xl fixed at 750 m. In one 
case, XI is small, and in the other, it is large. The increased influence of distance in Eq. (17) 
is reflected through the increased slopes of the lines in Fig. 3 as compared with the slope of 
the line in Fig. 2. The effect of elevation can be observed in Fig. 3 by noticing the size of 
the gap between the two lines. 

To select between the models given by Eq. (13) and Eq. (17), we compare the accuracy 
and precision of snow water equivalent estimates obtained when each of the two is used to 
model the covariances. Using each of the fitted covariance functions, we compare the 
closeness of the true values of  snow water equivalent to the estimated values via the cross- 
validation techniques suggested by Cressie (1991, p. 102). Having fitted the covariance 
models using all 33 years of data, we cross-validate the models using data from each of the 
33 years. When we calculate the cross-validation statistics (shown below) for any parti- 
cular year, we use only the data in that particular year in the computations. 

Cross-validation in year t is accomplished by first deleting datum Z(sj) in year t and 
estimating it with Z_l(sj) (based on one of the covariance models of Eq. (13) or Eq. (17) 
and the data in year t after deleting Z(sj)). Next, we compute the associated mean-squared 
prediction error Cr2z_j(sj). We then obtain estimated values of Y (s j) through a trans- 
formation of Z_j(sj) to ~'_j(sj) and obtain estimates of the mean squared prediction 
error of ~r_j(Sj) by transforming 172_j(Sj) to tr2_j(sj). These transformations are shown in 
Eq. (11) and Eq. (12). In Eq. (11) and Eq. (12), we estimated lt(sj) and tr(sj) using the mean 
and standard deviation of the 33 years of  data at site sj. 

Having obtained the estimated values I;'_j(sj) (j = 1 ..... n), we compare the closeness of 
the true values to the estimated values using 

CRV t = (1/n) ~ { [V(s j )  - Y _j(Sj)]/(Yy_j(Sj) } (18a) 
j= l  

CRV 2 = [(l/n) ~ {[Y(sj)- Y_j(sj)]/ar_j(sj)}2] 1/2 
j= l  

(18b) 

and 

CRV 3 = {(l /n)  i [r(sj) - ~'_j(sj)] 2 }1/2 (18c) 
j= l  

In this illustration, there are n = 12 snow course and SNOTEL sites, and the cross- 
validation statistics Eq. (18a), Eq. (18b), and Eq. (18c) are computed twice for each of 
the 33 years, first using Eq. (13) and then using Eq. (17). 

The quantity CRV 1 provides a check of the unbiasedness of the kriging estimator and 
should be approximately zero; CRV2 provides a check on the accuracy of the kriging 
variance and should be approximately unity; CRV3 is a measure of goodness of estimation 
similar to the PRESS statistic often used in regression analysis (Draper and Smith, 1981). 
Small values of CRV3 indicate that, in general, the estimated values are close to the true 
values. For the two models that we are considering, the values of the cross-validation 
statistics are shown in Table 3. 
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Table 3 

Cross-validation statistics (mm) 
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Year Model of Eq. (13) Model of Eq. (17) 

