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In the analysis of spatial data, it is common to predict a spatial exceedance and its associated exceedance
region. This is scientifically important, because unusual events tend to strongly affect the environment. We
use classes of loss functions based on image metrics (e.g., Baddeley’s loss function) to predict the spatial-
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methodology is applied to a spatial data set of temperature change over the Americas.
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1. INTRODUCTION

In many scientific disciplines, prediction of a spatial quan-
tile and its associated exceedance region is an important, yet
difficult problem. Here the spatial quantile is defined as the in-
verse of the spatial cumulative distribution function (SCDF; see
Lahiri, Kaiser, Cressie, and Hsu 1999) of a spatial process at a
given quantile α; values of α near 0 and near 1 are of particular
interest. The associated exceedance region is a collection of lo-
cations in which the spatial process has values above the corre-
sponding spatial quantile. Joint prediction of the spatial quantile
and its exceedance region involves not only the tail of a distri-
bution of values, but also a highly nonlinear spatial functional
of the tail. When spatial-prediction methods, such as kriging,
are used to predict the spatial quantile and the exceedance re-
gion, the result can be severely significantly biased because of
the underdispersion of the kriging predictor.

The question of climate change has environmental, political,
and economic facets; its study is of great interest to the sci-
entific community, to policy makers, and to the general pub-
lic (Intergovernmental Panel on Climate Change 2001). Ulti-
mately, to understand the processes affecting climate, we need
to collect and analyze data that give accurate information on
the current state of the climate. In the example given in this ar-
ticle, the “data” that we use are the gridded temperatures of the
Climate System Model (CSM) from the National Center for At-
mospheric Research. We analyze temperature change between
the 1980s and 1990s by estimating different upper spatial quan-
tiles of this change, and for each quantile, we jointly predict the
corresponding exceedance regions of the Americas in which the
temperature change exceeds it. A key advantage to using this
data set is that this is computer model output for which we know
the “truth.” After injecting “noise” and “missingness” into the
system, we can validate our methodology. Our approach also

can be applied to studies of risk and environmental remedia-
tion, which often involve the modeling of spatial processes and
prediction of exceedances.

A natural way to predict the spatial quantile and the associ-
ated exceedance region of a hidden geostatistical process is to
predict the process of interest and then draw inference about
the exceedance region from these predictions. Cressie, Stern,
and Wright (2000) and Wright, Stern, and Cressie (2003) de-
veloped a weighted ranks squared error loss function (WRSEL)
for spatial processes on a lattice (where the index set was finite),
based on the order statistics of the observed process of interest,
to avoid the underdispersion of predictors based on the usual
squared-error loss. Craigmile, Cressie, Santner, and Rao (2006)
extended the WRSEL to geostatistical processes (where the in-
dex set is uncountable), defining the integrated weighted quan-
tile squared error loss (IWQSEL), which assigns more weight
to values of the hidden spatial process that are extreme. The
averaged spatial cumulative distribution function (ACDF) of
the hidden geostatistical process was used to define what “ex-
treme” means in this context. Aldworth and Cressie (2003) pro-
posed covariance matching constrained kriging (CMCK), in
which constraints are added to the standard kriging equations
to match the covariance matrices of a vector of linear predictors
and the corresponding predictands. Exceedance regions can be
estimated for each of the aforementioned methods by plugging
in the predictor, which is clearly suboptimal. Patil and Taillie
(2004) treated the spatial upper-level set (ULS) above a certain
threshold as an unknown parameter. They estimated the ULS
using an exhaustive search in a subspace constructed by scan
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LOSS FUNCTIONS FOR EXCEEDANCES 217

statistics that maximize the likelihood, and then tested where
the estimated ULS is statistically significant. The independence
assumption is made to allow estimation of the ULS, which is
in contrast to the usual spatial dependence assumed in classical
geostatistical models.

In this article we assume noisy data behind which lies a hid-
den geostatistical process. We use loss functions to predict the
spatial quantile and the exceedance region through a hierarchi-
cal spatial model. We use metrics for images as a loss function
for predicting the spatial exceedance region. In areas of im-
age classification and recognition, the most commonly used im-
age metric—Baddeley’s metric—is used as a loss function (see,
e.g., Frigessi and Rue 1997; Rue and Syversveen 1998; Rue
and Hurn 1999; Rue 1999; Celeux, Hurn, and Robert 2000). To
jointly predict the spatial quantile and exceedance region, we
use Baddeley’s metric as a component of a loss function.

The article is organized as follows. Section 2 defines a class
of losses for prediction of exceedance regions based on met-
rics for binary images. Section 3 presents a combined loss for
joint prediction of the spatial quantile and the associated ex-
ceedance region. Section 4 examines the performance of the
proposed losses through simulation studies; a side study also
is presented that demonstrates how calibration quantities are
chosen. Section 5 applies the methodology to a climate data
set generated from the CSM of the National Center for At-
mospheric Research. Our goal is to detect spatial regions with
extremely positive decadal temperature change over the Amer-
icas (e.g., Shen, Huang, and Cressie 2002). Section 6 presents
a discussion and conclusions. The Appendix provides proofs of
our results.

2. PREDICTION OF SPATIAL EXCEEDANCE
REGIONS USING IMAGE METRICS

Let Y(·) ≡ {Y(s) : s ∈ D ⊂ R
d} be a hidden geostatistical

process of interest. Define the process Z(·) of observed and po-
tentially observed values,

Z(s) = Y(s) + ε(s), s ∈ D, (1)

where ε(·) is a measurement error process that is a white noise
process with mean 0 and variance σ 2

ε . We also assume that ε(·)
is independent of Y(·). We decompose the hidden process Y(·)
into

Y(s) = μ(s) + δ(s), s ∈ D, (2)

where μ(·) models the large-scale, deterministic mean structure
(spatial trend) and δ(·) is a mean-0, stationary, spatial stochastic
process that models small-scale structures. We assume that the
spatial trend follows the linear model given by μ(s) = x(s)Tβ ,
where x(s) ≡ (x1(s), . . . , xp(s))T is a collection of known co-
variates at location s and β ∈ R

p is the spatial-trend parameter.
The small-scale process δ(·) is a second-order stationary spatial
process that satisfies

E[δ(s)] = 0 and cov[δ(s), δ(s′)] ≡ Cη(s − s′), (3)

where Cη(·) is a parametric covariance function of δ(·) [equiva-
lently, of Y(·)] with spatial-covariance parameter η; for exam-
ple, η ≡ (σ 2, r)T , where σ 2 and r are the partial sill and scale

parameter. Let φ ≡ (βT , σ 2
ε ,ηT)T be the parameters that char-

acterize the hierarchical model in (1) and (2).
In this article, we take an empirical Bayesian approach. The

difference between an empirical Bayesian approach and a fully
Bayesian approach lies in the treatment of parameters in the
final stage of a hierarchical model. Both approaches partition
variability into that due to the measurement process and that
due to the hidden (here, spatial) environmental process, and
both approaches look to the posterior distribution of the hidden
process, given the data, for inference. In the empirical Bayesian
approach, that posterior distribution is conditional on unknown
parameters, and in practice, they are estimated from the data.
This final step of substituting in estimates can lead to posterior
credible intervals that are too narrow, for example; however in
general, the posterior mean is scarcely affected. In our case we
are making inference on spatial quantiles and exceedance re-
gions. For the fully Bayesian approach, the posterior distribu-
tion involves further averaging of the posterior used in the em-
pirical Bayesian approach, averaged with respect to the prior
distribution. The result is a smoother posterior and smaller ex-
ceedance regions. Thus the empirical Bayes approach for pre-
dicting unusual levels and regions tends to alert us to hotspots
more often, which we view as a positive.

