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Abstract

In several common allocation problems, transfers are unavailable, but incentives
are partially aligned because the allocation to one player entails positive, though im-
perfect, externalities to the other. We study the extent to which a designer can exploit
this alignment when allocating a budget between two players. We identify a natural
mechanism, the infinite hierarchical mechanism, which partitions the type space into
a countably infinite set of intervals and allocates the budget to the player in the high-
est interval. If both players are in the same interval, it divides the budget evenly.
An appealing feature is that a designer can implement this mechanism without com-
mitment power, and the mechanism is optimal among those implementable without
commitment. Our main result shows that this mechanism remains optimal with full
commitment power if the hazard rate of the type distribution is monotone, and the
density is single peaked.

JEL Classification: D82, D44, D72

1 Introduction

Allocation decisions often affect people beyond the direct recipients of resources. Cam-
paign funds used to advertise for one congressional candidate may yield spillovers for other
candidates in the same party. Even without these direct spillovers, other party members
likely value having more ideological allies in congress. If a firm’s CEO sets aside funds for
a project within a particular division, it may well impact employees and managers in other
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divisions. The project could improve firm-wide profits, allowing larger bonuses for all, or it
could provide tools that other divisions use to enhance their own work. Likewise, infrastruc-
ture spending in one city—say on roads or telecommunication networks—benefits visitors
and many businesses based elsewhere. Tech companies in California would surely profit if
New York City invested in a free wi-fi network for its residents.

These externalities clearly influence the information we can solicit to guide allocation de-
cisions. Suppose the Democratic National Committee is allocating campaign funds between
two candidates in nearby districts. These candidates have private information about their
electoral prospects based on internal polls, and the committee would like to give funds to
the candidate most in need. How much information can the committee get the candidates
to reveal? A reliance on transfers to align incentives seems problematic in this and related
settings. If we are allocating money, we cannot use monetary transfers to obtain an efficient
allocation: our challenge is to identify who has the higher marginal value for money. Positive
externalities offer another lever: if one candidate knows his seat is safe (or lost), he may be
perfectly willing to cede funds to the other.

We study a designer’s allocation problem when transfers are infeasible, but players’ al-
locations entail positive externalities for one another. The designer has a unit of budget to
allocate between two players.1 Each player i has a private value ti ∈ [0, 1] for money and val-
ues the other player’s allocation at αt−i for some α ∈ (0, 1). Player i benefits from receiving
a higher budget, but if t−i >

1
α
ti, then player i benefits more from the other player receiving

the budget. We identify an intuitive mechanism with desirable properties and characterize
when it is optimal.

A hierarchical mechanism partitions the type space into a collection of intervals and
allocates the entire budget to the player in the highest one, dividing it evenly if both players
are in the same interval. For every positive integer K, we show there exists an incentive
compatible partition of [0, 1] into K intervals, and welfare is strictly increasing in the number
of intervals in the partition. There is a unique optimal mechanism using a countably infinite
number of intervals. Aside from their simplicity, hierarchical mechanisms are appealing
because a designer can implement them without commitment power. The designer can
simply ask the agents to report in which intervals their types lie. Truthful reporting is an
equilibrium if the designer follows the hierarchical allocation, and this allocation is optimal
given truthful reports.

Without commitment power, hierarchical mechanisms cover everything the designer can
implement, so the infinite hierarchical mechanism is optimal without commitment. With
commitment, one might expect a designer to do better: the threat of giving budget to
the other player or even burning money is a powerful tool for getting agents to reveal their
information. In practice, the credibility of such threats varies between settings. We say there
is no commitment gap if an optimal mechanism with commitment is implementable without
commitment. Our main result finds that the infinite hierarchical mechanism is optimal
under a large class of smooth type distributions: if the hazard rate of the type distribution
is monotone, and the density is single peaked, then there is no commitment gap.

1Equivalently, the designer can allocate probability units of an indivisible good.
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We first illustrate the result for a simple sub-class of distributions2 that includes the
uniform. For this class of distributions, we demonstrate a continuum of distinct welfare-
equivalent optimal mechanisms: optimal mechanisms are characterized by the property that
they never throw away the budget nor give a positive allocation to a player with zero value for
the budget. More generally, we provide a necessary and sufficient condition, which one can
check algorithmically, for the infinite hierarchical mechanism to be optimal, and we leverage
this condition to prove the main result. Outside this class of distributions, hierarchical
mechanisms can be suboptimal. To illustrate this, we construct an example in which money
burning allows strict improvement over mechanisms that do not throw away budget.

Reinterpreting our model as the allocation of an indivisible good without transfers can
offer insights into how organizations make decisions. Organizations often need to make dis-
crete choices about what strategy or project to pursue, and members typically have partially
aligned interests that a leader may exploit. Decision makers commonly request coarse input
from subordinates to inform organizational decisions (e.g. sorting job candidates or project
funding proposals into a small set of categories). Our findings suggest an explanation other
than information processing costs. Indeed, categorization may represent an optimal response
to an incentive problem, regardless of whether the decision maker can credibly commit to
a decision rule. Moreover, our findings suggest a way to empirically distinguish these two
explanations. When members’ interests are more closely aligned, our model predicts the use
of finer categories.

Externalities are a pervasive feature of resource allocation. From government expendi-
tures on public goods to political parties distributing campaign funds to altruistic preferences
among friends and families, allocating to one region or person affects others. These external-
ities allow us to extract information without using transfers. Without commitment power,
we are led to a simple and intuitive class of mechanisms. With commitment power, these
mechanisms still perform suprisingly well. For a large class of type distributions, we can
achieve the designer’s best outcome via a mechanism that uses a coarse message space and
does not require commitment power.

1.1 Related Literature

Our problem is formally equivalent to allocating an indivisible good with interdependent
values and no transfers, placing this paper at the intersection of several areas in mechanism
design. Work on mechanism design with interdependent values largely focuses on settings
with transfers. For instance, Jehiel et al. (1996, 1999) and Jehiel and Moldovanu (2001)
consider auctions with interdependent valuations, providing mechanisms to maximize the
seller’s revenue. More recently, McLean and Postlewaite (2015) show that a modification
of the VCG mechanism can achieve efficient allocations at low cost when players are “in-
formationally small.” In more closely related work to ours, Kucuksenel (2012) looks at an
allocation problem with altruistic preferences and characterizes the set of interim efficient
allocations with transfers.

2Truncated generalized Pareto distributions (distributions with linear inverse hazard rate).
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The classic literature on social choice theory and mechanism design with ordinal pref-
erences extensively studies cases without transfers. The celebrated impossibility result of
Gibbard (1973) and Satterthwaite (1975) highlights the difficulty of finding strategy-proof
mechanisms in this setting, a difficulty that remains for many related allocation and match-
ing problems. Our problem has a similar flavor to the biblical King Solomon Problem, first
studied by Glazer and Ma (1989) and later by Perry and Reny (1999). However, in these
problems players’ values are independent, and there is typically complete or close to complete
information regarding values. Glazer and Ma construct a mechanism in which no transfers
are required in equilibrium, but the designer needs the ability to demand payments off path.

A recent and growing literature studies cardinal mechanism design without transfers,
both in static and dynamic settings. A key idea in this work is that when there are multiple
goods to allocate, we can link decisions to satisfy incentives—if a player receives one good, it
affects her chances of receiving other goods.3 Jackson and Sonnenschein (2007) demonstrate
the efficacy of this approach, showing that the cost of providing incentives disappears in the
limit as the decision in one allocation problem is linked to more and more copies of itself.4

With a small number of linked decisions, we typically cannot achieve efficiency (Hortala-
Valve, 2010; Cohn, 2010). In a dynamic setting, Casella (2005) and Abdulkadiroğlu and
Loertscher (2007) show how linking decisions across time can help provide incentives for
truthful reporting. Guo and Hörner (2015), Lipnowski and Ramos (2015), and Li et al.
(2016a) apply this idea to repeated principal-agent problems in which the principal chooses
whether to allocate a costly good to an informed agent with partially aligned preferences.