CRVI CRV2 CRV3 CRVj CRV2 CRV3 

1961 0.0034 i .0785 99.239 -0.0384 0.5624 38.130 
1962 0.0354 0.7370 73.001 0.0983 1.1037 55.942 
1963 -0.0438 0.6751 76.909 -0.0065 0.7948 62.246 
1964 0.0572 1.1389 128.574 0.1143 1.1232 80.455 
1965 0.0451 0.4 i 25 56.355 0.0740 0.6130 53.102 
1966 0.0010 0.9340 83.631 -0.0077 1.4149 91.699 
1967 0.0298 0.6137 57.439 0.0573 0.7401 53.002 
1968 -0.0307 1.2143 123.495 -0.0490 1.1360 66.662 
1969 0.0232 0.7360 i 15.959 0.0390 1.3120 127.208 
1970 0.0024 0.8130 83.568 -0.0042 1.7137 118.226 
1971 0.0461 0.8586 102.022 -0.0759 1.0115 82.550 
1972 0.0998 1.1904 129.698 0.0119 1.2589 88.710 
1973 -0.0441 0.4129 44.924 -0.0414 0.6999 47.621 
1974 0.0834 1.0609 164.197 0.0634 1.3441 117.509 
1975 0.0433 0.8811 82.690 0.0746 0.6157 45.859 
1976 0.0429 0.5570 74.222 0.0257 1.0105 68.042 
1977 -0.0570 1.3438 143.103 0.0022 0.7743 54.294 
1978 -0.0188 0.8948 87.898 -0.0238 1.1606 73.276 
1979 0.0026 0.8943 115.995 0.0438 0.8648 68.162 
1980 -0.0216 0.4195 51.920 -0.0275 0.7618 46.323 
1981 -0. i 025 0.6032 82.029 -0.1991 0.9750 72.31 i 
! 982 0.0303 0.4833 58.993 -0.0236 0.7984 51.259 
1983 -0.0280 1.0201 107.776 -0.0461 0.9454 69.433 
1984 -0.0235 0.5644 69.552 -0.0046 0.6866 51.481 
1985 0.0139 0.8915 95.910 0.0275 1.0263 70.175 
1986 -0.0352 0.6678 69.646 -0.0516 0.8159 45.202 
1987 -0.0440 0.6990 78.811 -0.0147 1.0680 84.053 
1988 -0.0335 0.4420 54.766 -0.0184 0.5749 38.876 
1989 0.0115 1.1529 135.479 -0.0064 0.7865 69.381 
1990 -0.0119 0.3839 47.264 -0.0042 0.8470 62.601 
1991 -0.0054 0.9318 132.473 -0.0229 1.2360 101.045 
1992 -0.0610 0.7419 92.773 -0.1818 0.8796 64.611 
1993 -0.0430 0.7086 75.865 -0.0281 0.6619 47.701 
Mean -0.0010 0.7926 90.793 -0.0074 0.9490 68.701 
SD 0.0443 0.2634 30.656 0.0654 0.2727 22.832 

5. Discussion 

As ou r  in i t ia l  gu ide  for  se l ec t ing  b e t w e e n  the  mode l s ,  we  focus  on  C R V 3  b e c a u s e  

th i s  s ta t is t ic  p r o v i d e s  a n  overa l l  m e a s u r e  o f  h o w  c lose  the  e s t ima ted  va lues  are to  the  

t rue  va lues ,  ce r t a in ly  the  m o s t  cr i t ica l  o f  the  th ree  cr i ter ia .  I n spec t ion  o f  T a b l e  3 

r evea l s  that ,  b a s e d  o n  th is  c r i te r ion ,  the  m o d e l  g i v e n  by  Eq.  (17)  is super io r  to tha t  

g i v e n  b y  Eq.  (13).  F o r  27 o f  the  33 years ,  C R V 3  is sma l l e r  w h e n  Eq.  (17) is u sed  to 

e s t i m a t e  the  c o v a r i a n c e s  and,  for  13 o f  the  33 years ,  the  dec rease  exceeds  30%.  T h e  

a v e r a g e  v a l u e  o f  C R V 3  is nea r ly  2 5 %  l o w e r  w h e n  Eq.  (17)  is used.  T h e s e  resu l t s  
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suggest that, by adding the absolute difference in elevations to the distance between the 
sites in the covariance function, we can, in general, improve the precision (sometimes 
considerably) of the estimates of snow water equivalent. Looking at CRVI and CRV2, we 
see that there is some evidence to suggest that the snow water equivalent estimates 
obtained from Eq. (13) are closer to being unbiased than those obtained from Eq. (17) 
and that the variance estimates are more accurately estimated when covariances are 
estimated using Eq. (17). Taking all of these factors into account, Eq. (17) is to be 
preferred for its superior estimates. 

We now explore in more detail the specific circumstances that led, in most years, to the 
lower magnitude of the value of CRV 3 for Eq. (17) when compared with Eq. (13). We 
illustrate this comparison by examining results for 1989, a year in which there was a 
substantial improvement in the accuracy of the estimates when X1 was added to the 
covariance function. As we described above, a weak relationship exists between distance 
and covariance when Eq. (13) is fitted. Because of this weak relationship, the estimates of 
Z(sj),j = 1 ..... 12, are all close to the average of the standardized values (a positive value, 
0.296, for 1989) and, hence, all unstandardized estimates are above their respective means. 
However, of the actual values, only seven of the 12 are above their respective means. 
Hence, for several of the sites, the absolute difference in the observed snow water equiva- 
lent value and the corresponding estimate (i.e. the absolute value of {Y(sj)-  ~'_j(sj)}) is 
rather large. 