Suppose henceforth that we have n observations Z ≡ (Z(s1),

. . . ,Z(sn))
T at a collection of observation sites, B ≡ {s1, . . . ,

sn} ⊂ D. A problem of interest is to use Z to predict the ex-
ceedance region of the hidden process Y(·),

eY
K ≡ {

s ∈ D : I(Y(s) > K) = 1
}
, (4)

above a threshold value K. There is also an analogous problem
in which we wish to predict the region below a threshold; the
development that follows can be easily adapted to that case.

There is a natural link between exceedance regions of a geo-
statistical process and a binary image. A binary image is a func-
tion f : D → {0,1}. It is in 1–1 correspondence with its fore-
ground set,

ef ≡ {s ∈ D : f (s) = 1}. (5)

If we apply the thresholding function f (s) = I(Y(s) > K) in (4)
to each location s in D, then we obtain a binary image with
foreground set given by the exceedance set (4). Let � = 2D

denote the set of all possible exceedance sets in D.

2.1 Image Metrics and the Resulting Predictor

The link between spatial exceedance regions and binary im-
ages motivates us to use image metrics as loss functions to pre-
dict the exceedance region. A loss function, L(θ,a), is a real-
valued function defined for all (θ,a) ∈ � × A, where � is the
parameter space and A is an action space that contains the pa-
rameter space; L is bounded below by 0 and L(θ, θ) = 0. In our
setting we are interested in predicting the exceedance region
θ = eY

K using the predictor a = ê. We have � = A = �, the set
of all possible exceedance sets in D.

Metrics for binary images are usually defined through fore-
grounds (because there is a 1–1 map between a binary image
and the corresponding foreground). Let ρ be a metric for bi-
nary images, where ρ is a function mapping from � × � to
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218 JIAN ZHANG, PETER F. CRAIGMILE, AND NOEL CRESSIE

R
+ ≡ {x : x ≥ 0}. Because metrics for binary images are de-

fined on � × � and satisfy the regularity conditions for loss
functions, they can be used as a loss function for prediction of
the exceedance region defined by (4).

A metric (or distance function) on a set S is a function
ρ :S × S → R

+, where for all s1, s2, and s3 in S , ρ satisfies
the following:

1. ρ(s1, s2) ≥ 0 (nonnegativity), and ρ(s1, s2) = 0 if s1 = s2
2. ρ(s1, s2) = ρ(s2, s1) (symmetry)
3. ρ(s1, s3) ≤ ρ(s1, s2) + ρ(s2, s3) (triangle inequality).

An example of a metric for binary images is Baddeley’s
metric (Baddeley 1992), which measures the discrepancy be-
tween two binary images through their corresponding fore-
grounds. Baddeley’s metric has been applied to image classi-
fication problems (see, e.g., Frigessi and Rue 1997; Rue and
Syversveen 1998; Rue and Hurn 1999; Rue 1999; Celeux et al.
2000). Suppose that f and g are two binary images on D with
corresponding foreground sets ef and eg. Then Baddeley’s met-
ric is defined as

ρB
p (ef , eg) ≡

[
1

|D|
∫

D

∣∣u(d(s, ef )) − u(d(s, eg))
∣∣p

ds
]1/p

(6)

for 0 ≤ p < ∞. Here the function u : [0,∞] → [0,W] is any
bounded concave function with u(0) = 0, and d(s, e) is a dis-
tance between location s ∈ D and foreground set e ⊂ D, defined
by

d(s, e) ≡
{

min{ρ(s, s′) : s′ ∈ e} if e 
= ∅
ξ, if e = ∅.

(7)

In (7), ρ(s, s′) is some metric defined between spatial lo-
cations s and s′ (e.g., Euclidean, Manhattan) and ξ is the
maximum pairwise distance in the domain D, that is, ξ ≡
max{ρ(si, sj) : si, sj ∈ D}. When ρ(s, s′) = ‖s − s′‖, the Euclid-
ean metric between locations s and s′, and for u(·) the taper
function defined as u(x) ≡ min(x, t), for a fixed taper t > 0
(Baddeley 1992), the tapered version of Baddeley’s metric for
binary images is

ρB
p (ef , eg; t) ≡

[
1

|D|
∫

D
|dt(s, ef ) − dt(s, eg)|p ds

]1/p

. (8)

In (8), the tapered distance is dt(s, e) ≡ min(d(s, e), t), and,
from (7),

d(s, e) =
{

min{‖s − s′‖ : s′ ∈ e}, if e 
= ∅
ξ, if e = ∅.

(9)

The tapered distance limits the effect of global background
noise, because the contributions to the metric (8) for locations s
further than t units away from ef and eg are zero.

A special case of the tapered version of Baddeley’s met-
ric for binary images is the site wise misclassification metric,
ρB

1 (ef , eg;1), which is denoted by ρE(ef , eg). Another metric
for binary images is the Hausdorff metric (e.g., Rote 1991),
given by

ρH(ef , eg) ≡ sup
s∈D

|d(s, ef ) − d(s, eg)|, (10)

where d(s, ef ) is as defined by (9). The Hausdorff metric is the
limiting case of ρB

p (ef , eg; t) as p approaches ∞, with t > ξ

(Baddeley 1992).

In the (empirical) Bayesian framework, the optimal predictor
of the exceedance set based on an image metric is obtained as
follows. Suppose that ρ(eY

K, ê) is a loss function for prediction
of the exceedance region based on a metric ρ(·, ·) for binary im-
ages, where ê ∈ � is an action that is a function of observations
Z. The value of interest, eY

K , has a prior distribution that inher-
its its randomness from the hidden process Y(·); recall that φ is
fixed and to be estimated. Then a Bayes rule can be found by an
action that minimizes the posterior expected loss (Berger 1985,
p. 159). Suppose that e∗

K is the Bayes rule (also known as the
optimal Bayes predictor), assuming the loss function ρ(eY

K, ê);
then e∗

K is given by

e∗
K = arg min

ê∈�
EY(·)|Z[ρ(eY

K, ê)], (11)

where EY(·)|Z[·] is expectation with respect to the posterior dis-
tribution of Y(·) given the observations Z.