Borgers and Postl (2009) and Miralles (2012) study related mechanism design problems.
Borgers and Postl consider a static problem in which two players must choose among three
alternatives. The players’ ordinal rankings of the alternatives are commonly known and dia-
metrically opposed. The value of the middle alternative to each player is private information
and is drawn independently from a known distribution. The authors find that achieving
full efficiency is impossible, and they characterize optimal incentive compatible mechanisms.
The probability that a player obtains her most preferred alternative acts as a type of money,
allowing the mechanisms to extract information. Miralles (2012) studies the static allocation
of two goods between multiple players without transfers. The optimal mechanism treats the
probability of receiving one of the objects as a numeraire, which is used to create “transfers.”
One could similarly view our model as allocating two goods—giving budget to one player
versus the other—but a crucial difference is that players cannot observe their value from
the other player receiving the good. This significantly complicates players’ interim expected
payoffs and prevents us from applying standard techniques in the commitment case (e.g.
Myerson, 1981).

A number of papers explore the tradeoff that players face when they are biased towards
certain actions but strong signals can overcome this bias. Most of this literature focuses on
welfare optimal equilibria in settings without commitment. Li et al. (2001) considers two
biased committee members voting for a decision. Li et al. (2016b) study a related cheap talk

3Hylland and Zeckhauser (1979) introduced the idea of using units of goods as “money.”
4See also Radner (1981); Rubinstein and Yaari (1983); Fang and Norman (2006); Gershkov et al. (2016)
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model with two senders. Each sender is responsible for a project and has private information
regarding its value. While the senders share common interests with the receiver, each has
own-project bias. This model is similar to our no-commitment case, allowing for asymmetric
biases but assuming uniformly distributed types. Both these papers show that equilibria
are partitional, and the latter shows the existence of an equilibrium with infinitely many
partition elements.5 In the case with symmetric biases, we extend the result to general
distributions. Our results with commitment show that, for a class of value distributions,
the best equilibrium outcome of the cheap talk game is also the best that a designer with
commitment power can achieve.

Our paper also contributes to a recent literature that studies how much commitment
power matters for achieving certain objectives. For instance, Glazer and Rubinstein (2006)
study a persuasion game in which messages are partially verifiable, finding an optimal mech-
anism that does not require commitment power from the receiver. Similarly, Hart et al.
(2016) show in a class of “evidence games” that a principal can achieve the same optimal
outcome whether or not she has commitment power. Our result is distinct in that we find
no commitment gap in an environment without verification of messages—there is no hard
evidence in our setting.

Besides work on mechanism design, we relate to the extensive literature on altruistic
preferences (Fehr and Schmidt, 1999, 2006). If we interpret externalities as an altruistic
concern for the other player’s welfare, we can think of this as a model of allocation within
close-knit families or communities. Again, whether or not commitment is credible, our model
predicts the use of coarse categories to solicit information for allocation decisions in these
settings.

2 Allocating a Budget

A designer must allocate a unit budget between two players i ∈ {1, 2}.6 A feasible
allocation is a pair b = (b1, b2) ∈ R2 with 0 ≤ b1, b2 and b1 + b2 ≤ 1. Write B for the
space of feasible allocations. Each player i has a type ti ∈ [0, 1] drawn independently from a
continuous distribution F with full support. We interpret ti as player i’s (constant) marginal
value of money. If the allocation is b and types are t, then player i earns utility

ui(b, t) = biti + αb−it−i,

where α ∈ (0, 1). That is, each player earns the value of her own allocation plus a fraction α
of the value of the other player’s allocation. We can interpret α as either a direct material

5Such partitional equilibria, as well as our hierarchical mechanisms, appear similar to standard partition
equilibria as in Crawford and Sobel (1982), but there are important differences. In particular, as long as
0 is contained in the support of the distribution, there always exists an equilibrium with K intervals in
the partition for any K. Moreover, while increasing the number of bins always yields a welfare superior
mechanism, we do not refine the partition.

6While our focus is on the two player case, in the appendix we show how to extend some results without
commitment for the N player case.
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benefit from the other player’s allocation, or as the result of altruistic feelings.7 The utility
functions and the type distrbution are common knowledge, while type realizations are private
information. The designer’s payoff is

w(b, t) =
u1(b, t) + u2(b, t)

1 + α
= b1t1 + b2t2,

where we normalize through the factor 1
1+α

. With perfect information, the designer would
allocate the entire budget to the player with the highest type.

An allocation rule is a function b(t1, t2) : [0, 1]2 → B mapping type realizations to a
feasible budget allocation. An allocation rule gives ex-ante expected welfare

W =

∫ 1

0

∫ 1

0

[t1b1(t1, t2) + t2b2(t1, t2)] dF (t2)dF (t1). (1)

The designer’s goal is to maximize W . Without loss of generality, we consider symmetric,
direct mechanisms. Players report types to the designer who implements an allocation
satisfying

b1(t1, t2) = b2(t2, t1) ≡ b(t1, t2).

The mechanism is (Bayesian) incentive compatible if truthful reporting constitutes a Bayes-
Nash Equilibrium of the induced game. Player i’s interim expected utility from reporting
type t is

Ui(b, t) =

∫ 1

0

[tibi(t) + αt−ib−i(t)] dF (t−i).

Incentive compatibility constraints require that

Ui(b, t) ≥ Ui (b, (s, t−i))

for all s ∈ [0, 1]. The designer’s problem is to choose b in order to maximize welfare (1),
subject to feasibility and incentive compatibility constraints.

We rewrite the design problem using reduced form allocation rules. A type t player’s
interim expected budget allocation is

Q(t) =

∫ 1

0

b(t, s)dF (s),

and her expected benefit from the other player’s budget allocation is

M(t) = α

∫ 1

0

sb(s, t)dF (s).

Therefore, if a player realizes type t, her interim expected payoff is

U(t) = tQ(t) +M(t).

7See Fehr and Schmidt (2006) for experimental evidence on altruism.
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From the definition, we have∫ 1

0

tQ(t)dF (t) =
1

α

∫ 1

0

M(t)dF (t) =
W

2
. (2)

Following the Myersonian approach, the functions Q and M allow a more convenient rep-
resentation of the incentive compatibility constraints. Proofs of the following lemmas are
standard and omitted.

Lemma 1. If the allocation rule b is incentive compatible, then the function Q is weakly
increasing in t. Moreover, the function U is increasing, convex, and differentiable at all but
countably many points, and we have U ′(t) = Q(t) almost everywhere.

Lemma 2. An allocation rule b is incentive compatible if and only if Q is weakly increasing
and

M(t) = M(0)− tQ(t) +

∫ t

0

Q(s)ds. (3)

We call attention to two distinctive features of our environment. First, a mechanism
needs to provide incentives against misreporting both upwards and downwards. Attempting
to allocate efficiently clearly creates an incentive to misreport upwards and claim more
budget. However, if we allocate too much in the interim to players with moderate types,
this may incentivize these types to misreport downwards: if one is sure the other player has
a much higher type, one may not want to obtain any of the budget.

A second feature is that players have interim uncertainty about their preferences. Each
player knows her own type but not the other player’s. She is therefore uncertain about the
opportunity cost of receiving the good. This limits the applicability of the standard approach
to solve for an optimal mechanism since we cannot rewrite the incentive compatibility con-
straints using only the interim allocation rule—a player’s incentive constraint includes the
expected payoff from the other player receiving the good, and M cannot be written in terms
of Q. For a small class of distributions—those with linear inverse hazard rates—we can still
work with the interim allocation rules to construct a bound on welfare, and we construct a
mechanism that achieves this bound to prove optimality. In general, we need to work directly
with the ex-post allocation rule, the function b. Our solution follows a linear programming
approach to optimize over the ex-post allocation rule.

We now examine a class of mechanisms with nice properties before returning to the
problem of optimal mechanism design in this setting.

