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Consider a lattice of locations in one dimension at which data are observed. We model the data as a
random hierarchical process. The hidden process is assumed to have a (prior) distribution that is derived
from a two-state Markov chain. The states correspond to the mean values (high and low) of the observed
data. Conditional on the states, the observations are modelled, for example, as independent Gaussian
random variables with identical variances. In this model, there are four free parameters: the Gaussian
variance, the high and low mean values, and the transition probability in the Markov chain. A parametric
empirical Bayes approach requires estimation of these four parameters from the marginal (unconditional)
distribution of the data and we use the EM-algorithm to do this. From the posterior of the hidden process,
we use simulated annealing to find the maximum a posteriori (MAP) estimate. Using a Gibbs sampler, we
also obtain the maximum marginal posterior probability (MMPP) estimate of the hidden process. We use
these methods to determine where change-points occur in spatial transects through grassland vegetation, a
problem of considerable interest to plant ecologists.
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1. Introduction

Identifying relatively homogenous patches in the environment is an important applied problem
in the ecological literature. There are many different models that ecologists use, but one of the
most prevalent spatial models is that data come from a process composed of relatively homo-
genous patches marked by discontinuity, as opposed to data coming from a process that changes
gradually and continuously. For example, Karieva (1994) talks about `spatial mosaics,'
Thompson et al. (1996) talk about `spatial patchiness,' and homogenous but distinct spatial
patches form part of the models of Tilman (1994), Molofsky (1994), and Fortin (1994). These
are but a few examples. A transect, or a line with samples located on it, is widely used in eco-
logical studies to determine `edges,' which have more frequently been called `change-points' in
the statistical literature (see for example Lombard, 1989). It is usually included in texts on
methods for vegetation sampling (for example Kershaw and Looney, 1985, pp. 29±33). These
edges will identify the different patches in the environment. Numerous statistical analyses of
these transects can be found in the ecological literature, with examples of `edge-detection'
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analyses being found inter alia in Webster (1973), Wierenga et al. (1987), Ludwig and Cornelius
(1987), and OrloÂ ci and OrloÂ ci (1990). These methods generally use a moving window to locate
areas of high variability, which indicates the presence of a change-point. However, we often
wish to do more than estimate the presence of a change-point. We would also like to know
the mean value of the variable that defines a patch, the average size of patches, and so forth,
along with some quantification of our uncertainty about these values. To do this, we would like
to observe and model the complete patch structure. Unfortunately, we often cannot observe the
underlying patch structure because it is hidden by random variation. However, Bayesian image
analysis techniques have been developed for these situations, and in this paper we adapt some
of them to be used on data from a transect through grassland vegetation.

Suppose that the random variables fZi : i � 1; 2; . . . ; ng are used to model spatial data on a
line transect. The data are collected at equally spaced intervals along the line, or, as is often the
case, from equally sized contiguous sample plots. We observe fzig but we wish to make infer-
ence on a hidden process fMig, which is the mean of each of the fzig. In the engineering lit-
erature this is seen as a signal-detection problem, and in image analysis it is called image
restoration. In this paper, we will consider the case where realizations fmig of the hidden
process consist of a two-phase patch work marked by transitions from one phase to the other.
That is ;mi 2 f�; �g, where � < � and the two-phase pattern contains change-points. Here we
define a change-point to be any point along a transect where one mean changes to another, that
is, where mi ÿmi�1 6� 0; i < n. Let

��mi;mi�1� � �mi;mi�1�2
��ÿ ��2 �1�

be an indicator function of a change-point at mi. Then

c�m� �
Xnÿ1

i�1

��mi;mi�1� �2�

is the number of change-points along the transect. In this article, we give parametric empirical
Bayesian methods for determining both the locations and number of change-points based on
noisy data z.