In what follows, we demonstrate our methodology using a
metric, ρ(·, ·), based on the tapered version of Baddeley’s met-
ric for binary images. (Although the methodology extends to
other images metrics, it is an open question as to what advan-
tages and disadvantages other image metrics offer for the pre-
diction of exceedance regions.) The two calibration quantities t
and p account for both the sitewise misclassification error and
the localization error, where “localization” refers to some im-
portant local features, such as clusters. Note that it is implicit in
all of these calculations that the parameters, φ, of the joint dis-
tribution are given. In practice, these are estimated (see Sec. 5),
and it is in this sense that our approach is empirical Bayesian
rather than fully Bayesian. In Section 6 we discuss the implica-
tions of the empirical Bayesian approach and give an outline of
a fully Bayesian approach.

2.2 Baddeley’s Loss Function and the
Resulting Predictor

As was done by Frigessi and Rue (1997), but here applied
to the prediction of exceedance regions, we define Baddeley’s
loss function as the square of the tapered version of Baddeley’s
metric for binary images, with p = 2, that is,

Bt(e, ê) ≡ 1

|D|
∫

D
(dt(s, e) − dt(s, ê))2 ds, (12)

where e ∈ � is the true exceedance set, ê ∈ � is an action
predicting the true exceedance set based on observations Z,
and dt(s, e) is the tapered distance (9) with taper parameter t.
Clearly, Baddeley’s loss function (12) is a well-defined, non-
negative loss function. It penalizes the discrepancy between the
true set and the predicted set; the more different the two sets,
the larger the loss. The loss is equal to zero if and only if ê = e.

Suppose that e∗
K is the optimal Bayes predictor based on Bad-

deley’s loss function. We wish to predict the exceedance region
eY

K given by (4). From (11),

e∗
K = arg min

ê∈�
EY(·)|Z[Bt(e

Y
K, ê)] (13)

= arg min
ê∈�

Vt (̂e;K), (14)

where

Vt (̂e;K) ≡ 1

|D|
∫

D

{
dt(s, ê) · (dt(s, ê) − 2EY(·)|Z[dt(s, eY

K)])}ds.

(15)
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LOSS FUNCTIONS FOR EXCEEDANCES 219

Equation (14) is valid because EY(·)|Z[(dt(s, eY
K))2] does not

depend on ê, and dt(s, ê) is deterministic with respect to the
conditional distribution of Y(·) given Z. Because the solution is
not available in closed form, we use numerical optimization to
obtain the predictor e∗

K .
Baddeley’s loss function given by (12) takes into account not

only the sitewise misclassification error, but also the localiza-
tion error, through the taper t. Some asymptotic calculations
in simple one-dimensional (1-D) and two-dimensional (2-D)
cases (Zhang 2007) demonstrate that as t approaches zero, the
leading term of Baddeley’s loss function is t2 times the site-
wise misclassification error in simple 1-D and 2-D cases. In-
tuitively, given a threshold K, if Y(·) is less dependent, then
elements in the exceedance region above K tend to be sepa-
rated from one another over the domain of interest. But if Y(·)
is highly dependent, then elements in the exceedance region
tend to be clustered together for the same threshold K. As a
special case, consider independent Y(·) in D. Here it is plausi-
ble to use the sitewise misclassification error as a loss function
to predict the exceedance region, because the prediction does
not borrow strength from other independent locations. There-
fore, we expect to use a small taper in Baddeley’s loss function
to predict the exceedance region for less-dependent geostatisti-
cal processes. On the other hand, we need to use a large taper
to predict the exceedance region for highly dependent geosta-
tistical processes, because we expect to borrow strength from
other regions of D. With this in mind, we suggest that the taper
be chosen proportional to the scale parameter r. Zhang (2007)
used simulations based on different geostatistical processes and
different thresholds to justify the recommended choice of taper,

t = min(r/2, ξ). (16)

2.3 Computation of the Predictor Through
Simulated Annealing

Consider the general goal of finding the θ ∈ � that mini-
mizes the objective function, h(θ). As was done by Celeux et al.
(2000), we use simulated annealing to achieve this goal numer-
ically (e.g., Robert and Casella 2004). Consider a probability
distribution of the form,

pT(θ) ≡ (c(T))−1 exp[−h(θ)/T], (17)

where c(T) is a normalizing constant. The parameter T > 0 is
called the “temperature” of the system. As T → ∞, pT(·) ap-
proaches a uniform distribution on �. On the other hand, when
T → 0, pT(·) becomes concentrated on the global minimum of
h(θ). If there are multiple global minima, then pT(·) approaches
a uniform distribution over these multiple minima as T → 0.

Simulated annealing is a sequential procedure composed of
a Metropolis sampler and an annealing schedule. The Metropo-
lis sampler eventually simulates realizations with target prob-
ability distribution pT(·) given in (17). Let θ̂ i ∈ � denote the
state of the samples at iteration i. We propose a new can-
didate state, ζ ∈ �, where ζ is chosen according to a pro-
posal distribution; for example, ζ is chosen uniformly in a
neighborhood of θ̂ i. We then choose θ̂ i+1 = ζ , with probabil-
ity τ = min{1,pT(ζ )/pT (̂θ i)}, or keep θ̂ i+1 = θ̂ i, with prob-
ability 1 − τ . After canceling out the normalizing constant

c(T), the expression for the probability τ can be simplified to
τ = min{1, exp[−(h(ζ ) − h(̂θ i))/T]}.

The annealing schedule is simply the rate at which T [which
we write as T(i) to emphasize the iteration number] approaches
0 as i → ∞. Under certain assumptions on T(i), the simulated-
annealing algorithm is guaranteed to find the global minimum
(Geman and Geman 1984); for example, the annealing sched-
ule,

T(i) = T0

log(1 + i)
, i = 1,2, . . . , (18)

where T0 is a tuning constant, yields the global minimum. This
is called logarithmic cooling. Fast convergence can be achieved
with linear cooling, T(i) = T0/(1 + i), for i = 1,2 . . . . But for
linear cooling, the solution may not be the global minimum; in
our context, results for linear cooling are still reasonable.

In general cases, when the objective function that we want
to minimize or maximize involves expressions without analytic
forms, a Monte Carlo algorithm within simulated annealing
may be needed to evaluate certain expressions numerically. For
example, the objective function that we want to minimize to ob-
tain the Bayes rule, e∗

K , is Vt (̂e;K) as defined by (15). Here we
may need a simulation procedure (e.g., Markov chain Monte
Carlo importance sampling) to obtain the posterior expectation,
EY(·)|Z[dt(s, eY

K)].
This can be simplified for models given by (1) and (2), in

which both the hidden process Y(·) and the measurement er-
ror process ε(·) are Gaussian. Suppose that we can always dis-
cretize D to a set of locations D∗ ≡ {s∗

1, . . . , s∗
m} that cover D

well. Thus let Y∗ ≡ (Y(s∗
1), . . . ,Y(s∗

m))T denote a vector of
the corresponding hidden values at {s∗

1, . . . , s∗
m} and let X∗ ≡

(x(s∗
1), . . . ,x(s∗

m)) denote the m × p design matrix for predic-
tions over D∗. Now the conditional distribution, p(Y∗ | Z), has
a known multivariate Gaussian distribution that we can exploit.
Recall that Cη(·) is the covariance function of Y(·), where η is
the vector of covariance parameters. By a well-known property
of the multivariate Gaussian distribution, the conditional distri-
bution of interest, p(Y∗ | Z), is Nm(μ∗,�∗), with

μ∗ = X∗β − F∗�−1(Xβ − Z) and
(19)

�∗ = C∗ − F∗�−1(F∗)T ,

where X ≡ (x(s1), . . . ,x(sn)) is a n × p design matrix for
the observations; F∗ is an m × n matrix with (i, j) element,
cov(Y(s∗

i ),Z(sj)) = cov(Y(s∗
i ),Y(sj)) = Cη(‖s∗

i − sj‖); C∗ is
an m × m matrix with (i, j) element, cov(Y(s∗

i ),Y(s∗
j )) =

Cη(‖s∗
i − s∗

j ‖); and � is an n × n matrix with (i, j) element,

cov(Z(si),Z(sj)) = Cη(‖si − sj‖) + σ 2
ε I(si = sj).

