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1. Introduction

• For calibrating OCO-2 data (Y ) from TCCON data (X),
we use an errors-in-variables (EIV) regression model of
Y on X.

•Consistent estimation of regression coefficients and,
hence, defensible calibration of OCO-2 data requires
consistent estimation of variances of X and Y .

•We estimate the variances of X and Y through
temporal/spatial-process modeling of datasets of individ-
ual TCCON/OCO-2 observations.

• Statistical dependence between the individual
TCCON/OCO-2 observations leads to effective sample
sizes different from actual sample sizes.

• The effective sample size of a dataset of individual TC-
CON observations is typically close to its actual sample
size, due to weak temporal correlations between obser-
vations.

• In contrast, the effective sample size of a dataset of indi-
vidual OCO-2 observations is much smaller than its ac-
tual sample size, due to strong positive spatial correla-
tions between observations.

2. The errors-in-variables model

Let {(Xi, Yi)}Ni=1 beN pairs of TCCON data (X) and OCO-2
data (Y ). We model their linear relationship as follows:

Xi = xi + εx,i , Yi = yi + εy,i , (1)

where xi and yi are (fixed but unknown) means of Xi and
Yi, respectively, and εx,i and εy,i are mutually independent
measurement errors with mean zero and variances σ̃2

x,i and
σ̃2
y,i, respectively. Then

yi = a + bxi .

Typically, in OCO-2 data calibration, a is set to zero.

Both Xi and Yi are summary statistics (e.g., sample
means/medians) obtained from datasets of individual ob-
servations. For the i-th pair (Xi, Yi), a set of individual
TCCON observations from the i-th TCCON station/OCO-
2 orbit combination is a time series (selected in a given
time window) with typically 65 observations. Also, the corre-
sponding individual OCO-2 observations are collected in a
small spatial region covering the TCCON station with a few
hundred to a few thousand observations. Let nx,i and ny,i
denote sample sizes of datasets of individual observations
for obtaining Xi and Yi, respectively. Then

var(Xi) ≡ σ̃2
x,i = σ2

x,i/ñx,i , var(Yi) ≡ σ̃2
y,i = σ2

y,i/ñy,i , (2)

where σ2
x,i and σ2

y,i are variances of individual observations
used to calculate Xi and Yi, respectively; and ñx,i and ñy,i
are the effective sample sizes, respectively. Strong positive
correlations between individual observations result in effec-
tive sample sizes much smaller than actual sample sizes.

York (1968) proposed to estimate a and b by minimizing a
sum-of-weighted-squares criterion:

S(a, b) =

N∑
i=1

wx,iwy,i

b2wy,i + wx,i
(Yi − a− bXi)2. (3)

From the theory of estimating equations, the optimal esti-
mates, âlws and b̂lws obtained by minimizing (3), are con-
sistent if

wx,i/wy,i = σ̃2
y,i/σ̃

2
x,i , for i = 1, . . . , N. (4)

3. Effects of weights on estimating
the slope parameter

Consider the following simulated example: The true regres-
sion relationship is yi = 0.8xi, and {xi} were generated
once from N (10, 22). The true data variances are σ̃2

x,i = 0.5

and σ̃2
y,i = 1.5, for i = 1, . . . , N , where N is either 150 or

2000. Consider the following four scenarios for estimating b:

1.wx,i = 1/0.5, wy,i = 1/1.5, corresponding to the ideal case
wx,i = 1/σ̃2

x,i and wy,i = 1/σ̃2
y,i, denoted by (“True”);

2.wx,i = 1, wy,i = 1/3, corresponding to the ratio
wx,i/wy,i = σ̃2

y,i/σ̃
2
x,i, denoted by (“Equal”);

3.wx,i = 1/2, wy,i = 2, corresponding to the ratio
wx,i/wy,i < σ̃2

y,i/σ̃
2
x,i, denoted by (“Smaller”);

4.wx,i = 1, wy,i = 1/10, corresponding to the ratio
wx,i/wy,i > σ̃2

y,i/σ̃
2
x,i, denoted by (“Bigger”).
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Figure 1: Boxplots of the estimates of b under different
specifications of weights. The true value of b is 0.8.
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Figure 2: The relative inefficiency (defined as the ratio of
MSEs) of b̂lws for different values of wx,i/wy,i. The dashed
line at 1 corresponds to the relative inefficiency of b̂lws when
wx,i/wy,i = σ̃2

y,i/σ̃
2
x,i = 3 (“True” and “Equal”). Ratios will al-

ways be ≥ 1, but as close to 1 as possible is preferred.

Remark: From Figure 2, underestimating σ̃2
y,i (“Smaller”) is

worse than overestimating it (“Bigger”); cf. Figure 1.

