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Discussion 5
Repeated Games & Evolutionary Game Theory

1 Key Concepts

• This week we studied two setups that examine the robustness of Nash equilibria as a

prediction for how games are played: repeated games and evolutionary game theory.

• Repeated games: In many games, as in the prisoner’s dilemma, the Nash equilibrium

very strongly predicts that players will defect on each other; however, we see people

cooperating to get better outcomes all the time:

– If people interact multiple times, can cooperation be sustained in equilibrium? -

Yes, if players value enough future payments.

– Can cooperation be sustained using credible threats only? - Yes there are SPNE’s

where players cooperate all the time in the equilibrium path. However, this is for

a smaller set of parameters.

• When games are repeated an infinite number of periods, we adopt the following utility

for any strategy profile:

U(α) = (1− δ)
∞∑
t=0

δtut(α)

where ut is the per-period utility derived according the the strategy profile α. If the

per-period payoff is constant, say to x, then U(α) = x.

• Evolutionary Game Theory: One of the necessary conditions for the Nash Equi-

librium to be a good predictor is the assumption that players are rational. However,

we often see people not acting according to what the NE dictates.

– If players are simple organisms that adopt simple strategies, will players converge

to a Nash Equilibria? - It depends. Only to Nash Equilibria that are Evolutionary

Stable Strategies (ESS).

• Definition: In a symmetric game, a (possibly mixed) strategy, α∗, is an ESS if:

1. The profile (α∗, α∗) is a Nash Equilibrium. I.e. u(α∗, α∗) ≥ u(β, α∗) for every

mixed strategy β 6= α∗.

2. u(α∗, β) > u(β, β) for any β 6= α∗ that is also a best response to α∗.

• Remark if a strategy α∗ is a strict NE, by definition, there is no strategy β 6= α∗ that

is a best response to α∗. Therefore, the second condition is trivially satisfied and so

the strategy is an ESS.
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2 Practice Problems

Repeated Games

1. * Consider the following two-player game that is played repeatedly for T periods.

Notice that players can cooperate (C) and have a large payoff, but the profile (C,C) is

not a NE of the static game.

1

2

C W P

C 3, 3 2, 1 −2, 4

W 1, 2 1, 1 −1, 3

P 4,−2 3,−1 0, 0

(a) * Suppose T = 2. How many information sets will each player have?1

(b) Suppose we want to sustain cooperation in the equilibrium path. Consider the

next 3 strategies and represent each of them with an automaton diagram:

i. * A grim trigger strategy where the player starts playing C and continues to

do so unless someone deviates to any other strategy. If a deviation occurs,

the player punishes forever.

ii. * A grim trigger strategy with a warning phase where the player plays C and

continues to do so unless someone deviates. If a deviation occurs, she warns

the other player (by playing W ). If the other player also plays W she goes

back to the cooperating state, otherwise she punishes forever.

1This shows that strategies can grow increasingly complicated really fast in dynamic games.
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iii. A tit-for-tat strategy where the player starts playing C and imitates anything

that the other player does to her.

(c) * Suppose all of these strategies can be sustained as a Nash Equilibrium (for some

value of δ). How are they similar, how are they different?

(d) * Find the values of δ for which each of these strategies is a NE.

(e) * Find the values of δ for which each of these strategies is a SPNE.

(f) Compare your results for each strategy
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2. Consider the following two-player game:

1

2

A B C

A 1, 1 5, 1 1, 0

B 1, 5 4, 4 0, 0

C 0, 1 0, 0 0, 0

(a) Show that (A,A) is a NE if the game is played once.

(b) Represent by an automaton the strategy that always plays A regardless of any

deviation.

(c) Show that the previous strategy is both a NE and a SPNE for any value of δ.

(d) Consider the grim trigger strategy that starts playing B and continues to play B

unless there is any deviation. If a deviation occurs, the player punishes forever

by playing C.

i. Represent the strategy by an automaton diagram

ii. Find the values of δ for which both players playing this strategy is a NE.
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iii. Show that there are no values of δ for which both agents playing this strategy

is a SPNE

(e) Answer questions (i)-(iii) for the grim trigger strategy that starts by playing B

and continues to play B unless there is any deviation. If a deviation occurs, the

player punishes forever by playing A.

Evolutionary Game Theory

3. * Show that a strictly dominated strategy cannot be an ESS

4. * Can a weakly dominated strategy be an ESS if it is part of a Nash equilibrium?

5. * Consider the following game played by plants. They can choose how tall to grow,

and thus how much sun to capture. Large and extra large plants block all the sun

to smaller plants, but medium plants help small plants to not be burned by the sun.

Finally, growing too tall is expensive for plants:

(a) * Find all the ESSs in pure strategies.
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1

2

S M L XL

S 3, 3 8, 5 0, 3 0, 1

M 5, 8 5, 5 0, 3 0, 1

L 3, 0 3, 0 3, 3 0, 1

XL 1, 0 1, 0 1, 0 1, 1

(b) * Consider the mixed strategy NE that randomizes between L and XL. Using a

fitness diagram show that it is not an ESS.

(c) * Consider the mixed strategy NE that randomizes between S and M . Show that

it is an ESS.

6. Construct a symmetric two-player game where each player has two strategies, and

there is a mixed strategy NE that is not an ESS.

7. For the game described in (2) assume it is repeated thrice and δ = 1, show that the

strategy in (d) is an ESS against the strategies in (b) and (c).
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