3. JOINT PREDICTION OF A SPATIAL QUANTILE
AND ITS EXCEEDANCE REGION

In Section 2 we defined image metrics as loss functions to
predict the spatial exceedance region over a given threshold K.
The exceedance region eY

K in (4) is defined as those locations
above a fixed threshold K. But the threshold K is not always
known; for example, K is not known when using a spatial quan-
tile as the threshold. In this section we consider the joint pre-
diction of a spatial quantile [i.e., a quantile of the spatial cu-
mulative distribution function; see (21)] and its associated ex-
ceedance region.
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220 JIAN ZHANG, PETER F. CRAIGMILE, AND NOEL CRESSIE

3.1 Joint Loss Functions and the Resulting Predictor

Let SD(y;Y(·)) denote the SCDF of Y(·) on the domain D,
that is,

SD(y;Y(·)) ≡ 1

|D|
∫

D
I(Y(s) ≤ y)ds, (20)

where I(·) is the indicator function. (More details on the SCDF
can be found in Lahiri et al. 1999.) Let S−1

D (α;Y(·)) denote the
inverse SCDF of Y(·), defined for 0 ≤ α ≤ 1 by

S−1
D (α;Y(·)) ≡ arg min

{
y ∈ R : SD(y;Y(·)) ≥ α

}
. (21)

Let θ1 denote the α-quantile of the SCDF of Y(·), and let θ2 de-
note the spatial exceedance region of points in D that are above
the quantile, that is,

θ1 ≡ S−1
D (α;Y(·)) (22)

and

θ2 ≡ eY
θ1

≡ {
s ∈ D : I(Y(s) > θ1) = 1

}
. (23)

Now, given a predictor, δ ≡ (δ1(Z), δ2(Z))T , of θ ≡ (θ1, θ2)
T

that depends on the data vector Z, we assume that the joint loss
function, L(θ , δ), is

L
(
(θ1, θ2), (δ1(Z), δ2(Z))

) = L1(θ1, δ1(Z))L2(θ2, δ2(Z)). (24)

Because θ2 depends on θ1, we note that despite its appearance,
(24) is not purely of product form. Here L1(θ1, δ1(Z)) : R ×
R → R

+ and L2(θ2, δ2(Z)) :� × � → R
+ are loss functions

for θ1 and θ2. Note that the joint loss L((θ1, θ2), (δ1(Z), δ2(Z)))

is a nonnegative-valued function defined on (R × �) × (R ×
�). Suppose that (δ∗

1 , δ∗
2) is the optimal Bayes predictor for

(θ1, θ2) based on the joint loss function defined by (24).
Then, from the discussion in Section 2.1, (δ∗

1 , δ∗
2) is given

by

(δ∗
1 , δ∗

2) = arg min
(δ1,δ2)∈(R×�)

Eθ1,θ2|Z
[
L((θ1, θ2), (δ1, δ2))

]
, (25)

where Eθ1,θ2|Z[·] is the expectation based on the conditional dis-
tribution of (θ1, θ2) given the observations Z. Because θ1 and
θ2 are functions of the hidden process Y(·), we can simplify
the calculation for Eθ1,θ2|Z[·]. Letting EY(·)|Z[·] be the expec-
tation based on the conditional distribution of Y(·) given the
observations Z,

Eθ1,θ2|Z
[
L
(
(θ1, θ2), (δ1(Z), δ2(Z))

)]

= EY(·)|Z
[
L
(
(θ1, θ2), (δ1(Z), δ2(Z))

)]
(26)

and

(δ∗
1 , δ∗

2) = arg min
(δ1,δ2)∈(R×�)

EY(·)|Z
[
L((θ1, θ2), (δ1, δ2))

]
. (27)

3.2 Choice of Loss Function and the
Resulting Predictor

In principle, the loss function for a spatial quantile, L1(θ1,

δ1(Z)), can be any loss function defined on R×R. Possible ex-
amples include squared error loss, weighted squared error loss,
and absolute error loss. Here we propose a WQSEL function
for L1(·, ·) that is designed for predicting tails of the SCDF
(Craigmile et al. 2006). The specific loss function that we use
for θ1 = S−1

D (α;Y(·)) is

L1(θ1, δ1(Z)) = wD(θ1)(θ1 − δ1(Z))2, (28)

where the weight function wD(θ1) assigns weights based on the
values of θ1. For example, in the problem of prediction of large
spatial exceedances of Y(·), we might use the following weight
function, proposed by Craigmile et al. (2006):

wD(θ1) ≡
∫ 1

0
w(p)I

(
θ1 ∈ [F−1

D (p),F−1
D (p + dp)]), (29)

where w(·) is chosen to take larger values for p near 1 and FD(y)
is the spatial ACDF of Y(·), defined by

FD(y) ≡ 1

|D|
∫

D
Pr{Y(s) ≤ y}ds. (30)

Consequently, the inverse ACDF is F−1
D (p) ≡ arg min{y ∈

R : FD(y) ≥ p;0 ≤ p ≤ 1}. Note that FD(y) is the expectation
of SD(y;Y(·)) with respect to Y(·). The “importance func-
tion” w : [0,1] → [0,∞) in (29) is prespecified. Craigmile et
al. (2006) suggested using the sigmoid-type function,

w(p) = 1

1 + e−λ(p−α)
, p ∈ [0,1]. (31)

Here 1/2 ≤ α < 1 is a target quantile of the SCDF of Y(·). The
calibration quantity λ > 0 will depend on the spatial depen-
dence of the hidden process and the spatial quantile of interest.
Generally, we recommend large λ for larger or smaller quan-
tiles and/or strongly dependent spatial processes, and small λ

for moderate quantiles and weakly dependent spatial processes.
Detailed recommendations for the choice of λ are given in Sec-
tion 4.2.

The loss function for the spatial exceedance region, L2(θ2,

δ2(Z)) :� × � → R
+, can be obtained from a binary-image

metric, as developed in Section 2.1. Specifically, we choose
Baddeley’s loss function (12), because it accounts for discrim-
ination between both local and global spatial structures. These
choices of loss functions for L1(θ1, δ1(Z)) and L2(θ2, δ2(Z)) in
(24) results in

L
(
(θ1, θ2), (δ1(Z), δ2(Z))

)

= wD(θ1)(θ1 − δ1(Z))2Bt(θ2, δ2(Z)), (32)

where recall that θ2 depends on θ1 and that θ1, θ2, wD(·), and
Bt(·, ·) are defined by (22), (23), (29), and (12).