3 Hierarchical Mechanisms

An obvious strategy for the designer is to partition [0, 1] into a collection of intervals and
ask each player to report the interval in which her type lies: give the entire budget to the
player in the highest interval, and divide it evenly if both report the same interval. We refer
to these as hierarchical mechanisms.8

8We borrow this terminology from Border (1991).
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Definition 1. A hierarchical mechanism b satisfies

b(t, s) =


1 if s ≤ τk < t for some k ∈ N
1
2

if t, s ∈ (τk, τk−1] for some k ∈ N
0 if s > τk ≥ t for some k ∈ N,

where 1 = τ0 > τ1 > τ2 > ... > τK = 0, and K ∈ N ∪ {∞}.

0

Player 1 type

0

Player 2 type

1

1

τ1

τ2 τ1

τ2

(0, 1) (0, 1) ( 12 ,
1
2 )

(0, 1) ( 12 ,
1
2 ) (1, 0)

( 12 ,
1
2 ) (1, 0) (1, 0)

Figure 1: The allocation rule for a hierarchical mechanism with 3 bins.

We call the intervals (τk, τk−1] in a hierarchical allocation bins, and the we call the end-
points τk thresholds. The kth bin is the interval between the thresholds τk and τk−1. Figure
1 illustrates the allocation rule for a hierarchical mechanism with 3 bins. The horizontal
axis shows player 1’s type, and the vertical axis shows player 2’s type. If types are realized
in an off-diagonal box, the entire budget goes to the player with the highest type: this is
the efficient outcome. For the boxes on the diagonal, the budget is divided evenly between
the players, and this is where inefficiency arises. A hierarchical mechanism may have finitely
many bins or a countably infinite number of them.

3.1 Existence of Hierarchical Mechanisms

For any K ∈ N∪{∞}, there always exists an incentive compatible hierarchical mechanism
with K bins.
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Proposition 1. For each K ∈ N ∪ {∞} there exists an incentive compatible hierarchical
mechanism with K bins, and the interior thresholds satisfy

τk = α

∫ τk−1

τk+1
tdF (t)

F (τk−1)− F (τk+1)
= αE [t | t ∈ (τk+1, τk−1)] . (4)

Moreover, if for all a, b, λ ∈ (0, 1) we have

E [t | t ∈ (λa, λb)] ≥ λE [t | t ∈ (a, b)] ,

then the incentive compatible hierarchical mechanism with K bins is unique for each K.

Proof. For each K ∈ N ∪ {∞} we define the auxiliary game GK as follows. The players
simultaneously send messages in MK = {1, 2, ..., K}, and the player reporting the lowest
number receives the entire budget—if both report the same number, split the budget evenly.
A player’s strategy is a measurable map σ : [0, 1]→MK . An incentive compatible hierar-
chical mechanism with K bins exists if and only if there exists an equilibrium of GK in which
all messages are used. We show that such an equilibrium exists.

First, suppose K is finite, and define the space

X = {x ∈ RK−1 | 1 ≥ x1 ≥ x2 ≥ ... ≥ xK−1 ≥ 0}.

To each element x ∈ X we associate the strategy σx that reports k if t ∈ (xk+1, xk), where we
take x0 = 1 and xK = 0. Since F is continuous, we can safely ignore behavior at the cutoff
points, treating all strategies consistent with this specification as an equivalence class. We
are done if we show there exists x ∈ X such that σx is a best reply to itself, and xk 6= xk−1
for each k. Define the map BR : X → X by

BR(x)k = αE[t | t ∈ (xk+1, xk−1)].

The map BR is a well-defined function from X to itself, and we will show that σBR(x) is a
best response to σx.

If the other player follows σx, we can compute a type t player’s interim expected payoff
from reporting k as

α

∫ 1

xk−1

sdF (s) +
α

2

∫ xk−1

xk

sdF (s) +
F (xk−1) + F (xk)

2
t.

Consequently, a player prefers reporting k to reporting k + 1 if and only if

t ≥ α

∫ xk−1

xk+1
sdF (s)

F (xk−1)− F (xk+1)
= αE [t | t ∈ (xk+1, xk−1)] = BR(x)k.

Since E[t | t ∈ (xl+1, xl−1)] ≤ E[t | t ∈ (xk+1, xk−1)] for any l > k, a player with t ≥ BR(x)k
prefers reporting k to any l > k. Similarly, a player with t < BR(x)k−1 prefers reporting k
to any l < k, establishing that σBR(x) is a best reply.
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The map BR is clearly monotone, so Tarski’s fixed point theorem implies the existence of
a fixed point τ , which satisfies (4), and the set of fixed points constitutes a complete lattice.
It remains to show that a fixed point lies in the interior—i.e. we do not have τk = τk+1 for
some k. Suppose τ is not an interior point, and choose the smallest k such that τk = τk+1.
Observe that k > 1 because (4) implies τ1 ≤ α < τ0 = 1. We then have

τk = αE [t | t ∈ (τk−1, τk+1)] > αE [t | t ∈ (τk, τk+2)] = τk+1

where strict inequality follows because τk−1 > τk, a contradiction. Therefore, an incentive
compatible hierarchical mechanism with K bins exists. The same argument using Tarski’s
fixed point theorem works with K = ∞ if we use the message space M∞ = N ∪ {∞}—we
require the addition of {∞} to the message space so that type zero players have a well-defined
best reply. The uniqueness claim follows from Theorem 1 in Kennan (2001)—the given
condition on F is exactly what we need to ensure the best reply function is “R-concave.”

Using equation (4), we can explicitly compute the thresholds in a hierarchical mechanism.
Suppose F is the uniform distribution. Equation (4) becomes

τk = α
τk−1 + τk+1

2
,

leading to the recurrence relation

τk =
2

α
τk−1 − τk−2.

The characteristic polynomial has roots 1
α

(
1±
√

1− α2
)
, implying that solutions take the

form

τk = c1

(
1 +
√

1− α2

α

)k
+ c2

(
1−
√

1− α2

α

)k
.

For finite K, the endpoint conditions τ0 = 1 and τK = 0 yield the unique solution

c
(K)
1 =

1

2

(
1− (1 +

√
1− α2)K + (1−

√
1− α2)K

(1 +
√

1− α2)K − (1−
√

1− α2)K

)
,

c
(K)
2 =

1

2

(
1 +

(1 +
√

1− α2)K + (1−
√

1− α2)K

(1 +
√

1− α2)K − (1−
√

1− α2)K

)
.

Taking the limit as K →∞ yields the optimal mechanism with c1 = 0 and c2 = 1. The kth
threshold in this case is simply τ k where τ = 1−

√
1−α2

α
. For general distributions, equation

(4) similarly defines a recurrence relation that is easily solved using numerical methods.
While the solution to the recurrence is unique for the uniform distribution, this is not

the case in general. Suppose α = 4
5
, and consider a distribution with density 1 from 0 to 30

63

along with two point masses of size 33
126

located at 31
63

and 62
63

respectively.9 This distribution

9While this particular distribution violates our assumption that F is continuous, we could approximate
it arbitrarily well with a continuous distribution to the same effect. The given distribution allows a simpler
exposition of the example.
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permits two distinct incentive compatible hierarchical mechanisms with three bins. In one,
we take the thresholds τ1 = 30

63
and τ2 = 12

63
, and the reader can verify that (4) is satisfied.10

If we shift τ1 up slightly to move the lower point mass into the second bin, the change in the
conditional expectation E[t | t ∈ (0, τ1)] shifts τ2 up enough to support the change in τ1. A
second hierarchical mechanism with three bins sets

τ2 =
4

5

641

1953
≈ 0.263, τ1 =

4

5

1 + τ2
2
≈ 0.505.

Aside from their simplicity, there is so far no reason why the designer should focus on
hierarchical mechanisms. One desirable property of hierarchical mechanisms is that the
designer can implement them without commitment power: we can design a message space
such that the designer would never want to change the allocation rule after receiving players’
reports. In fact, hierarchical mechanisms encompass everything the designer can do without
commitment power, so they offer a natural reference point.