When we included Xl in the covariance model, we found that the improved covariance 
estimates allowed more precise estimation of snow water equivalent. As we noted above, 
in Eq. (17), not only is the difference in elevation a useful variable for explaining the 
covariance, but the effect of distance is stronger. By using Eq. (17), we were able to obtain 
more precise snow water equivalent estimates (i.e. smaller absolute values of { Y(sj) - 
~'_j(sj) }) at 11 of the 12 sites. To illustrate the nature of the improvement, let us consider 
Sites 8 and 10. The actual 1 April 1989 snow water equivalent values are below the 
respective means at both of these sites. Moreover, these sites are close to each other in 
both elevation and distance (see Fig. 1). Hence, when we applied Eq. (17) to estimate the 
covariances, each of these sites had a strong influence on the estimate of the other, 
resulting in estimates at both sites that are below their respective means and close to 
the actual values. In the case of Site 8, for example, the snow water equivalent estimate 
obtained using Eq. (17) is 123.61 mm closer to the observed value than the estimate 
obtained using Eq. (13), a striking improvement. 

For completeness, we examined the results from 1990, one of the 6 years where using 
Eq. (17) in place of Eq. (13) did not result in a reduction of CRV3. As before, when Eq. 
(13) was used to model the covariances, all of the 12 values of Z(sj) were near the mean of 
the standardized values (a negative value, -0.281, in 1990). Hence, all of the unstandar- 
dized estimates were below their respective means. However, we did not see an improve- 
ment in the precision of the estimates for this year when we applied Eq. (17). This result 
was due, generally, to the large difference in the actual datum at a particular site being 
estimated and the data at the sites that strongly influenced the kriging estimator. For 
example, the estimated value obtained for Site 12 using Eq. (17) was 36.15 mm further 
below the actual value at this site than the kriging estimate obtained using Eq. (13). This 
result occurred because, for Site 12 in 1990, the actual value is close to the mean. 



s.s. Carroll, N. Cressie/Journal of  Hydrology 190 (1997) 42-59 55 

Moreover, when Eq. (17) was used to estimate the covariances, the sites that had the most 
influence on the snow water equivalent estimate at Site 12 (Sites 9, 10, and 11) all had 
observed values that were well below their respective means. Hence, the estimate at Site 
12 was pulled down, even further than when Eq. (13) was used, by the influence of these 
three sites. This result suggests that, for 1990, the relationship between elevation, distance, 
and snow water equivalent that makes Eq. (17) useful in most years does not exist. When 
we examined the other five anomalous years, we found similar results. In a conversation 
with a Natural Resources Conservation Hydrologist in Idaho, we learned that, according to 
NRCS records, for all six of the anomalous years the snow water equivalent on 1 April in 
the Clearwater River basin was considered to be below normal. In 5 of the 6 years, it was 
substantially below normal. Moreover, in March 1990, the temperatures were higher than 
usual, and the precipitation was low, which could cause unusual melt rates at the sites. 
Although we do not know for certain, it is possible that these effects influenced the results 
for 1990 as well as the other five anomalous years. 

6. Conclusions 

The enormous economic implications of many water-resource management deci- 
sions make it imperative that every effort be made to improve the accuracy of 
extended streamflow predictions and other water-supply forecasts used in the deci- 
sion-making. In this research, we show how the estimates of snow water equivalent 
used to update the hydrologic simulations models that generate water-supply forecasts 
can be made more precise. We illustrate how to modify the covariance model, which 
describes the spatial relationship between the snow water equivalent at any two sites, 
to include factors other than the distance between the sites--in our case, elevation, 
slope, aspect, and tree cover; however, tree cover could not be used in the example 
we provided. By incorporating these factors, the estimates of the covariances that are 
an integral part of the spatial estimation model may be substantially improved. Con- 
sequently, the snow water equivalent estimates and, ultimately, water-resource fore- 
casts are expected to be more precise. 

For the North Fork Clearwater River basin data, the value of CRV3 is reduced (some- 
times by more than half) for all but 6 of 33 years by including in the covariance the 
absolute difference of elevations. Moreover, it is possible that further research may 
uncover additional geomorphic attributes that will be useful in modeling the covariances. 
We want to emphasize that, although slope and aspect did not contribute to improving the 
precision of snow water equivalent for the North Fork Clearwater River data, in other 
basins, these factors may well be useful. Hence, all factors should be considered when 
models are fitted and selected in other basins. 

In the future, we shall continue to improve the spatial estimation model so as to increase 
the precision of snow water equivalent estimates. We intend to investigate how to incor- 
porate satellite snow water equivalent data into the model. Additionally, because the 
National Weather Service obtains snow water equivalent estimates on a weekly basis, 
we shall explore the possibility of combining temporal and spatial information when 
estimates are generated. 
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Appendix  A 

To prove that the model given by Eq. (14) is positive-definite, we view the snow water 
equivalent data as a multivariate spatial process and divide the data into eight categories 
depending on the aspect and tree cover at a site. Category 1 is north facing with tree cover; 
Category 2 is south facing with tree cover; Category 3 is east facing with tree cover; 
Category 4 is west facing with tree cover. Categories 5 - 8  are the same as Categories 1 -4  
except that the sites are bare of  trees. Hence, we let Z~(si) be the (standardized) snow water 
equivalent for the kth category at location s i (k = 1, ...,8; i = 1, ..., n) and recall that n is the 
number of  sample observations. We let Z(s) represent the vector of  dimension eight at site 
s. When defined in this way, the vector Z(s)  will consist of  one snow water equivalent value 
and seven 'missing' values at each site because each site has unique aspect and tree cover. 