Given observations Z, the choice of λ in the “importance
function,” and the choice of taper t, the optimal Bayes predictor
for (θ1, θ2) based on the joint loss function (32) can be calcu-
lated from (27) as

(δ∗
1 , δ∗

2) = arg min
(δ1,δ2)∈(R×�)

EY(·)|Z[wD(θ1)(θ1 − δ1)
2Bt(θ2, δ2)].

(33)
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LOSS FUNCTIONS FOR EXCEEDANCES 221

We could solve for the predictors in the joint space, R × �, us-
ing simulated annealing. The following proposition shows that
we can restrict the search for the optimal Bayes predictor to a
reduced space, which simplifies the computation considerably.

Proposition 1. For any given δ2 ∈ �, define δ̂1(δ2) by

δ̂1(δ2) ≡ EY(·)|Z[θ1wD(θ1)Bt(θ2, δ2)]
EY(·)|Z[wD(θ1)Bt(θ2, δ2)] . (34)

If θ1 and θ2 are defined by (22) and (23), then the optimal Bayes
predictor is given by

δ∗
1 = δ̂1(δ

∗
2) (35)

and

δ∗
2 = arg min

δ2∈�
EY(·)|Z

[
wD(θ1)(θ1 − δ̂1(δ2))

2Bt(θ2, δ2)
]
. (36)

Proof. See the Appendix.

We use simulated annealing to solve for the optimal Bayes
predictor δ∗

2 . From (12) and (36), we have the optimal Bayes
predictor,

δ∗
2 = arg min

δ2∈�

[∫

D

{
d2

t (s, δ2)μ1 − 2dt(s, δ2)μ2(s)

+ (̂δ1(δ2))
2μ3(s) + (̂δ1(δ2))

2(dt(s, δ2))
2μ4

− 2(̂δ1(δ2))
2dt(s, δ2)μ5(s) − 2̂δ1(δ2)μ6(s)

− 2̂δ1(δ2)(dt(s, δ2))
2μ7

+ 4̂δ1(δ2)dt(s, δ2)μ8(s)
}

ds
]
, (37)

for μ1 ≡ EY(·)|Z[wD(θ1)θ
2
1 ], μ2(s) ≡ EY(·)|Z[wD(θ1)θ

2
1 dt(s,

θ2)], μ3(s) ≡ EY(·)|Z[wD(θ1)d2
t (s, θ2)], μ4 ≡ EY(·)|Z[wD(θ1)],

μ5(s) ≡ EY(·)|Z[wD(θ1)dt(s, θ2)], μ6(s) ≡ EY(·)|Z[wD(θ1) ×
θ1d2

t (s, θ2)], μ7 ≡ EY(·)|Z[wD(θ1)θ1], and μ8(s) ≡
EY(·)|Z[wD(θ1)θ1dt(s, θ2)]. This is then substituted into (35) to
obtain the optimal Bayes predictor δ∗

1 .

4. SIMULATION STUDIES

4.1 Prediction of Exceedance Region Above
a Fixed Threshold

In this section we evaluate the performance of the Badde-
ley loss–based predictor for the exceedance region in the case
of a fixed threshold K, as defined in Section 2.2. We begin
this section by introducing the often-used posterior mean–based
plug-in predictor. Recall that we have observations Z at a fixed
set B of locations in the domain D. For any location s ∈ D,
the posterior-mean predictor of the hidden process, Y(s), is
Ŷ(s) ≡ EY(s)|Z[Y(s)]. The plug-in predictor of the exceedance
region above a fixed threshold K, based on this predictor of
Y(s), is then defined by

êK ≡ {s ∈ D : Ŷ(s) > K}. (38)

Before outlining the results of the simulation studies, we dis-
cuss the experimental design used in the simulation. We con-
sider a unit-square domain D ≡ {s = (x, y) : 0 ≤ x ≤ 1; 0 ≤
y ≤ 1}. We conduct the simulation and evaluate each predic-
tor on the gridded domain, D∗ = {s∗

i } ≡ {s∗
i = (x, y) : x = 0 =

0
M−1 , 1

M−1 , . . . ,1; y = 0 = 0
M−1 , 1

M−1 , . . . ,1}; we use M = 20.
Assuming no spatial trend in (2) (i.e., β = 0), we let the hid-
den process Y(·) be an isotropic, mean 0 Gaussian process with
an exponential covariance function, Cη(s − s′) = σ 2 exp(‖s −
s′‖/r), where η ≡ (σ 2, r)T and ‖ · ‖ is the Euclidean distance
metric. This process is characterized solely by its variance σ 2

and by the parameter r. In our experiments we let σ 2 = 1, and
for the unit-square domain we vary r among the values .5 (cor-
responding to weak spatial dependence), 1.5 (moderate spatial
dependence), and 5 (very strong spatial dependence). Using a
Cholesky decomposition for the covariance matrix, we simulate
20 realizations of Y∗ = (Y(s∗) : s∗ ∈ D∗)T for each of the three
levels (weak, moderate, and strong) for the spatial-dependence
parameter. To each Y(s∗), we add independent Gaussian mea-
surement error, N(0, σ 2

ε ), to obtain the data process. Then we
randomly sample 25% of all of the locations in D∗; these make
up the observation sites B for sampling. B (but not Z) re-
mains fixed throughout the simulation. We consider two lev-
els of measurement error variance: σ 2

ε = .5 and σ 2
ε = 2. Defin-

ing the signal-to-noise ratio (SNR) as the ratio of the partial
sill in the hidden process to the measurement error variance
(i.e., SNR ≡ σ 2/σ 2

ε ), the SNRs of the simulation are 2 and
.5. The fixed threshold K = F−1

D (α) is the α-quantile of the
ACDF of Y(·), with α = .5, .75, .9. Note that when β = 0
and σ 2 = 1, FD(·) is the standard normal CDF, (·). Thus
K = .00, .67,1.28 for these α values. For each factor combi-
nation there are 20 replicates of Y(·), and for each replicate of
Y(·) there are 100 replicates of measurement error. When defin-
ing the response to the simulation experiment, we average over
the 100 replications of measurement error and display the 20
responses corresponding to the replicates of Y(·).

Suppose that e is the true exceedance region and that ê is a
predicted exceedance region. Let Se(e, ê) denote a sensitivity
measure, and let Sp(e, ê) denote a specificity measure of the
predictor ê, defined by

Se(e, ê) = |e ∩ ê|
|e| and

(39)

Sp(e, ê) = |(D \ e) ∩ (D \ ê)|
|D \ e| .

Then Se(e, ê) calculates the area proportion of correctly pre-
dicted exceedance points (“true positives”) and Sp(e, ê) calcu-
lates the area proportion of correctly predicted nonexceedance
points (“true negatives”).