3.2 Properties of Hierarchical Mechanisms

We first need to formalize the notion of implementation without commitment. In general,
a mechanism consists of a message space and an outcome function mapping messages to
allocations. Without loss, we take the message space to be a measurable partition of [0, 1].
Players send messages simultaneously, and the designer subsequently chooses an allocation.
We restrict the designer to choose a symmetric mechanism. In the appendix, we show this
restriction is without loss of generality.11

Definition 2. A symmetric mechanism is a message space M, which is a measurable
partition of [0, 1], and an outcome function b̃ : M→ B such that(

b̃(m,m′), b̃(m′,m)
)
∈ B

for every message profile (m,m′) ∈ M2. The mechanism gives a player b̃(m,m′) when the
player reports m and the other player reports m′.

Given a mechanism, player i chooses a message function mi : [0, 1]→M mapping type
realizations to partition elements. We say that player i reports truthfully if for all t ∈ [0, 1]
we have

t ∈ mi(t).

10These are in fact the same thresholds in a 3 bin mechanism for the uniform distribution. The distribution
in this example was obtained from the uniform by shifting mass within the top bin without changing the
conditional expectation for that bin.

11With full commitment, this is obvious because we can simply average an asymmetric mechanism with its
mirror image to obtain the same welfare via a symmetric mechanism. Without commitment, we can follow
the same line of reasoning, but there is additional work to check that the average is implementable without
commitment.
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Write m∗(t) for the element of M that contains t. The mechanism (M, b̃) implements the
allocation rule

b(t, s) = b̃ (m∗(t),m∗(s)) .

The mechanism is incentive compatible whenever the allocation rule b(t, s) is incentive com-
patible.

If the designer is unable to commit to an allocation rule ex-ante, then she must find it
optimal to follow through with the allocation after receiving players’ reports.

Definition 3. A symmetric allocation rule b is implementable without commitment if
there exists an incentive compatible mechanism (M, b̃) such that

b̃ (m∗(t),m∗(s)) = b(t, s)

and b̃ is ex-post optimal for the designer: the allocation b̃(m,m′) is positive only if

E [t | t ∈ m] ≥ E [t | t ∈ m′] .

Any implementation without commitment must use a coarse message space, meaning
that some players with different types report the same message. If players fully reveal their
types, the designer wants to implement the efficient allocation, giving the entire budget to the
player with the highest type. However, the efficient allocation is never incentive compatible
because any player with t > α wants to deviate and report 1, thereby claiming the entire
budget.

From the definition, one can see that an allocation rule is implementable without com-
mitment if and only if it corresponds to an equilibrium of a cheap talk game. Taking a
natural language interpretation of the message space, the equilibrium is particularly salient
as it asks players to truthfully report in what partition elements their types are, and truth-
ful reporting is incentive compatible. Borrowing a term from the philosopher Paul Grice,
players have no reason to abandon the “cooperative principle,” so we should expect real
people to follow this equilibrium. An incentive compatible hierarchical mechanism is clearly
implementable without commitment. What is less immediately obvious is that hierarchical
mechanisms comprise all such mechanisms.

Theorem 1. Any symmetric allocation that is implementable without commitment is welfare
equivalent to a hierarchical mechanism.

Proof. Suppose (M, b̃) is an implementation without commitment of an allocation rule b.
The expected value E [t | t ∈ m] for each element m ∈M defines an ordering onM. Without
loss, we can adjust the mechanism so that each m ∈M is distinct according to this ordering.

To see why, observe that without commitment, the designer allocates the entire budget
to the player who reports the highest message. Suppose there are multiple distinct partition
elements with the same conditional expectation x, and define

M(x) = {m ∈M, : E[t | t ∈ m] = x} .

12



The expected allocation to a player i reporting m is

Q(m) = P (m∗(t−i) < m) +

∫
s :m∗(s)∈M(x)

b̃ (m,m∗(s)) dF (s).

Suppose Q(m) > Q(m′). There exists t ∈ m′ such that t ≥ x. By reporting m instead of
m′, a type t player receives a higher allocation while only taking budget away from types
with expected value x, which she values at αx < t. Therefore, m is a profitable deviation
for t, contradicting incentive compatibility. Therefore, we must have Q(m) = Q(m′) for all
m,m′ ∈M(x). We can achieve this by setting b̃(m,m′) = b̃(m′,m) for all m,m′ ∈M(x), and
changing the allocation in this way is welfare neutral. Thus the mechanism which replaces
all m ∈M(x) with a single m̂ = ∪m∈M(x)m is welfare equivalent.

Assuming partition elements are distinct when ordered by conditional expectation, each
element of the partition m ∈ M is necessarily connected. Suppose there exist t1 < t2 < t3
with t1, t3 ∈ m1 and t2 ∈ m2, and define

xij = α

∫
m>mi

sdF (s) +
α

2

∫
mi

sdF (s) +
tj
2

(P(m < mi) + P(m ≤ mi)) .

Incentive compatibility requires x11 ≥ x21, x13 ≥ x23, and x22 ≥ x12. This implies that both

(x13 − x23)− (x12 − x22)

=
t3 − t2

2
(P(m < m1) + P(m ≤ m1)− P(m < m2)− P(m ≤ m2)) ≥ 0, and

(x11 − x21)− (x12 − x22)

=
t1 − t2

2
(P(m < m1) + P(m ≤ m1)− P(m < m2)− P(m ≤ m2)) ≥ 0.

This can only be true if

P(m < m1) + P(m ≤ m1) = P(m < m2) + P(m ≤ m2),

which means m1 = m2.
To complete the proof, we note there are at most countably many elements in the partition

M. For any two messages m < m′, incentive compatibility implies that the least upper
bound of m is at most α times the least upper bound of m′, which immediately implies this
claim. Hence, any allocation implementable without commitment partitions [0, 1] into at
most countably many intervals and gives the budget to the player in the highest interval. Any
such mechanism is identical to a hierarchical mechanism, except possibly at the thresholds
where players are indifferent between the two adjacent bins.

In light of Theorem 1, finding the optimal mechanism without commitment means finding
the optimal number of bins. Intuitively, more bins is better, but proving this is not immediate

13



because we never obtain a true refinement of the partition (note the top bin always contains
α). Neverthess, we can always find a K+ 1 bin mechanism that performs better than any K
bin mechanism, and the optimal mechanism is the infinite bin mechanism with the highest
thresholds.

Theorem 2. For any hierarchical mechanism with K bins, there exists a hierarchical mech-
anism with K + 1 bins yielding strictly higher welfare. The optimal mechanism without
commitment is the hierarchical mechanism with infinitely many bins that has the highest
value of τ1.

Proof. A hierarchical mechanism with K bins produces welfare

K∑
i=1

(F (τi−1) + F (τi))

∫ τi−1

τi

tdF (t).

If we differentiate this with respect to a single threshold τk with k ∈ {1, 2, ..., K − 1}, we get

∂W

∂τk
= f(τk)

∫ τk−1

τk+1

tdF (t)− τkf(τk) (F (τk−1)− F (τk+1)) .

This derivative is positive whenever

τk <

∫ τk−1

τk+1
tdF (t)

F (τk−1)− F (τk+1)
,

and in particular, it is positive at or below the thresholds in an incentive compatible hierar-
chical mechanism.

Recall the games {GK}K∈Ns defined in the proof of Proposition 1. Start with the profile
x corresponding to a hierarchical mechanism with K bins, and add the threshold xK+1 at
zero. Best response dynamics in the game GK+1 shift the thresholds upwards with each
iteration, so we must converge to an incentive compatible mechanism with K+1 bins. Since
the derivative of welfare with respect to the thresholds is positive, each iteration improves
welfare, so the K + 1 bin mechanism to which we converge yields strictly higher welfare.

If we repeat the above procedure and take the limit as K → ∞, we converge to an
incentive compatible hierarchical mechanism with infinitely many bins, establishing that any
optimal mechanism must have infinitely many bins. If there are multiple such mechanisms,
Tarski’s fixed point theorem guarantees there is a unique mechanism that maximizes all of
the thresholds, and maximizes τ1 in particular. Taking any other infinite bin mechanism, a
similar argument in which we sequentially shift the thresholds upwards toward the maximal
thresholds shows that the mechanism with maximal thresholds is optimal.