Assume the following model. All random variables Zi are conditionally independently dis-
tributed as g�zi j mi;�, where  contains `nuisance' parameters additional to mi; i � 1; . . . ; n.
Thus, the model density of z given m is

f�z j m;� �
Yn
i�1

g�zi j mi;� �3�

Now suppose that m has a prior distribution,

��m j �� �4�
which in general is not written as a product of individual probabilities. Let � � �0;�0�0 where 
includes the two states � and � and define A � f�; �g. The marginal density of the data z is

h�z j �� �
X
m12A

X
m22A

. . .
X
mn2A

f�z j m;���m j �� �5�
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and hence, marginally, the Z1; . . .Zn are no longer independent. The posterior density of the
image m, given the data, is

p�m j z; �� � f�z j m;���m j ��
h�z j �� �6�

The main problem we wish to address is determining where change-points have occurred in
the unobserved realization of m from the observed realization of z. This is not a new problem; it
arises in image analysis (see, for example, Ripley, 1988, pp. 74±120 or Cressie, 1993, pp. 499±
534), where the Bayesian framework has garnered recent attention (Geman and Geman, 1984;
Besag, 1986; Greig et al., 1989, among others). However, to implement this approach the data
analyst must specify the parameters �. Qian and Titterington (1990, 1991, 1992) developed
methods for estimating � from the data z. In this article, we unite these ideas for estimating
the location of change-points in m. Philosophically, we adopt a parametric empirical Bayes
approach (Morris, 1983). We are primarily interested in inference on m but, rather than
specify �, we obtain an estimate �̂ from h�z j �� given by (5). Notice that our models are very
similar to those of HoÈ gmander and Moller (1995), but they use maximum pseudolikelihood
(Besag, 1974) to estimate � because the marginal distribution h�z j �� is intractable in their
case. Then, we make inference on m from the posterior distribution p�m j z; �̂� given by (6),
using the estimated values �̂. In order to estimate change-points, we shall reconstruct the
whole `image', fmig, and from that determine where change-points have occurred.

There are three main problems to be solved when using the parametric empirical Bayes
approach, as outlined above. The first is obtaining estimates of � from h�z j ��. After describing
the models in Section 2, Section 3 deals with estimation of �, where we use the EM-algorithm to
obtain maximum likelihood estimates from the marginal distribution h�z j ��. In Section 4, we
concentrate on several problems. Once �̂ has been obtained, the second problem concerns the
need to reconstruct the whole image fmigto determine where change-points have occurred. We
use simulated annealing (Geman and Geman, 1984) to obtain the m that maximizes the poster-
ior distribution p�m j z, �̂� (MAP estimate). The third problem is to quantify the uncertainty in
our estimates. For the MAP estimate, we use the Gibbs sampler (Geman and Geman, 1984) to
sample from the posterior distribution, which also yields the maximum marginal posterior prob-
ability (MMPP) estimate, namely the m that minimizes a misclassification loss function. In
Section 5, we use these methods to analyse transect data from grassland vegetation and make
some conclusions in Section 6.

2. Models

We consider several models for g�zi j mi;� in (3), namely Gaussian, Poisson, and binomial
distributions. For the prior (4), we consider the spatial model,

��m j �� � exp�ÿ�c�m��
���� �7�

where recall that c�m� is the number of change-points (2) along the transect and ���� is the
normalizing constant. The prior distribution ��m j �� is both a first-order Markov chain and a
first-order Gibbs chain (Qian and Titterington, 1990). It is a slight generalization of priors
studied by Greig et al. (1989) and Qian and Titterington (1990, 1991), where they use � � 0

Empirical Bayes Change-Point Estimation 249



and � � 1. The parameter � is a `smoothing' parameter that, as � gets larger, puts relatively
more weight on fewer change-points. There are several properties of (7) that we bring together
here in a theorem.

Theorem 1. For the prior distribution ��m j �� given by (7)

(i) The normalizing constant is ���� � 2�exp�ÿ�� � 1�nÿ1

(ii) The number of change-points c�m� is binomially distributed:

f �c�m�� � nÿ 1

c�m�
� �

�c�m��1ÿ ��nÿ1ÿc�m�

where � � exp�ÿ���exp�ÿ�� � 1�.
(iii) The expected number of change-points is �nÿ 1��.

Proof: See Appendix.
The importance of (i), as will be seen below, is that it allows us to obtain the marginal distribu-

tion h�z j �� (5) which is intractable for the two-dimensional case (e.g. HoÈ gmander and Moller,
1995), and so allows us to estimate � with maximum likelihood through the EM-algorithm.