Figure 1 shows boxplots based on the 20 sensitivity and 20
specificity measures, in which we have plotted the difference
between the Baddeley loss–based predictor (e∗

K ) and the poste-
rior mean–based plug-in predictor (̂eK ), for Y(·) with a weak
signal (SNR = 0.5). We see that for weakly (r = .5), moder-
ately (r = 1.5), and strongly (r = 5) dependent geostatistical
processes, e∗

K is more likely to predict the same or a greater per-
centage of sites correctly for the true exceedance regions than
for êK , for all α-quantiles. On average, the Baddeley loss–based
predictor e∗

K also tends to predict the same or a greater per-
centage of sites correctly for the true nonexceedance regions
than for êK . We also considered processes with a strong signal
(SNR = 2); from Zhang (2007, p. 66), we see that on average
there is less advantage to the Baddeley loss–based predictor for
smaller values of α, but for larger values of α, the results were
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222 JIAN ZHANG, PETER F. CRAIGMILE, AND NOEL CRESSIE

Figure 1. Boxplots of the difference between the Baddeley loss–based predictor and the posterior mean–based plug-in predictor, with
SNR = .5 and M = 20. The top panels show differences in sensitivity, and the bottom panels show differences in specificity for different
α-quantiles of the ACDF.

similar to the case in which SNR = .5. We also conducted a
similar simulation experiment on a finer grid D∗, with M = 40
and found consistently similar results.

4.2 Joint Prediction of a Spatial Quantile and Its
Exceedance Region

In this section we evaluate the performance of the joint pre-
dictor of a spatial quantile and its associated exceedance region,
defined in Section 3. We note that the joint optimal Bayes pre-
dictor, (δ∗

1 , δ∗
2), depends on the weight function wD(·) in (29),

which is determined by the calibration quantity λ in the “im-
portance function” w(·), given by (31). Consequently, we begin
this section with a side study to determine the choice of λ. We
then compare the joint loss–based predictor of the spatial quan-
tile and the exceedance region with the posterior mean–based
plug-in predictor, which we now define. Recall from (38) the
definition of êK , the plug-in predictor of the exceedance region
above a fixed threshold K. Define Ŷ(·) ≡ {EY(s)|Z[Y(s)] : s ∈ D},
which is the posterior mean–based predictor of Y(·). Then the
posterior mean–based plug-in (joint) predictor is

θ̂1 ≡ S−1
D (α; Ŷ(·)) and θ̂2 ≡ {s ∈ D : Ŷ(s) > θ̂1}. (40)

The experimental design for the simulations here is same as
that described in Section 4.1, and the factor levels are the same
as used in Section 4.1. In the discrete domain D∗, we use
the discretized version of the SCDF and ACDF of the hid-
den process Y(·). Let S̃D(y;Y(·)) denote the discrete version
of the SCDF of Y(·) defined in (20), that is, S̃D(y;Y(·)) ≡

1
|D∗|

∑
s∗∈D∗ I(Y(s∗) ≤ y), where |D∗| denotes the number of

locations in D∗. Similarly, let F̃D(y) denote the discrete ver-
sion of the ACDF of Y(·) defined in (30), that is, F̃D(y) ≡

1
|D∗|

∑
s∗∈D∗ Pr{Y(s∗) ≤ y}.

Following Craigmile et al. (2006), we minimize the ab-
solute bias in estimating α-quantiles of the SCDF of the
hidden process using the WQSEL-based prediction SD(θ̂1,W ,

Y(·)), where θ̂1,W ≡ EY(·)|Z[θ1wD(θ1)]/EY(·)|Z[wD(θ1)] is the
WQSEL-based predictor of the α-quantile. From the simula-
tion study of Zhang (2007, chap. 4, sec. 4.3), we found the best
choices of λ to be those given in Table 1. Note from the table
that for the moderately dependent (r = 1.5) and the strongly
dependent (r = 5) processes, as α increases, λ increases, and
that as the scale parameter r increases (i.e., stronger spatial de-
pendence) for α = 0.9, λ also increases.

Figure 2 shows the sigmoid weight function with the recom-
mended λ for r = 5 and the three percentiles (α = .5, .75, and
.9). As expected, for higher quantiles of interest, the sigmoid
function, w(p), assigns more weight to larger probabilities by
increasing λ.

Now we define a measure to evaluate the overall performance
of different joint predictors. Suppose that (θ̂1, θ̂2) is a joint pre-

Table 1. The recommended choice of λ in WQSEL given by (28) and
(31) based on minimizing the absolute bias when estimating

the α-quantile of the SCDF

α

r .5 .75 .9

.5 0 6 6
1.5 0 6 7.5
5 0 6 10.5
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LOSS FUNCTIONS FOR EXCEEDANCES 223

Figure 2. The sigmoid weight function (31) for the recommended
λ (see Table 1) for r = 5 (i.e., strong spatial dependence). Shown are
the weight functions using λ = 0 for α = .5 ( ), λ = 6 for α = .75
( ), and λ = 10.5 for α = .9 ( ).

dictor for the true pair (θ1, θ2) of interest. Then the measure,
SSB((θ1, θ2), (θ̂1, θ̂2)), is defined by

SSB((θ1, θ2), (θ̂1, θ̂2))

= 1

2
[Se(θ2, θ̂2) + Sp(θ2, θ̂2)]

(
1 − ∣∣Bias(SD(θ̂1))

∣∣). (41)

Here Se(·, ·) and Sp(·, ·) are the sensitivity and specificity mea-
sures defined by (39), and Bias(SD(θ̂1)) ≡ SD(θ̂1;Y(·)) − α.
Thus the measure SSB quantifies the performance of the joint
predictor for predicting both the α-quantile and its exceedance
region. This joint measure takes on values in the interval [0,1],
with larger values indicating better performance.

Figure 3 shows boxplots of the difference of the measure SSB
for the joint loss–based predictor and the posterior mean–based
plug-in predictor, where the measurement error is relatively
large (SNR = .5). For such processes, the joint loss–based pre-
dictor tends to have better performance for larger spatial quan-
tiles and processes with stronger spatial dependence. This is
because for a larger spatial quantile and a process with stronger
spatial dependence, the posterior mean–based plug-in predic-
tor for a spatial quantile tends to have larger absolute bias than
the joint loss–based predictor, whereas the average prediction
performance of the associated exceedance and nonexceedance

regions are comparable for both predictors. Figure 4 shows that
the performance of the joint loss–based predictor and the poste-
rior mean–based predictor are more comparable when the mea-
surement error is small (SNR = 2), for α = .5 and α = .75.
This is intuitively reasonable, because when the measurement
error is small, the posterior mean yields a good predictor of
the α = .5 and .75 quantiles of the SCDF of the hidden process.
We see that the improvement gained by using a joint loss–based
predictor increases when α = .9, because the posterior mean is
a poor predictor of the upper tail of the SCDF of the hidden
process, even when the measurement error is small.