When the designer cannot commit to an allocation rule, an incentive compatible mecha-
nism is implementable if and only if the allocation is equivalent to a hierarchical mechanism.
Within the class of hierarchical mechanisms, adding bins always results in a welfare improve-
ment, so the optimal mechanism partitions the unit interval into infinitely many bins. The
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thresholds in such a mechanism necessarily concentrate around zero, so if there are multi-
ple such mechanisms, the most significant differences in the allocation occur for the highest
types. The unique maximal hierarchical mechanism results in the finest partition in this
region and therefore yields the optimal welfare.

The concentration of thresholds near zero in the optimal mechanism makes clear that
having zero in the support of F is important to this particular result. While we find this
assumption reasonable—certain corporate projects or uses of campaign funds can have ar-
bitrarily low value—we can obtain an analogous result if F is supported on some interval
[a, b] with a > 0. In this case, Theorem 1 holds by an identical argument, but there is an
upper bound on the number of bins in an incentive compatible mechanism. The argument
in Theorem 2 shows that the mechanism with the most bins is optimal.

4 Optimal Mechanisms

It turns out that for a large class of distributions, hierarchical mechanisms are optimal
mechanisms. In this case, we can achieve the optimal welfare without commitment. We first
illustrate the main ideas in a well-behaved class of distributions: linear inverse hazard rate
distributions. For these distributions, any incentive compatible mechanism that a) never
burns money and b) never allocates money to type zero, is optimal. As a consequence, there
is a continuum of optimal mechanisms, one of which is the hierarchical mechanism with
infinitely many bins.

The Myersonian approach works for linear inverse hazard rate distributions because these
are exactly the distributions for which the second order incentive compatibility constraint
(i.e. Q is increasing) does not bind. For generic distributions, interim uncertainty causes the
second order constraint to bind, complicating the analysis. We take a linear programming
approach to solve the problem. The rest of the section explores more general conditions
under which hierarchical mechanisms are optimal as well as cases in which they are not.

4.1 Linear Inverse Hazard Rate Distributions

Throughout this subsection, we assume that F has full support on an interval [0, 1], and
the inverse hazard rate

h(t) ≡ 1− F (t)

f(t)
(5)

is a linear function of t. The endpoint condition h(1) = 0 implies h(t) = β(1 − t) for some
β > 0. Taking β = 1, this class of distributions includes the uniform distribution, as well as

all distributions of the form F (t) = 1− (1− t)
1
β . The distribution is convex whenever β ≥ 1

and concave whenever β ≤ 1. Our first result provides a necessary and sufficient condition
for an optimal mechanism when the inverse hazard rate is linear.

Proposition 2. Suppose the inverse hazard rate h(t) is linear. An incentive compatible
mechanism is optimal if and only if:
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(a) The mechanism fully allocates the budget:
∫ 1

0
Q(t)dF (t) = 1

2
;

(b) The mechanism never allocates to the lowest type: M(0) = α
∫ 1

0
tdF (t).

Proof. Integrating equation (3) over the type distribution gives us∫ 1

0

tQ(t) +M(t)dF (t) = M(0) +

∫ 1

0

∫ t

0

Q(s)dsdF (t)

= M(0) +

∫ 1

0

∫ 1

t

Q(t)dF (s)dt

= M(0) +

∫ 1

0

Q(t) (1− F (t)) dt

= M(0) +

∫ 1

0

Q(t)h(t)dF (t).

Recalling (2) and taking h(t) = β(1− t), we have

1 + α

2
W = M(0) + β

∫ 1

0

Q(t)(1− t)dF (t),

implying
1 + α + β

2
W = M(0) + β

∫ 1

0

Q(t)dF (t). (6)

The value M(0) attains its maximum of α
∫ 1

0
tdF (t) if the other player always gets the

entire budget when a player reports type 0, and
∫ 1

0
Q(t)dF (t) attains its maximum of 1

2
if

the mechanism never throws away any of the budget.12

If F has a linear inverse hazard rate, then welfare in any incentive compatible mechanism
is proportional to a weighted average of M(0) and

∫ 1

0
Q(t)dF (t). These values are maximized

respectively when we never allocate to the lowest type and we never burn money. Much like
the celebrated revenue equivalence theorem from auction theory, one can view Proposition
2 as a “welfare equivalence” result: any incentive compatible mechanism that satisfies these
two conditions yields the same expected welfare.

We have already seen one optimal mechanism: the hierarchical mechanism with infinitely
many bins satisfies both (a) and (b). However, Proposition 2 implies the existence of a con-
tinuum of distinct welfare equivalent mechanisms. To see this, consider a class of mechanisms
using the message space M = N ∪ {∞}. For each w ∈ (0, 1), define the allocation rule

b̃w(x, y) =
wx

wx + wy
.

Like we did in the proof of Proposition 1, we can use Tarski’s fixed point theorem to show
an equilibrium exists for each of these mechanisms. Since Q is monotone in an incentive

12This follows from the main result of Border (1991).
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compatible mechanism, we see that any equilibrium divides [0, 1] into infinitely many bins,
with lower messages corresponding to higher bins and higher allocations. Unlike in the
hierarchical allocation, these mechanisms do not give the entire budget to the player in the
highest bin. The portion of the budget a player receives is strictly decreasing in her own
message and strictly increasing in the other player’s message.13 Clearly, these mechanisms
never throw away budget. One can check that in any equilibrium, type zero players must
report the message ∞, and only type zero players send the message ∞. Consequently, the
equilibrium for each mechanism satisfies conditions (a) and (b), resulting in an optimal
allocation.

4.2 Optimality of Hierarchical Mechanisms

We now explore more general conditions under which hierarchical mechanisms are optimal.
Throughout this section, we assume F has full support on [0, 1]. Using a linear programming
approach, we provide a tight characterization. In the proof (see Appendix), we highlight why
the second order constraints bind. We subsequently use this result to show that hierarchical
mechanisms are optimal for a large class of value distributions with monotone hazard rates.

Lemma 3 (Hierarchical Optimality). Suppose F has full support on [0, 1]. The infinite
hierarchical mechanism is optimal if and only if there exist constants {λk}k∈N and {Ck}k∈N,
and a non-negative function ρ(t, x) defined for t > x, which satisfy the following conditions:

(a) The constants Ck are non-negative and weakly decreasing in k.

(b) For each k we have∫ t

τk

ρ(t, x)dx−
∫ τk−1

t

ρ(x, t)dx = −tf(t) (1− λk(1 + α))− λk (F (τk−1)− F (t))

−
k−1∑
j=1

λj (F (τj−1)− F (τj)) + Ckf(t).

(c) We have
∞∑
k=1

λk (F (τk−1)− F (τk)) ≥ 0.

The proof of Lemma 3 involves constructing multipliers that solve the designer’s linear
program. The conditions in the lemma are precisely what is needed for the multipliers to
satisfy the complementary slackness conditions. Details are given in the appendix.

An application of Lemma 3 leads to our main result, a sufficient condition on the dis-
tribution F for optimality of the infinite hierarchical mechanism. Theorem 3 shows that
optimality of the hierarchical mechanism extends well beyond linear inverse hazard rate dis-
tributions. For a large class of value distributions with monotone hazard rates, there is no
gain from commitment power.

13The hierarchical allocation corresponds to the limit case as w → 0.
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Theorem 3. Suppose F has a monotone hazard rate and f is single peaked. Then the infinite
hierarchical mechanism is optimal.

Proof. In the appendix, we show how to construct multipliers that satisfy the conditions of
Lemma 3, given either hypothesis.