3. Estimating parameters: the EM-algorithm

Qian and Titterington (1990) give an EM-algorithm based on recursion for solving estimation
problems with a Gibbs distribution. Here, we use the more general Monte Carlo methods
described in Qian and Titterington (1991). Estimates of � are obtained from h�z j �� given by
(5), where g�zi j mi;� in (3) could be any of a variety of commonly-used distributions; several
examples are given below.

The EM-algorithm (Dempster et al., 1977) consists of two steps, the E-step (expectation) and
M-step (maximization). Let L��� � ln�f�z j m;�� � ln���m j ���; � � �0; ��0. For the E-step,
compute Emjz;��L���� � lnQ�� j �t� where the expectation is taken with respect to the posterior
distribution p�m j z; �t� from (6) that uses the tth update �t for �. The current estimate of �t is
updated in the M-step. Take �t�1to be the maximum of Q�� j �t� with respect to �. Then return
to the E-step.

3.1 Example 1: Gaussian model

Suppose g�zi j mi;� is Gaussian; that is, Zi � N�mi; �
2�;mi 2 A � f�; �g and � < �. The log-

likelihood is,

L��� � ÿn
2

� �
ln�2��2� ÿ

Xn
i�1

�zi ÿmi�2
2�2

ÿ �
Xnÿ1

i�1

��m1;mi�1� ÿ ln
n

2
�

exp�ÿ�� � �n�1
o

�8�

The maximization step is given first. Differentiating Q�� j �t� with respect to � yields

@Q

@�
� Emjz;�t

Xn
i�1

2�zi ÿ ��I�mi � �t�
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where I��� is the indicator function. Setting this equal to zero, we obtain the estimate

�̂t�1 �
Emjz;�t

Xn
i�1

ziI�mi � �t�

Emjz;�t
Xn
i�1

I�mi � �t�
�9�

with an analogous expression for �̂t�1. In a like manner,

�̂2
t�1 �

Emjz;�t
Xn
i�1

�zi � mi�

n
�10�

where mi 2 f�t; �tg � At. Finally,

�̂t�1 � ln

"�
nÿ 1

Emjz;�t
Xn
i�1

�zi � mi�

�
ÿ 1

#
�11�

Taking the expectations in (9)±(11) looks to be very difficult because they require taking all 2n

possible configurations for m for each summand. However, the Gibbs sampler, as described in
Appendix A.2, allows us to approximate these expectations. Let m

�k�
t � �m�k�1;t ; m

�k�
2;t ; . . . ;m

�k�
n;t�0 be

the kth realization of the posterior distribution p�m j z; �t� using the Gibbs sampler, k � 1; 2;
. . . ; K, based on the current parameter values �t. Let a�m� be some function of m. Then, for
large K,

Emjz;�t
�
a�m�� � 1

K

XK
k�1

a�m�k�t � �12�

(Qian and Titterington, 1991). For example, let a�m� beXn
i�1

ziI�mi � �t�

as in (9). Then, from (12),

Emjz;�t
Xn
i�1

ziI�mi � �t� � 1

K

XK
k�1

Xn
i�1

ziI�m�k�i;t � �t�

so from (9) and (12),

�̂t�1 �

XK
k�1

Xn
i�1

ziI�m�k�i;t � �t�

XK
k�1

Xn
i�1

I�m�k�i;t � �t�
�13�

with an analogous expression for �̂t�1. Likewise, from (10) and (12) we obtain,
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�̂2
t�1 �

1

K

XK
k�1

Xn
i�1

�zi ÿm�k�i;t �2

n
�14�

and from (11) and (12)

�̂t�1 � ln

"� �nÿ 1�KXK
k�1

Xnÿ1

i�1

��m�k�i;t ;m�k�i�1;t�

�
ÿ 1

#
�15�

where recall that ��m�k�i;t ;m�k�i�1;t� is defined by (1)

3.2 Example 2: Poisson and binomial models

Suppose g�zi j mi;� is Poisson; that is, zi � Poi�mi�; where mi 2 A � f�; �g and 0 � � < �.
The log-likelihood is,

L��� � ÿ
Xn
i�1

mi �
Xn
i�1

zi ln�mi� ÿ
Xn
i�1

ln�zi!� ÿ
Xnÿ1

i�1

��mi;mi�1� ÿ ln
n

2
�

exp�ÿ�� � 1
�nÿ1

o
The maximization step is given first. Differentiating Q�� j �t� with respect to � yields