5. AN APPLICATION TO DECADAL TEMPERATURE
CHANGE OVER THE AMERICAS

We now study a global temperature data set, obtained from
the CSM at the National Center for Atmospheric Research. The
data set consists of yearly averages of 2-meter air temperatures
for the period 1980–1999 over the entire globe on 128 × 64
equiangular longitude–latitude grid cells, each of which is
roughly 2.8◦ in longitude by 2.8◦ in latitude. Using a proce-
dure called the enhanced false discovery rate (EFDR), Shen
et al. (2002), after a correction published in 2005, found weak
evidence of a temperature change between the two decades in
this data set. Like those authors, we focus on a reduced spa-
tial domain, D∗; for us, D∗ is a 28 × 28 grid containing most
of North and South America (from 40◦N to 40◦S and 125◦W to
45◦W). Our scientific problem is to highlight the spatial regions
in D∗ for which the change in temperature between the 1980s
and 1990s is “extremely” positive, using the joint-loss approach
given in Section 3. For each grid cell, we calculate the average
of the monthly temperatures in the 1980s and subtract it from
the average of the monthly temperatures in the 1990s. The re-
sulting spatial data set of the change in average monthly tem-
peratures (in ◦C) between the two decades over D∗ is shown as
the gray-scale map in Figure 5(a).

Because this temperature field is actually computer output
from the CSM, we consider this the hidden process {Y(s) : s ∈
D∗}. We jointly predict the spatial quantile and exceedance re-
gion of Y(·) based on data Z observed at a subsampling of
the spatial locations in D∗. We next describe the data gener-
ating mechanism. We start by modeling the process Y(·). Fig-
ures 5(b) and (c) show the temperature change as a function
of latitude and longitude; there appears to be a nonconstant

Figure 3. Boxplots of difference between the joint loss–based predictor and the posterior mean–based plug-in predictor, with SNR = 0.5.
Shown are differences of SSB given by (41), for different α-quantiles of the SCDF.
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224 JIAN ZHANG, PETER F. CRAIGMILE, AND NOEL CRESSIE

Figure 4. Boxplots of the difference between the joint loss–based predictor and the posterior mean–based plug-in predictor, with SNR = 2.
Shown are differences of SSB given by (41), for different α-quantiles of the SCDF.

trend over the spatial domain. To capture the linear trend in
longitude (x) and the obvious nonlinear trend in latitude (y),
we choose the spatial trend as μ(s) = x(s)Tβ , where x(s) =
(1, x, y, y2, y3)T , for s = (x, y) and β = (β0, β1, β2, β3, β4)

T .
The ordinary least squares estimates of the coefficients are β̂ =

(−.1419,−.0020, .0091,−.000087,−.0000051)T . The circles
in Figure 5(d) show the semivariogram of the residuals, Y(s) −
x(s)T β̂ , s ∈ D∗; we fit the semivariogram using the exponen-
tial model (e.g., Cressie 1993, p. 61), and the parameter esti-
mates for the measurement error variance σ 2

ε , the partial sill σ 2,

(a) (b)

(c) (d)

Figure 5. Spatial analysis of the average temperature change from the 1980s to the 1990s on the Celsius scale. (a) Gray-scale map of the
temperature change over the prediction region D∗ with observation sites B shown as crosses. (b) Spatial trend of temperature change versus
latitude. (c) Spatial trend of temperature change versus longitude. (d) Empirical and fitted semivariograms of the residuals, with circles denoting
the empirical semivariogram and the solid line represents the fitted exponential semivariogram model.
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LOSS FUNCTIONS FOR EXCEEDANCES 225

and the scale parameter r are obtained using a weighted least
squares approach (Cressie 1993, p. 99). The estimates of the
parameters in the exponential semivariogram are (̂σ 2

ε , σ̂ 2, r̂) =
(0, .0123,10.0284). As expected, the estimated measurement
error variance is σ̂ 2

ε = 0.
To apply our methodology to practical problems with miss-

ing data, we regularly subsampled every third grid cell in lati-
tude and longitude, starting from the cell at the southwest cor-
ner, to generate a collection of 10 × 10 observation sites B,
shown as the crosses in Figure 5(a). Based on the foregoing
analysis, for each s ∈ B we add Gaussian white noise ε(s), with
mean 0 and variance σ 2

ε = .00615, to each Y(s), generating the
observed process Z(s) = Y(s) + ε(s), s ∈ B. This choice of σ 2

ε

corresponds to an SNR of σ̂ 2/σ 2
ε = 2.

We define an extremely positive temperature change as the
.9 quantile of the SCDF of the (hidden) temperature change
process Y(·) on D∗, and thus the associated spatial exceedance
region of interest consists of those s’s in which Y(s) is larger
than this quantile. Using the parameter values obtained from
our analysis of the true process Y(s), the temperature change
process has a calibrated scale parameter of 10.0284/80 = .125
and thus has weak spatial dependence. With α = .9, Table 1
yields λ = 6 using the closest value of r in Table 1 (r = .5).
Furthermore, based on the choice of taper in (16), we use
t = min(10.0284/2,80) = 5.014, because r̂ = 10.0284 and D∗
has a length of 80 in both latitude and longitude. The predic-
tion of the spatial exceedance region with extremely positive
temperature change is shown in Figure 6, in gray shading. Fig-
ure 6(a) shows that the joint loss–based prediction for the spa-
tial exceedance region comprises two major subregions: a large
subregion covering the central part of the United States, Mex-
ico, Gulf of Mexico, and the southwest Pacific coastal region of
Mexico and a small disjointed subregion in the Atlantic ocean,
east of Puerto Rico and north of Brazil. Figure 6(b) shows that
the posterior mean–based plug-in prediction for this spatial ex-
ceedance region covers a smaller portion of the central part of
the United States, Mexico, Gulf of Mexico, and the southwest
Pacific coastal region of Mexico. Because we know the hid-

den process Y(·), the true associated exceedance region can be
obtained; this is shown in Figure 6(c). The true exceedance re-
gion matches most closely with the joint loss–based prediction.
The joint loss–based prediction gives .189◦C for the .9 quan-
tile of the SCDF of the hidden temperature change process over
the prediction region D∗, which is close to the true .9 quantile
of .199◦C. The posterior mean–based plug-in prediction gives
.158◦C, which (as expected) is biased downward. In addition,
because the hidden process Y(·) is known, we can calculate the
performance measure SSB given by (41); higher values of SSB
indicate better performance. The SSB value for the joint loss–
based predictor is .847, which dominates the SSB value of .781
for the posterior mean–based plug-in predictor.