4.3 Non-Optimality of the Hierarchical Mechanism

In general, the hierarchical allocation is not optimal. An optimal mechanism may even
throw away some of the budget.14 Suppose t = 1 with probability p, and t = t̂ with
probability 1− p, with 0 < α < t̂ < 1. In this case, both types strictly prefer to receive the
entire budget regardless of the other player’s type. Therefore, without throwing away the
budget, any mechanism leads to a pooling equilibrium with welfare

Wp = p+ (1− p)t̂.

Consider the symmetric direct mechanism such that

b(t, s) =


0 if t = s = 1

1 if t > s
1
2

if t = s = t̂.

This mechanism discourages false reporting by throwing away the budget if both players
report type 1; otherwise, it implements the efficient allocation. Welfare is

Wt = 2p(1− p) + (1− p)2t̂.

Incentive compatibility requires that reporting t̂ is not profitable for type 1:

1− p ≥ αp+ (1− p)1 + αt̂

2
,

and reportng type 1 is not profitable for type t̂:

αp+ (1− p)t̂1 + α

2
≥ (1− p)t̂.

This mechanism is strictly better than pooling if Wt > Wp. All three of these inequalities
are satisfied if

t̂ <
2α

1 + α
, and

t̂(1− α)

t̂(1− α) + 2α
< p <

1− t̂
2− t̂

,

which covers a positive measure of parameter values. For instance, if α = 1
2
, t̂ = 3

5
, and

p = 1
4
, then money burning improves welfare.

14To simplify the exposition of this example, we assume a distribution with two point masses. Using a
continuous distribution to approximate, we could obtain the same result.
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Intuitively, money burning allows the designer to discriminate between the types. A low
type would steal the budget whenever possible without money burning, but with money
burning this is not worth the risk: if he lies, and the other player is the high type, he loses
utility from the other player’s allocation as well as his own. On the other hand, a high type
finds the risk worthwhile since he has an extremely high value from receiving the budget.
While the designer does suffer when both players are high types, this is more than offset by
the gains from discrimination.

5 Final Remarks

Externalities from resource allocation can provide a tool to solicit information without
transfers or commitment power. People may be willing to reveal when they have low values
if the benefit from others’ allocations is sufficiently high. When commitment is not credible,
the allocation rules we can implement have a very simple structure. Any implementable
mechanism is a hierarchical mechanism, and welfare is increasing in the size of the partition
we use. There is often no commitment gap in this setting. The infinite hierarchical mech-
anism remains optimal for a large class of value distributions even if we have commitment
power. This result sheds light on organizational decision-making, providing an incentives
based explaination for a coarse use of information.

While we have focused on a symmetric model with two players, the characterization of
optimal allocation without commitment extends naturally to a model with many players or
asymmetric externalities.15 The case with commitment leaves a number of open questions.
First, it is unclear whether the infinite hierarchical mechanism is optimal in general if we
forbid money burning—the only examples we have in which the mechanism is suboptimal
require money burning to obtain an improvement. Second, adding players is non-trivial
because it introduces a new threat the designer can use to obtain information. Suppose
there are three players and three bins, and two of the players report in the middle and
bottom bin respectively. Consider incentives for the third player to report truthfully. Our
designer might promise to split the budget with the player in the middle bin if our third
player reports in the middle bin. If the third player reports in the highest bin, the designer
may threaten to give some budget to the player in the bottom bin. Such a threat constitutes a
sort of pseudo-money burning that is unavailable in the two player game. Instead of actually
burning money, the designer reduces the efficiency of the allocation among the other players.
This has the added benefit of stronger incentives for low value players to report in the bottom
bin. The extent to which such threats can improve allocations is a subject for future work.

15Li et al. (2016a) provide a characterization for asymmetric externalities with uniform values. In the
appendix, we give the extension with symmetric externalties for N players.

19



References
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A Appendix

Symmetric Mechanisms

We show that restricting our attention to symmetric mechanisms is without loss of gen-
erality when the designer lacks commitment power.16 We first define a general mechanism,
allowing different partitions of the type space for each of the two players.

Definition 4. A mechanism is a pair of message spaces M and M′, which are both
measurable partitions of [0, 1], and an outcome function b̃ : M ×M′ → B. Given a
mechanism (M,M′, b̃), its transpose is the mechanism (M′,M, b̃′), where

b̃′1(m
′,m) = b̃2(m,m

′), b̃′2(m
′,m) = b̃1(m,m

′)

for all m ∈M and m′ ∈M′.

The same argument from the proof of Proposition 1 shows that for any incentive com-
patible mechanism, the partitions M and M′ are countable collections of intervals. Write
m1 > m2 > ... for the elements of M and m′1 > m′2 > ... for the elements of M′. Using the
conditional expectations E[t | t ∈ m] we can obtain an ordering on M∪M′. Now, observe
that if we ever have mi > m′j > m′j+1 > mi+1, then we may as well collapse m′j and m′j+1

into a single interval because the distinction has no effect on the allocation in a mechanism
implementable without commitment. Therefore, we assume without loss that for each i there
is at most one j such that mi ≥ m′j ≥ mi+1 and at most one k such that m′i ≥ mk ≥ m′i+1. A
consequence is that if t ∈ mi for some i and m′j ≥ mi ≥ m′j+1, then t ∈ m′j ∪m′j+1. Similarly,
if t ∈ m′i and mj ≥ m′i ≥ mj+1, then t ∈ mj ∪mj+1.

Given a mechanism that is implementable without commitment (M,M′, b̃), we can
define a symmetric mechanism (Ms, b̃s) that yields the same welfare by taking

Ms =M×M′, b̃s(m1,m2) =
b̃(m1,m

′
2) + b̃′(m′1,m2)

2
.

This mechanism necessarily satisfies incentive compatibility constraints since the original
mechanism and its transpose did. We check that this symmetric mechanism is implementable
without commitment.

For a type t, write m(t) ∈ M and m′(t) ∈ M′ for the corresponding partition elements.
Suppose t1 > t2 are the realized types—it should be clear that the symmetric mechanism
allocates either 1 or 1

2
to the player of type t1. If the allocation is 1, this implies that both

m(t1) ≥ m′(t2) and m′(t1) ≥ m(t2), with at least one strict inequality. If m(t1) > m′(t1),
then m(t1) > m(t2), and type t1 is clearly in a higher element of the partition Ms than
t2. Similarly, if m′(t1) > m(t1), then m′(t1) > m′(t2), and if m(t1) = m′(t1), then both

16We implicitly assume the two players use pure strategies in their selection of messages. This is without
loss as only threshold types—a measure zero set—would ever be indifferent between reporting two distinct
messages.
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inequalities are strict. In each case, the allocation prescribed by the symmetric mechanism
is optimal for the designer.

Now suppose the allocation to the player of type t1 is 1
2
. Without loss of generality, we

may assume that m(t1) ≥ m′(t2) and m(t2) ≥ m′(t1). Moreover, since t1 > t2, we have
m(t1) ≥ m(t2) and m′(t1) ≥ m′(t2). If m(t1) > m(t2), then we have m(t1) > m(t2) ≥ m′(t1),
but this is not possible because t1 must lie in the element of M′ in between m(t1) = mi

and mi+1 ≥ m(t2). Therefore, we have m(t1) = m(t2). Similarly, if m′(t1) > m′(t2), then
m(t2) ≥ m′(t1) > m′(t2), and we arrive at a similar contradiction. Consequently, the players
are reporting the same elements in both partitions, and it is therefore optimal for the designer
to divide the budget evenly.

Proof of Lemma 3

We first set up the designer’s problem as a linear program. The designer chooses the
allocation rule b(t, s) to maximize

∫ 1

0
tQ(t)dF (t) subject to incentive compatibility and fea-

sibility constraints. Using Lemma 2 and the definition of Q, this problem is:

max
b(t,s)

∫ 1

0

∫ 1

0

tb(t, s)dF (s)dF (t)

s.t.

∫ 1

0

(tb(t, s) + αsb(s, t)) dF (s) = α

∫ 1

0

sb(s, 0)dF (s) +

∫ t

0

∫ 1

0

b(x, s)dF (s)dx, t ∈ [0, 1]∫ 1

0

b(t, s)dF (s) ≥
∫ 1

0

b(x, s)dF (s), t ≥ x

b(t, s) + b(s, t) ≤ 1 s, t ∈ [0, 1]

b(t, s) ≥ 0 s, t ∈ [0, 1].

