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Introduction
We depart from the geodesic tractography problem in
diffusion MRI, in which tentative tracks are given by
geodesics in a Riemannian metric space, where the met-
ric is coupled to the DTI tensor. Geodesics x= x(t) in this
space are governed by the geodesic equations [2, 3]
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We address the stability of such geodesics in the sense of
robustness to generic perturbations of their boundary or
initial conditions, e.g. ( x̄0, x̄T )=(x0, xT )+ε(z0, zT ) for small
epsilon 0<ε�1.

Theory
The perturbations of the boundary conditions, z0, zT , in-
duce deviations along the whole (unperturbed) geodesic
x(t) according to the geodesic deviation equation
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The solution z= z(t) describes the evolution of the devi-
ation along the whole geodesic and can be analytically
computed in terms of product integrals [1] leading to a
computationally efficient solution scheme.

Then consider the perturbations in the boundary con-
ditions z0, zT not to be fixed, but random variables with
densities fz0

, fzT
, the deviation vector z(t) also becomes a

random variable with density fz . By considering only the
components of z(t) which are normal to geodesic x(t)
(perturbations in longitudinal direction are irrelevant),
we construct geodesic tubes from their densities as

Tube(x ,β) =
⋃

t∈[0,T]

{x(t) +ηz : fz⊥(t)(z) = β} . (3)

A tube is then a volumetric region constructed by con-
catenating level sets of the normal projection of the devi-
ation vector. It captures the uncertainty of geodesic x(t)
under perturbations of its boundary or initial conditions.

Experiments
Fig. 1 illustrates the construction of geodesic tubes for
two arbitrarily chosen, unperturbed geodesics, in rela-
tion to explicitly computed neighbouring geodesics (from

explicitly perturbed endpoints). The geodesic tubes en-
close most of the perturbed geodesics, except for a few in
the bottom right illustration. There we notice perturbed
geodesic curves running (partly) outside of the tube, but
upon closer inspection we find that these curves have
boundary values z0, zT , fairly distant from x0, xT . It it no
surprise then, that the first order approximation under-
lying the geodesic tube ceases to be valid.

Figure 1: Left: In red, two arbitrarily chosen geodesics be-
tween a seedpoint in the brain stem and a target in the precen-
tral gyrus; two regions connected by the Cortico Spinal Tract
(CST). In translucent blue, the associated geodesic tubes, cf.
equation (3). Right: In green, 40 perturbed geodesics in the
vicinity of the original, unperturbed geodesics.

Discussion
Our experiments indicate that the computation of
geodesic tubes may indeed be a feasible strategy, pro-
viding both an estimation of the uncertainty for any
geodesic as well as a dimensionality reduction principle
for handling massive bundles of geodesics, as long as
perturbations remain sufficiently small.
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