@Q

@�
� Emjz;� ÿ

Xn
i�1

I�mi � �t� � 1

�

Xn
i�1

ziI�mi � �t�
" #

Setting this equal to zero we obtain the estimate (9) for �̂t�1 with an analogous expression for
�̂t�1; for �̂t�1 we also obtain the same estimate (11). The iterative algorithm is similar to
Example 1, where �̂t�1 is the same as in (13) and �̂t�1 is the same as in (15), except now we
simulate m using the Gibbs sampler with a model (3) that is a product of Poisson distributions
rather than Gaussian distributions.

The same methods can be used if g�zi j mi;� has a binomial distribution; that is,
zi � Bin��i;mi�, where mi 2 A � f�; �g; 0 � � < � � 1, and �i is the known sample size. The
iterative algorithm is similar to the Gaussian and Poisson examples, where �̂t�1 is the same as in
(13) with an analogous expression for �̂t�1; for �̂t�1 we also obtain (15). The only difference is
that now we simulate m using the Gibbs sampler with a model (3) that is a product of binomial
distributions.

3.3 Change-points

Once � has been estimated for any of the examples given above, we have an estimate of the
expected number of change-points from Theorem 1(ii) and Theorem 1 (iii),

dc�m� � �nÿ 1� exp�ÿ�̂�
exp�ÿ�̂� � 1

�16�

252 Ver Hoef and Cressie



To estimate where the change-points actually occur requires that we estimate each mithrough
the image restoration techniques outlined in the next section.

4. Image restoration and change-points

After obtaining the estimate �̂, we wish to estimate the realized value m. The first estimate we
consider is the MAP estimate and then we consider the MMPP estimate.

4.1 Maximum a posteriori (MAP) estimates using simulated annealing

The maximum a posteriori (MAP) estimate is the Bayes estimate for a 0±1 loss function, where
the loss is 0 only if the estimated image is exactly the true image, and 1 otherwise. The MAP
estimate is the maximum of p�m j z; �� for all m (Geman and Geman, 1984), and in the context
of unknown � we use p�m j z; �̂�. Thus, a straightforward procedure would be to maximize
p�m j z; �̂� over all 2n possibilities for m, but this is computationally prohibitive if n is even
moderately large, so we propose using simulated annealing (Appendix 1). Simulated annealing
is an iterative process where m is simulated from the rescaled posterior conditional probabil-
ities, and an annealing temperature slowly lets each iteration settle toward the maximum value
of m.

4.2 Maximum marginal posterior probability (MMPP) estimates

Suppose we have the following loss function:

l�m; m̂� �
Xn
i�1

I�mi � m̂i�

where I��� is the indicator function. This loss function counts the number of misclassifications of
mi. The Bayes decision rule is obtained by finding m̂ithat maximizes p�mi j z; �̂� (Abend, 1968).
Using the Gibbs sampler, we obtained 2000 realizations from the posterior distribution
p�m j z; �̂�. After obtaining these samples, we estimated the marginal posterior probability
Pr�mi j z; �̂� for all locations by taking the percentage of times that m̂i � �̂ from the 2000 rea-
lizations. The MMPP estimate is simply: m̂i � �̂ if Pr�mi � � j z; �̂� > 0:5, otherwise m̂i � �̂.

The estimates of Pr�m̂i � �̂ j z; �̂� allow us to assess our confidence in the occurrence of a
change-point for both MAP and MMPP estimation; see the examples in the following section.

5. Estimating change-points in grassland transects

We took a set of data from a 30 m transect of 300 contiguous 10� 10 cm plots that ran through
a chalk grassland in the Gerendal Nature Reserve, The Netherlands. A more complete descrip-
tion of these data may be found in Ver Hoef et al. (1989). Along the 30 m transect, each 50 cm
segment was photographed from ground level through the 10 cm wide strip of vegetation. Each
segment was backed by a white screen with a vertical scale on it. The 60 photographs were each
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digitized, and the computer-based images were used to compute the per cent of non-white
pixels in a vertical column 1.5 m tall by 10 cm wide, making a total of n � 300 observations
on the vegetation density along the transect. The vegetation density data were log-transformed
due to skewness of the data towards large values. The presence/absence of all species was also
recorded in the 10� 10 cm plots, creating a data set for each species of 300 values of 0±1 binary
variables along the transect.