We define a very positive temperature change to be the .75
quantile of the SCDF of Y(·) on D∗. Figure 7 (gray shading)
shows the predictor of the exceedance region above the .75
quantile of the SCDF of the temperature change process Y(·)
using the joint loss–based approach, and the posterior mean–
based plug-in approach, compared with the true exceedance
region. With α = .75, Table 1 yields λ = 6 again using the
value of r = .5 in Table 1. It is not surprising to see that the
exceedance region generally includes the exceedance region
for the .9 quantile of the SCDF, because we are considering
a smaller quantile. For α = .75, both predictions largely agree
with the true exceedance region; there is one large area in the
northwest that covers the central part of the United States, Mex-
ico, the Gulf of Mexico, and the southwest Pacific coastal re-
gion of Mexico, along with one smaller area in the Atlantic
Ocean off the coast of Brazil. The predicted .75 quantiles of the
SCDF also agree. The joint loss–based prediction gives .106◦C
and the posterior mean–based plug-in prediction gives .102◦C;
these should be compared with the true .75 quantile of .103◦C.
Although the quantiles and exceedance regions are very sim-
ilar, the SSB is .868 for the joint loss–based predictor, which
dominates the value of .781 for the posterior mean–based plug-
in predictor. Clearly, for both the .9 and .75 quantiles, the joint
loss–based predictor has better performance than the posterior
mean–based plug-in predictor.

(a) (b) (c)

Figure 6. Prediction of the spatial regions with extremely positive temperature change (.9 quantile of the SCDF), as shown by the gray
shading. (a) The joint loss–based predictor. (b) The posterior mean–based plug-in predictor. (c) The true exceedance region based on the hidden
process Y(·) in D∗.
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(a) (b) (c)

Figure 7. Prediction of the spatial regions with very positive temperature change (.75 quantile of the SCDF), as shown by the gray shading.
(a) The joint loss–based predictor. (b) The posterior mean–based plug-in predictor. (c) The true exceedance region based on the hidden process
Y(·) in D∗.

6. DISCUSSION

In this article we have proposed loss-function approaches to
facilitate the prediction of spatial quantiles and their associated
spatial exceedance regions. When predicting the exceedance
region above a given threshold, image metrics for binary im-
ages are applicable, which we demonstrate using Baddeley’s
loss function. Our simulation study shows that the Baddeley
loss–based predictor with the recommended taper parameter
outperforms the posterior mean–based plug-in predictor. This
can have substantial implications for setting environmental-
remediation regulations and identifying climate change in re-
gions of the globe, because the extent of the exceedance re-
gion will be underestimated if we use the posterior mean–based
plug-in predictor. (For Gaussian processes, the simple kriging
predictor is equivalent to the posterior-mean predictor.) Further-
more, we developed a joint loss for the joint prediction of a spa-
tial quantile and its exceedance region, from which we can ob-
tain the optimal Bayes predictor of both the spatial quantile and
its exceedance region. From this joint loss function, we obtain
the optimal Bayes predictor for the spatial quantile and its ex-
ceedance region. Our simulation study shows that the joint loss
function generally has better overall performance for predicting
the exceedance region, nonexceedance region, and spatial quan-
tile. The simulation study also demonstrates the advantage for
the optimal Bayes predictor is greater for low SNRs; however,
the results are consistent for both low and high SNRs. This is
an advantage, because extra information about the precision of
the measuring instrument typically is needed to obtain a good
estimate of SNR.

An open question is the extent to which other image metrics
allow for the prediction of exceedance regions. A key advantage
of the Baddeley-based loss is that the taper t in the loss function
can be calibrated to the level of spatial dependence in the data.

Some extensions of our method merit further research. Sup-
pose that we wish to predict the exceedance regions based on
different thresholds. Calculating the optimal Bayes predictor of
the region for each threshold does not guarantee that the regions
nest in the proper way. In future research, we will consider a

loss-based approach for simultaneously predicting multiple ex-
ceedance regions that preserve this nesting structure. There is
also a need for joint loss functions that are more general than
the form that we used. Finally, we wish to extend the empirical
Bayesian approach taken in this article to a fully Bayesian ap-
proach, where prior distributions are put on the data model and
process model parameters described in Section 2.

Other extensions involve the prediction of spatial quantiles
and their exceedance regions for other spatial and space-time
processes. The methods discussed in this article clearly extend
to generalized linear spatial processes as defined by Diggle,
Tawn, and Moyeed (1998)—a hidden Gaussian process linked
through a transformation of the mean to the observed random
variable with a distribution coming from an exponential fam-
ily. As done by Diggle et al. (1998), we can use Markov chain
Monte Carlo to sample from the distribution of the hidden
process conditional on the data. The extension to space-time
processes also follows naturally (to e.g., processes such as those
defined by Wikle, Berliner, and Cressie 1998).

APPENDIX: PROOF OF PROPOSITION 1

We first state and prove Lemmas A.1 and A.2, then use these
lemmas to prove Proposition 1.

Lemma A.1. Suppose that θ1 and θ2 are defined by (22) and
(23). Then, for any given δ2 ∈ �,

δ̂1(δ2) ≡ EY(·)|Z[θ1wD(θ1)Bt(θ2, δ2)]
EY(·)|Z[wD(θ1)Bt(θ2, δ2)] ,

minimizes EY(·)|Z[wD(θ1)(θ1 − δ1)
2Bt(θ2, δ2)].

Proof. Differentiating EY(·)|Z[wD(θ1)(θ1 − δ1)
2Bt(θ2, δ2)]

with respect to δ1, setting the result equal to 0, and solving
for δ1, we obtain the result.

Lemma A.2. If (δ∗
1 , δ∗

2) minimizes EY(·)|Z[wD(θ1)(θ1 −δ1)
2 ×

Bt(θ2, δ2)], then δ∗
1 = δ̂1(δ

∗
2), where the function δ̂1(·) is as de-

fined in Lemma A.1.
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Proof. By Lemma A.1, δ̂1(δ
∗
2) minimizes EY(·)|Z[wD(θ1) ×

(θ1 − δ1)
2Bt(θ2, δ

∗
2)]. Therefore,

EY(·)|Z
[
wD(θ1)(θ1 − δ̂1(δ

∗
2))2Bt(θ2, δ

∗
2)

]

≤ EY(·)|Z[wD(θ1)(θ1 − δ∗
1)2Bt(θ2, δ

∗
2)].

Because (δ∗
1 , δ∗

2) achieves the minimum of the (joint) Bayes
risk, we have

EY(·)|Z
[
wD(θ1)(θ1 − δ̂1(δ

∗
2))2Bt(θ2, δ

∗
2)

]

= EY(·)|Z[wD(θ1)(θ1 − δ∗
1)2Bt(θ2, δ

∗
2)].

Thus δ∗
1 = δ̂1(δ

∗
2) is a solution.

Proof of Proposition 1. On the right side of (36), we have

min
(δ1,δ2)∈(R×�)

EY(·)|Z[wD(θ1)(θ1 − δ1)
2Bt(θ2, δ2)]

= min
δ2∈�

[
min
δ1∈R

EY(·)|Z[wD(θ1)(θ1 − δ1)
2Bt(θ2, δ2)]

]

= min
δ2∈�

EY(·)|Z
[
wD(θ1)(θ1 − δ̂1(δ2))

2Bt(θ2, δ2)
]
, (A.1)

by Lemma A.1. Therefore, δ∗
2 defined in (36) achieves the mini-

mum for δ2 in the (joint) Bayes risk. By Lemma A.2, δ∗
1 defined

by (35) achieves the minimum for δ1 in the (joint) Bayes risk.

[Received December 2006. Revised August 2007.]
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