4. TCCON data analysis

For the i-th station/orbit (e.g., Lamont/3590), let
{Xi,1, . . . , Xi,nx,i} be the individual TCCON observa-
tions selected in a time window for calculating Xi, with
{ti,1, . . . , ti,nx,i} as their corresponding observation times.
Then we model the individual observation Xi,j as

Xi,j = xi + εx,i,j , (5)

where xi is a constant (in time) mean parameter, and εx,i,j
is a Gaussian error term with mean zero and temporal co-
variance function, Cx(·, ·;θx,i). We consider the exponential
covariance function,

Cx(u, v;θx,i) = σ2
x,i exp(−|u− v|/φx,i) , (6)

where θx,i = {σ2
x,i, φx,i}, and σ2

x,i > 0 and φx,i > 0 are the
variance and range parameters, respectively.

The OCO-2 validation team uses the sample mean of the
individual observations to define Xi. Then

var(Xi) =
σ2
x,i

nx,i
+

1

n2
x,i

nx,i∑
j=1

∑
k 6=j

Cx,i;j,k , (7)

where Cx,i;j,k ≡ Cx(ti,j, ti,k;θx,i). When the errors
{εx,i,j}

nx,i
j=1 are independent, var(Xi) = σ2

x,i/nx,i. In the pres-
ence of temporal dependence, the effective sample size ñx,i
of the TCCON dataset is (e.g., Cressie, 1993, pp. 14-15):

ñx,i = σ2
x,i/var(Xi) =

 1

n2
x,i

nx,i∑
j=1

nx,i∑
k=1

Cx,i;j,k/σ
2
x,i

−1

. (8)

5. OCO-2 data analysis

We model the individual OCO-2 observations {Yi,1, . . . , Yi,ny,i}
using a purely spatial process, since the retrievals are within
a time window of just a few minutes. The observations have
spatial locations {si,1, . . . , si,ny,i}, respectively. Then

Yi,j = yi + εy,i,j , (9)

where yi is a constant (in space) mean parameter, and εy,i,j
is a Gaussian error term with mean zero and spatial co-
variance function, Cy(·, ·;θy,i). Let Cy(·, ·;θy,i) be the flexible
isotropic Matérn covariance function (Matérn, 2013):

Cy(q, r;θy,i) =
σ2
y,i2

1−νy,i

Γ(νy,i)

(
h

φy,i

)νy,i
Kνy,i

(
h

φy,i

)
, (10)

where h = ‖q − r‖, θy,i = {σ2
y,i, φy,i, νy,i}, σ

2
y,i > 0 is the

variance parameter, φy,i > 0 is the range parameter, and
νy,i > 0 is the smoothness parameter; Γ(·) is the gamma
function, and Kνy,i(·) is the modified Bessel function of the
second kind of order νy,i .

The OCO-2 validation team uses the sample median of the
individual observations to define Yi, since it is robust to out-
liers often found in OCO-2 datasets. Under mild conditions
(Sen, 1972; Cressie and Glonek, 1984), its large-sample
variance is

var(Yi) '
σ2
y,i

n2
y,i

ny,i∑
j=1

ny,i∑
k=1

arcsin(Cy,i;j,k/σ
2
y,i) , (11)

where Cy,i;j,k ≡ Cy(si,j, si,k;θy,i).

When the errors {εy,i,j}
ny,i
j=1 are independent, var(Yi) '

πσ2
y,i/(2ny,i); consequently, the effective sample size, ñy,i,

for computing the variance of the median is,

ñy,i =
π

2

 1

n2
y,i

ny,i∑
j=1

ny,i∑
k=1

arcsin(Cy,i;j,k/σ
2
y,i)

−1

. (12)

Strong positive spatial correlations between individual
OCO-2 observations lead to an effective sample size much
smaller than the actual sample size.

6. Results

Table 1: Parameter-estimation results and the effective
sample sizes for Lamont/3590, where nx,i and ny,i are sam-
ple sizes of datasets of individual TCCON and OCO-2 ob-
servations, respectively, and ñx,i and ñy,i are the effective
sample sizes, respectively; S2

x,i and S2
y,i are sample vari-

ances of individual TCCON and OCO-2 observations, re-
spectively. Estimates of other parameters are also given.

Xi (TCCON) σ̃2
x,i S2

x,i nx,i ñx,i σ̂2
x,i φ̂x,i ν̂x,i

401.0840 0.0063 0.3602 65 57.05 0.3607 0.0039 0.5

Yi (OCO-2) σ̃2
y,i S2

y,i ny,i ñy,i σ̂2
y,i φ̂y,i ν̂y,i

400.0395 0.0023 0.3025 2961 202.32 0.2989 0.7117 0.1849

Remark: The ratio of weights is wx,i/wy,i = σ̃2
y,i/σ̃

2
x,i =

0.3651. For version 7 of the OCO-2 data products, the OCO-
2 validation team used wx,i/wy,i = S2

y,i/S
2
x,i = 0.8398, which

falls under the scenario, “Bigger” in Section 3.
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