5.1 Gaussian model

For the vegetation density data, a mixture of two Gaussian models is justified after observing a
kernel estimate of the marginal distribution of the data (Fig. 1). An S-plus kernel density func-
tion estimate with a Gaussian kernel and a window of 0.2 was used to obtain Fig. 1. The data
appear to be bimodal, suggesting a mixture of two bell-shaped distributions. From Fig. 1, it
appears that � �� 2:4 (the first peak in Fig. 1) and � �� 2:7 (the second peak in Fig. 1).
After applying the EM-algorithm for Gaussian data, as described in Example 1 of Section 3.1,
we obtained the following estimates: �̂ � 2:285, �̂ � 2:655, �̂2 � 0:03332 and �̂ � 2:678. From
(16), the expected number of change-points is 19.22. Figure 2 shows the convergence of all 4
parameter estimates with each EM-algorithm step, using the Gibbs sampler to compute expec-
tations as described in Section 3. For the Gibbs sampler, after each successive 300 full sweeps
through the data, one realization of the posterior distribution was kept, and K � 200 such rea-
lizations were stored. From these 200 realizations, the expectation in (9) was computed for each
step of the EM-algorithm. Figure 2a shows that the initial estimate for � was 2.4, as guessed
from Fig. 1. Then Fig. 2a shows (13) for t � 0; 1; . . . ; 49 iterations for the EM-algorithm. Figures
2(b±d) shows that the estimates of �; �2, and � had also stabilized by t � 49.

The MAP estimate of m, using simulated annealing as described in Appendix 1, along with
the raw data, are given in Fig. 3. The posterior probability that m̂i � �̂ for each i is also given,
using the Gibbs sampler. In Fig. 3, the fmig and fzig are positioned with respect to the left
ordinate, while the posterior probabilities are positioned with respect to the right ordinate, and
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Figure 1. Kernel density estimation for the vegetation density data using an S-Plus density
function with a Gaussian kernel and window width = 0.2.



the right ordinate is scaled so that its 0 is equal to �̂ of the left ordinate and its 1 is equal to �̂ of
the left ordinate. The posterior probabilities serve to show how `confident' we are that we have
estimated m̂i correctly. Figure 3 shows that the areas where change-points have been estimated
are subject to the most uncertainty. That is, the edges of patches are hard to distinguish exactly.
For example, changing from the first �-patch to the �-patch in Fig. 3, location 40 was estimated
to come from the �-patch, but the marginal posterior probability indicates an only somewhat
smaller probability that it belongs to the �-patch. Thus, we are not very certain that the
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Figure 2. Iteration values from EM-algorithm for vegetation density data, Example 1. (A) �̂t, (B)
�̂t, (C) �̂2

t , and (D) �̂t; t � 0; 1; 2; . . . ; 49.



256 Ver Hoef and Cressie

Figure 3. MAP estimates (+) and marginal posterior probabilities �Pr�mi � � j z�� for vegetation
density data, Example 1. Observed data }. The MAP estimate is shown (+), and the MMPP
estimate is mi � �̂ if the marginal posterior probability at transect location i is greater than 0.5,
otherwise mi � �̂.



change-point should occur at location 40 or location 41. Note that �̂ � 2:678 is quite large,
putting a strong emphasis on large patches with few change-points. Therefore, location 53
with a value of 2.27 was estimated to come from a patch with mean �̂ � 2:655, rather than
one with a mean �̂ � 2:285, because it was surrounded by neighbours with large values. Other
similar examples are seen in Fig. 3. Also note that location 181 was estimated to have mean
m̂i � �̂, but from the Gibbs sampler the posterior probability is less than 0.5 that m̂i � �̂.