The Lagrangian is

L(b, λ, µ, ν, ρ) =

∫ 1

0

∫ 1

0

tb(t, s)f(s)f(t)

− λ(t)f(s)

(
tb(t, s) + αsb(s, t)− αsb(s, 0)−

∫ t

0

b(x, s)dx

)
+

∫ t

0

ρ(t, x)f(s) (b(t, s)− b(x, s)) dx+ ν(t, s)b(t, s)

− µ(t, s) (b(t, s) + b(s, t)− 1)− µ0(t) (b(t, 0) + b(0, t)− 1) + ν0(t)b(0, t)dsdt.

For any µ, ν, ρ ≥ 0, any λ, and any feasible and incentive compatible b, the Lagrangian is
clearly larger than the objective value in the linear program. In particular, if W ∗ is the
maximum welfare, we necessarily have

inf
µ,ν,ρ≥0

λ

sup
b(t,s)

L(b, λ, µ, ν, ρ) ≥ W ∗,

ii



where b(t, s) ∈ R for the supremum is unconstrained. If we can find multipliers µ, ν, ρ ≥ 0
and λ along with a feasible and incenitve compatible allocation rule b∗ such that

sup
b(t,s)

L(b, λ, µ, ν, ρ) =

∫ 1

0

∫ 1

0

tb∗(t, s)dF (s)dF (t),

then the allocation rule is optimal. Since this is a linear program, we know there is no
duality gap, and the necessary condition is also sufficient—given an optimal allocation b∗,
there exist corresponding multipliers. Hence, the hierarchical mechanism is optimal if and
only we can find corresponding multipliers that satisfy the stationarity and complementary
slackness conditions.

Define Λ(t) =
∫ t
0
λ(s)ds and µ̃(t, s) = µ(t, s) + µ(s, t). Changing the order of integration

for selected terms, we can rewrite the Lagrangian as

L(b, λ, µ, ν, ρ) =

∫ 1

0

∫ 1

0

tb(t, s)f(s)f(t)

− λ(t)f(s)tb(t, s)− λ(s)f(t)αtb(t, s)

+ (Λ(1)− Λ(t)) f(s)b(t, s) +

(∫ t

0

ρ(t, x)dx−
∫ 1

t

ρ(x, t)dx

)
f(s)b(t, s)

− µ̃(t, s)b(t, s) + µ(t, s) + ν(t, s)b(t, s)dsdt

+

∫ 1

0

αΛ(1)tf(t)b(t, 0)− µ0(t) (b(t, 0) + b(0, t)− 1) + ν0(t)b(0, t)dt,

We seek multipliers λ, µ, ν, ρ to make the Lagrangian constant in the allocation b. Assum-
ing the hierarchical mechanism is optimal, the complementary slackness conditions require
µ, ν, ρ ≥ 0, with equality whenever the corresponding constraint is slack. This means that
ν(t, s) = 0 whenever t is in bin k and s is in bin k or lower, and it means that ρ(t, x) = 0
whenever t and x are in different bins. Without loss, I take the kth bin in the hierarchical
mechanism to be the half open interval (τk, τk−1].

For convenience, define

ρ(t) =

∫ t

0

ρ(t, x)dx−
∫ 1

t

ρ(x, t)dx.

Stationarity implies that

0 = tf(s)f(t)− tλ(t)f(s)− αtλ(s)f(t) + (Λ(1)− Λ(t)) f(s)

− µ̃(t, s) + ν(t, s) + ρ(t)f(s) (7)

for all t, s ∈ (0, 1], and

0 = αΛ(1)tf(t)− µ0(t) = µ0(t)− ν0(t) (8)

for all t ∈ [0, 1].
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Suppose t and s are in the same bin k, implying ν(t, s) = ν(s, t) = 0 by complementary
slackness. Switching t and s in (7) and subtracting, we obtain for any t, s ∈ (τk, τk−1]:

0 = (t− s)f(s)f(t)− (t− αs)λ(t)f(s) + (s− αt)λ(s)f(t) + (Λ(1)− Λ(t)) f(s)

− (Λ(1)− Λ(s)) f(t) + ρ(t)f(s)− ρ(s)f(t)

= f(s) (tf(t)− tλ(t) + Λ(1)− Λ(t) + ρ(t)) + sf(s) (αλ(t)− f(t))

+ sλ(s)f(t)− αtf(t)λ(s)− (Λ(1)− Λ(s)) f(t)− ρ(s)f(t). (9)

Integrating (9) over s ∈ (τk, τk−1] gives

0 = (F (τk−1)− F (τk)) (tf(t)− tλ(t) + Λ(1)− Λ(t) + ρ(t)) +

∫ τk−1

τk

sf(s)ds (αλ(t)− f(t))

+ f(t)

∫ τk−1

τk

sλ(s) + Λ(s)− ρ(s)ds− αtf(t)

∫ τk−1

τk

λ(s)ds− (τk−1 − τk)Λ(1)f(t),

which we can rewrite as

ρ(t) = tλ(t)− tf(t)

(
1− αΛ(τk−1)− Λ(τk)

F (τk−1)− F (τk)

)
− (Λ(1)− Λ(t))− αλ(t)

∫ τk−1

τk
sf(s)ds

F (τk−1)− F (τk)

+
f(t)

F (τk−1)− F (τk)

(
(τk−1 − τk)Λ(1) +

∫ τk−1

τk

sf(s) + ρ(s)− sλ(s)− Λ(s)ds

)
Substituting this into (9), we have for any s, t ∈ (τk, τk−1]

0 = αf(t)f(s)
Λ(τk−1)− Λ(τk)

F (τk−1)− F (τk)
(t− s) + αλ(t)f(s)

(
s−

∫ τk−1

τk
xf(x)dx

F (τk−1)− F (τk)

)

− αλ(s)f(t)

(
t−

∫ τk−1

τk
xf(x)dx

F (τk−1)− F (τk)

)
.

Dividing by αf(t)f(s) and rearranging gives

λ(t)

f(t)
=

(Λ(τk−1)− Λ(τk)) (s− t) + λ(s)
f(s)

(
t(F (τk−1)− F (τk))−

∫ τk−1

τk
xf(x)dx

)
s(F (τk−1)− F (τk))−

∫ τk−1

τk
xf(x)dx

.

Fixing t, the right hand side must be constant in s. This implies that λ(s) = λkf(s) for
some constant λk. To see this, note that it is true for s = t. Therefore it must be true for
all s in the interval.

Substituting λ(t) = λkf(t) into (9), and noting

Λ(1)− Λ(t) = λk (F (τk−1)− F (t)) +
k−1∑
j=1

λj (F (τj−1)− F (τj)) ,
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gives for all t, s ∈ (τk, τk−1]

0 = f(s)f(t)(t− s) (1− λk(1 + α)) + λkf(s)(F (τk−1)− F (t))− λkf(t)(F (τk−1)− F (s))

+
k−1∑
j=1

λj ((f(s)− f(t))(F (τj−1)− F (τj))) + ρ(t)f(s)− ρ(s)f(t).

Dividing by f(t)f(s) and rearranging gives

ρ(t)

f(t)
+ t (1− λk(1 + α)) + λk

F (τk−1)− F (t)

f(t)
+

k−1∑
j=1

λj
F (τj−1)− F (τj)

f(t)

=
ρ(s)

f(s)
+ s (1− λk(1 + α)) + λk

F (τk−1)− F (s)

f(s)
+

k−1∑
j=1

λj
F (τj−1)− F (τj)

f(s)
.