Although this is an unusual way to view the data, it allows us to apply the theory 
developed for multivariate spatial modeling to show (as we do below) that Eq. (14) is 
positive-definite. Specifically, the multivariate 
defined by Eq. (14), is 

C(s, u) = c(s, u )M 

where 

c(s, u) =A exp ( - BI[~ - ull - CXl - OX2) 

spatial dependence model o f  Z(s), as 

(Ala)  

(Alb)  

M =  

"1 q q q r t t t -  

q 1 q q t r t t 

q q 1 q t t r t 

q q q 1 t t t r 

r t t t 1 q q q 

t r t t q 1 q q 

t t r t q q 1 q 

t t t r q q q 1 

(Alc)  
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q = e x p ( -  F) < 1 
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(Ald) 

r = e x p ( - E )  < 1 (Ale)  

and t = q.r. The elements of  C(s ,u)  are the covariances of  observations and depend on 
distance, elevations, slopes, tree cover, and aspects. It will be shown below that c(s,u) is a 
valid univariate covariance function and that M is positive-definite; that is, the model 
given by Eq. (Ala) is intrinsically coregionalized (Journel and Huijbregts, 1978; Helter- 
brand and Cressie, 1994) and so is a valid multivariate model. 

To show that c(s,u) is a valid univariate covariance function, we note that it can be 
written as 

c(s, u) = A exp ( - B[[~ - ull)exp( - CXl)exp( - DX2) (A2) 

where each factor is a positive-definite function. Therefore, c(s,u) is said to be separable, 
and Cressie (1991) proved the validity of  separable covariograms. 

We now show that M is positive-definite. First, we write M as a Kronecker product of 
two symmetric, positive-definite matrices; that is, 

Iiqq l 11 lq M= ® 
r q 1 

q q 

(A3) 

Because each matrix in the Kronecker product is positive-definite (we recall 0 < q < 1 and 
0 < r < 1), M is positive-definite (Graybill, 1969). 

The final part of  the proof that establishes the validity of  Eq. (14) comes from observing 
that, for any set of  (8 x 1) non-zero vectors xl  .... ,Xm, Var((Xl'Z(Sl) . . . . .  xm'Z(sm))') is 
an m x m symmetric positive-definite matrix, for any m = 1,2 ..... As a consequence, for 
C(s, u) to be a valid matrix covariance function, it must satisfy the property 

"X 1 'C(sI ,SI )Xl  ... X l 'C($1,sm)xm 

! ". i 

xm'C(sm,S l )Xl  .. .  xm'C(sm,  Sm)X m 

(A4) 

is positive-definite• To show that Eq. (A4) is positive-definite, we write Eq. (A4) as 
X ' ( C * @ M ) X ,  where X is the (8-m) x m matrix whose ith column is 

* ' ' . . , 0 ) ,  0 is an xi =-(0 , . . . , x i  ,. ' ' 8 x 1 vector of  zeros, xi' is in the ith position 
( i = l , . . . , m ) ,  and C* is the m x m matrix whose (i,j)th element is c(si,sj). It is easily 
shown that X'(C* ® M ) X  is positive-definite because both C* and M are positive- 
definite, and X has full rank. 

Now let us consider any l I . . . . .  lm, m >-- 1, and note that Z(si) =Zk(i)(Si) for some k(i) E 
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{1 . . . . .  8} and i = 1 . . . . .  m. Then 

v a t  l iZ(s  i = v a t  i (i)($i 
i= i (A5) 

---- var{ l t[Xl tZ($1) . . . . .  Xm 'Z(Sm)]  t } 

where here xi - (0 . . . . .  I i . . . . . .  0 ) ' ,  li is in the k(i)th position; i = 1 . . . . .  m, and 1 is a vector of  
1 s of  length m. Hence, 

v a t  l iZ(s i  - 1  var [ /1  Z ( S l )  . . . . .  x m Z(s~) ]  1 
i (A6) 

> 0  

because of  the property given by Eq. (A4).  Finally then, w e  are able to conclude that Eq. 
(14) yields a valid covariance model .  
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