The MMPP estimate of m can be determined from Fig. 3 as well. The marginal posterior
probability that m̂i � �̂ for each i is given, so whenever it is > 0.5, the MMPP estimate is
mi � �̂. It is interesting to compare the MMPP estimate to the MAP estimate. The MMPP
estimate is, for this example, the same as the MAP estimate except at location 181. This inter-
esting difference is due to the different loss functions. The MAP estimate is the single best
estimate, for which location 181 was estimated to be �̂. However, there may be many other
estimates with relatively high probability that show up in the sample from the Gibbs sampler,
the ensemble of which makes location 181 more likely to be �̂.
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Figure 4. Iteration values from EM-algorithm for Festuca rubra presence/absence data, Example
2. (A) �̂t, (B) �̂t, and (C) �̂t; t � 0; 1; 2; . . . ; 69.



5.2 Binary model

As another example, we examine the presence/absence of Festuca rubra; that is, the data are
binary 0±1. Here, we have a binomial model for the data, with all sample sizes f�ig equal to 1.
Figure 4 shows the stages in the EM-algorithm as described in Section 3.2 and the stabilization
of the parameter estimates. The final estimates were �̂ � 0:182, �̂ � 0:635, and �̂ � 3:375.

The MAP estimate of m, using simulated annealing as described in Appendix 1, along with
the raw data, are given in Fig. 5. The posterior probability that m̂i � �̂ for each i is also given.
Figure 5 is similar to Fig. 3; the fmig and fzig are positioned with respect to the left ordinate,
while the marginal posterior probabilities are positioned with respect to the right ordinate, and
the right ordinate is scaled so that its 0 is equal to �̂ of the left ordinate and its 1 is equal to �̂ of
the left ordinate. Figure 5 shows where change-points have been estimated and their uncer-
tainty. Notice for example, that beginning around plot 130, there is a cluster of 0's. However,
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Figure 5. MAP estimates and marginal posterior probabilities �Pr�mi � � j z�� � � � for vegetation
density data, Example 2. Observed data, �}�. The MAP estimate is shown (+), and the MMPP
estimate is m̂i � �̂ if the marginal posterior probability at transect location i is greater than 0.5,
otherwise m̂i � �̂.



because of the rather large value of �, the mis estimated for these locations are �̂, but there is
considerable uncertainty about these estimates. Other instances can be seen along the transect.

The MMPP estimate of m can be determined from Fig. 5 as well. The marginal posterior
probability that m̂i � �̂ for each i is given, so whenever it is > 0:5, the MMPP estimate is
mi � �̂. In contrast to the previous example, the MMPP estimate for this example creates 4
new change-points in the area between location 190 and location 200. Here some marginal pos-
terior probabilities that m̂i � � are greater than 0.5, but the MAP estimate classifies these
estimates as m̂i � �.

6. Extensions to multiple patch values

It is possible to extend the methods outlined in the paper to the case where the patches take on
more than two values, e.g., A � f�1; �2; . . . ; �pg. We note that (1) is simply
��mi;mi�1� � I�mi 6� mi�1�, an indicator function. As long as the probability of the prior
remains a function of only the number of change-points, and not the actual values within the
patches, the normalizing constant becomes

���� � p��pÿ 1� exp�ÿ�� � 1
�nÿ1

see the proof to Theorem 1 in the Appendix. The last term of the likelihood (8) now becomes
lnfp��pÿ 1� exp�ÿ�� � 1�nÿ1g, so the estimates (9) and (10) do not change for the EM-algo-
rithm, but the estimator for � becomes
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Figure 6. Convergence for the Gibbs sampler for location 87 in Fig 3. 5000 full sweeps of the data
were grouped into batches of 50, and the proportion of samples that were estimated to be �̂ were
plotted.



�̂t�1 � ln�pÿ 1� � ln

"�
nÿ 1

Emjz;�t
Xnÿ1

i�1

��mi;mi�1�

�
ÿ 1

#

in the EM-algorithm. Also, simulated annealing and the Gibbs sampler can easily accommodate
more than 2 states (see for example Cressie, 1991, p. 512); thus we still have all the techniques
to carry out our analysis.

7. Conclusions

The methods outlined in this paper were useful in estimating where change-points occur in
grassland transects. The EM-algorithm was successfully used for Gaussian and binomial
models. The parametric empirical Bayes approach has an advantage over the moving-window
methods mentioned in the introduction because here we do more than estimation; that is,
through the posterior distribution we attach some uncertainty to our assessment of where a
change-point occurs. We used two methods, MAP and MMPP estimation, for reconstructing
the hidden process. Both methods are computationally intensive; the MAP estimate uses simu-
lated annealing and MMPP uses the Gibbs sampler. Both methods gave similar results. For
ecologists, the choice of the method depends on which loss function is most relevant. In
general, the MAP estimate looks for a global solution and tends to be smoother (fewer
change-points, as in the binary example), while the MMPP estimate looks locally. It seems ecol-
ogists will generally be looking for the single best `image', rather than minimizing misclassifica-
tion. For these reasons, we think that MAP estimation will generally be preferred over MMPP
estimation; however, HoÈ gmander and Moller (1995) prefer MMPP. Ultimately, the choice
belongs to the investigator and, using our approach, it is possible to obtain both estimates.
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APPENDIX

A.1 Proof of Theorem 1

To prove (i), notice that the probability ��m j �� does not depend on the values of � and �, only
on their pattern, which is evident from (7). For any given number of change-points c�m�, there

nÿ 1

c�m�
� �

different ways to get c�m� change-points, each with an equal probability. For fixed locations of
change-points, all � can be swapped with � without changing the probability, so that there are

2
Xnÿ1

c�m��0

nÿ 1

c�m�
� �

� 2n

different patterns for m, and

���� � 2
Xnÿ1

c�m��0

nÿ 1

c�m�
� �

exp
�ÿ �c�m�� � 2 exp�ÿ�� � 1

�nÿ1

To prove (ii), note that the probability for the number of change-points is

2 nÿ1
c�m�
� �

exp
�ÿ �c�m��

2
�

exp�ÿ�� � 1
�nÿ1

� nÿ 1

c�m�
� �

�c�m��1ÿ ��nÿ1ÿc�m�

where � � eÿ�=�eÿ� � 1�.
Result (iii) follows immediately from (ii).
For the case where we have multiple patch values A � f�1; �2; . . . ; �pg, we have a slight

modification to the proof of Theorem 1(i). Again, fix the number of change-points as c�m�.
Then there are p choices for all mi before the first change-point, and pÿ 1 choices for all mi

between each successive change-point. Thus, there are

p
Xnÿ1

c�m��0

nÿ 1

c�m�
� �

�pÿ 1�c�m� � pn

possibilities. Then,

���� � p
Xnÿ1

c�m��0

nÿ 1

c�m�
� ���pÿ 1�eÿ��c�m� � p��pÿ 1� exp�ÿ�� � 1

�nÿ1
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A.2 Simulated annealing and Gibbs sampler

Here we give the details of simulated annealing and the Gibbs sampler for the models presen-
ted in this paper. Define the joint conditional probability distribution,

pT �m j z; �t� �
�
!�T ��ÿ1�

p�m j z; �t��1=T
where it is possible that T is a function, i.e. for simulated annealing, T ! 0; and !�T � is a
normalizing constant that ensures that pT �m j z; �t� is a probability. For our purposes here, �t

does not change; however, we retain the superscript on �t for notational consistency with earlier
sections. We use the Gibbs sampler in the EM-algorithm and �t changes with each EM-itera-
tion, but for simulated annealing we use �t � �̂ as estimated by the EM-algorithm. Now,
because p�m j z; �t� is a Markov chain, this implies that pT �m j z; �t� is also a Markov chain
(Geman and Geman, 1984). Begin with initial estimates m̂i;t;r; i � 1; 2; . . . ; n, (such as taking
m̂i;t;rto be either �̂ or �̂ randomly with equal probability). Let r denote the rth iteration con-
sisting of simulating fm̂i;t;rg using parameter �t. Notice again we retain t in the subscript to be
consistent with earlier notation, although here t does not change. To simulate a realization from
pT �m j z; �t�, all n sites are visited repeatedly in a fixed order, here i � 1; 2; :::; n. Then,
m̂i;t;r; i > 1 and i < n, is chosen to be �̂ with probability,

pT � g�m̂i;t;r � �̂ j m̂iÿ1;t;r; m̂i�1;t;rÿ1; zi� � �p��1=T
�p��1=T � �p��1=T

where p� � g�zi j m̂i;t;r � �̂���m̂i;t;r � �̂ j m̂iÿ1;t;r; m̂i�1;t;rÿ1� and p� � g�zi j m̂i;t;r � �̂���m̂i;t;r

� �̂ j m̂iÿ1;t;r; m̂i�1;t;rÿ1�. Obviously pT �m̂i;t;r � �̂ j m̂iÿ1;t;r; m̂i�1;t;rÿ1; zi� � 1ÿ pT �m̂i;t;r � �̂ j
m̂iÿ1;t;r; m̂i�1;t;rÿ1; zi�. For i � 1 or i � n, this formula is modified in an obvious way. Iterating
produces a series of estimates m̂t;0; m̂t;1; . . . ; m̂t;R, where the iteration is stopped at step R and
m̂t;r�m̂1;t;r; m̂2;t;r; . . . ; m̂n;t;r�0.

Simulated annealing takes T to be a function T �r�, called the annealing schedule, which deter-
mines the rate at which T �r� approaches zero. As T ! 0; pT �m j z; �t� becomes concentrated on
the MAP estimate m̂ (Geman and Geman 1984). Note that we hold T �r� constant for a whole
sweep of the data; that is, T �r� changes only when we start a new iteration at m̂1;t;r. With an
appropriate annealing schedule, m̂t;r converges to the MAP estimator as r!1. Geman and
Geman (1984) show that theoretically a log annealing schedule T �r� � = ln r achieves conver-
gence, where  is a tuning constant, suggested to be either 3 or 4. However, this converges very
slowly, so we used a linear annealing schedule, T �r� � =r with  � 2000 for Gaussian data and
 � 10 000 for Bernoulli data (obtained by trial and error). There is some risk that the algorithm
may get caught in a local maximum; the faster the annealing schedule, the more the algorithm
resembles the iterated conditional modes algorithm of Besag (1986). In our version, we still
have the opportunity of avoiding some local entrapment, a feature that we like. The algorithm
was terminated when 10 subsequent full sweeps of the data produced no further changes, which
usually occurred at r � 20 000 full sweeps through the data.

The Gibbs sampler is identical to simulated annealing, except T �r� � 1 for all r. We started
m̂t;0 with components randomly assigned �̂ or �̂, and let the algorithm run until r � 300, and
took this, m̂t;300, to be one realization of the Gibbs sampler, call it m̂

�1�
t . We obtained multiple

realizations by repeating this process to obtain m̂
�1�
t ; m̂

�2�
t ; . . . ; %̂m

�K�
t up to K � 2000.
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A.3 Convergence of simulated annealing and Gibbs sampler

To assess convergence of simulated annealing, we restarted the procedure about 30 times. In a
large majority of cases, we obtained the results that are given in the text. Occasionally, we
obtained other estimates, but we simply observed that the posterior distribution evaluated at
those estimates was less than the one given so we could discard them as not being maximum.
However, it is theoretically possible that we have only attained a broad local maximum and
missed a very narrow global maximum.

For the Gibbs sampler, we note that there are two main problems. One is the `burn-in' period.
For example, see the `witch's hat' distribution (Tanner, 1993, p. 115). Secondly, there may be
multiple modes in the distribution, and it may be difficult for the Gibbs sampler to move easily
among modes and give a representative sample from the posterior distribution if the sampler is too
short. Because we had so many parameters (300), we did not use the more elaborate techniques
(see Gelman and Rubin, 1992, and Geyer, 1992, and the following discussion), but simply
observed individual estimates through time. For example, consider location 87 from Fig. 3,
which may exhibit multimodality of the posterior because some samples (� 70%) had location
87 as �̂ while other samples (� 30%) had it as �̂. Figure 6 shows one long Gibbs sampler for
location 87 with 5000 full sweeps through the data. Then, in batches of 50, we computed the
number of times that the estimate was �̂. Notice that it seems to be `burned-in' after 100 full
sweeps through the data. It is also interesting to note that at around simulation 2700 (batch 54),
the parameter is largely estimated to be �̂, but only 100 sweeps later (batch 56) it is mostly esti-
mated to be �̂. This demonstrates that, for this model, it can swing rather quickly to sample from
different modes. We made plots similar to Fig. 6 for many of the parameters and determined that
it was safe to accept a sample after a `burn-in' period of 300 sweeps. To ensure independence of
samples, we then restarted the Gibbs sampler from random starting points.
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