This implies that for each t ∈ (τk, τk−1], we have

ρ(t) = −tf(t) (1− λk(1 + α))−λk (F (τk−1)− F (t))−
k−1∑
j=1

λj (F (τj−1)− F (τj))+Ckf(t) (10)

for some constant Ck.
We make a few observations regarding equation (10). First, we can take ρ(t) ≡ 0 in

(τk, τk−1] if the inverse hazard rate is linear—in this case, we can set λk = λ for all k.
Outside the class of linear inverse hazard rate distributions, the second order constraint
generically binds here. Note that the argument up to this point is valid for any interval I
such that b(t, s) > 0 whenever t, s ∈ I. In particular, the hierarchical mechanism is not
special in this regard. If an optimal mechanism contains any such interval, the second order
constraint must bind.

To complete the proof, we substitute (10) into (7). For each t ∈ (τk, τk−1], this gives

0 = −µ̃(t, s) + ν(t, s) + Ckf(t)f(s).

If s < τk−1, we have ν(t, s) = 0 and hence µ̃(t, s) = Ckf(t)f(s). For s ∈ (τl, τl−1] with
l < k, symmetry implies µ̃(t, s) = Clf(t)f(s), implying ν(t, s) = f(t)f(s)(Cl − Ck). Since
µ̃(t, s) ≥ 0, we need the constants Ck to be non-negative, and since ν(t, s) ≥ 0, we need
them to be weakly decreasing.

It remains to deal with the case in which one of t and s is zero. If s = 0, then (8) implies

αΛ(1)tf(t) = αtf(t)
∞∑
k=1

λk (F (τk−1)− F (τk)) = µ0(t) ≥ 0.

As long as Λ(1) ≥ 0, we can choose an appropriate value for µ0(t). For t = 0, we then have
from (7)

µ0(s) = ν0(s),
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completing the proof.

Proof of Theorem 3

To apply Lemma 3, we need to construct the relevant multipliers. Let h(t) = 1−F (t)
f(t)

denote the inverse hazard rate of F , and define the function

gk(t) = t(1− λk(1 + α)) + λkh(t) +
1

f(t)

k−1∑
j=1

(λj − λk) (F (τj−1)− F (τj)) .

We can rewrite (10) as

ρ(t) = f(t)

(
Ck − t(1− λk(1 + α))− λkh(t)− 1

f(t)

k−1∑
j=1

(λj − λk) (F (τj−1)− F (τj))

)
= f(t) (Ck − gk(t)) .

Further define the function

Gk(t) =

∫ t

0

gk(s)dF (s)

and the constants

µk =

∫ τk−1

τk
tdF (t)

F (τk−1)− F (τk)
= E [t | t ∈ (τk, τk−1)] , and

hk =

∫ τk−1

τk
h(t)dF (t)

F (τk−1)− F (τk)
= E [h(t) | t ∈ (τk, τk−1)] .

If we take

ρ(t, x) =
f(t)f(x) (gk(x)− gk(t))

F (τk−1)− F (τk)

for t, x ∈ (τk, τk−1] and ρ(t, x) = 0 otherwise, then for t ∈ (τk, τk−1], we have

ρ(t) =

∫ t

τk

ρ(t, x)dx−
∫ τk−1

t

ρ(x, t)dx

=
f(t) (Gk(τk−1)−Gk(τk))− gk(t)f(t) (F (τk−1)− F (τk))

F (τk−1)− F (τk)

= f(t) (Ck − gk(t)) ,

where

Ck = µk(1− λk(1 + α)) + λkhk +
τk−1 − τk

F (τk−1)− F (τk)

k−1∑
j=1

(λj − λk) (F (τj−1)− F (τj)) .
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Using this specification of the multipliers, we can establish the Theorem.
There are two conditions to check to use Lemma 3. First, we need ρ(t, x) ≥ 0, which

means gk(t) is decreasing. Second, we need the constants Ck to be decreasing in k.
We start with the first condition. Differentiating gk(t), we have

g′k(t) = (1− λk(1 + α)) + λkh
′(t)− f ′(t)

f(t)2

k−1∑
j=1

(λj − λk) (F (τj−1)− F (τj))

= (1− λk(1 + α))− λk
(

1 +
f ′(t)(1− F (t))

f(t)2

)
− f ′(t)

f(t)2

k−1∑
j=1

(λj − λk) (F (τj−1)− F (τj)) .

We begin with the right side of the distribution where f ′(t) ≤ 0 for all t. In this case, the
third term in g′k(t) is negative as long as λk ≥ λj for each j < k, and the second term is
negative since we assume a monotone hazard rate. We therefore have g′k(t) ≤ 0 as long as

λk ≥ max

[
1

1 + α
, {λj}j<k

]
.

For the left side of the distribution, where f ′(t) ≥ 0, we can rearrange our expression for
g′k(t) to get

g′k(t) = (1− λk(1 + α))− λk
(

1 +
f ′(t)(F (τk−1)− F (t))

f(t)2

)
− f ′(t)

f(t)2

k−1∑
j=1

λj (F (τj−1)− F (τj)) .

Since f ′(t) > 0, the second and third terms are clearly negative. We can guarantee g′k(t) < 0
whenever λk ≥ 1

2+α
. Write k∗ for the highest index k such that f ′(t) < 0 for some t in the

kth bin.
To complete the proof, we show that we can select λk such that

(a) For any k ≤ k∗, we have

λk ≥ max

[
1

1 + α
, {λj}j<k

]
(b) For any k > k∗, we have

λk ≥
1

2 + α

(c) For each k, we have Ck ≤ Ck−1.

Note that since all of the λk are positive, the third condition in Lemma 3 is trivially satisfied.
Taking λ1 = 1

1+α
, we have

C1 =
h1

1 + α
> 0
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as needed. For k ≤ k∗, we construct the remaining λk and Ck inductively, assuming the
sequence λj prior to k is weakly increasing. For k ≥ 1, we have

Ck − Ck+1 = µk(1− λk(1 + α))− µk+1(1− λk+1(1 + α)) + λkhk − λk+1hk+1

+
k−1∑
j=1

(F (τj−1)− F (τj))

(
(τk−1 − τk)(λj − λk)
F (τk−1)− F (τk)

− (τk − τk+1)(λj − λk+1)

F (τk)− F (τk+1)

)
− (τk − τk+1)(λk − λk+1)

F (τk)− F (τk+1)
(F (τk−1)− F (τk)) .

If we set λk+1 = λk, this reduces to

Ck − Ck+1 = (µk − µk+1) (1− λk(1 + α)) + λk(hk − hk+1)

+

(
τk−1 − τk

F (τk−1)− F (τk)
− τk − τk+1

F (τk)− F (τk+1)

) k−1∑
j=1

(λj − λk) (F (τj−1)− F (τj)) .

The first two terms are negative because λk ≥ 1
1+α

and h(t) is monotonically decreasing.
Observe that

τk−1 − τk
F (τk−1)− F (τk)

= E
[

1

f(t)
| t ∈ (τk−1, τk)

]
.

Since f ′(t) ≤ 0, we know that 1
f(t)

is increasing, which means(
τk−1 − τk

F (τk−1)− F (τk)
− τk − τk+1

F (τk)− F (τk+1)

)
≥ 0,

and the third term is also negative. This means setting λk+1 equal to λk yields Ck+1 ≥ Ck.
We now show that Ck is decreasing in λk, so we can choose λk+1 ≥ λk to set Ck+1 =

Ck = C1 > 0 for all k ≤ k∗. Differentiating Ck with respect to λk gives

∂Ck
∂λk

= −(1 + α)µk + hk −
τk−1 − τk

F (τk−1)− F (τk)

k−1∑
j=1

(F (τj−1)− F (τj))

=
−1

F (τk−1)− F (τk)

∫ τk−1

τk

(1 + α)tf(t)− (1− F (t)) +
k−1∑
j=1

(F (τj−1)− F (τj)) dt

=
−1

F (τk−1)− F (τk)

∫ τk−1

τk

(1 + α)tf(t)− (F (τk−1)− F (t)) dt

=

[
(1 + α) (τk−1F (τk−1)− τkF (τk))− α

∫ τk−1

τk

F (t)dt− (τk−1 − τk)F (τk−1)

]
· −1

F (τk−1)− F (τk)

≤ −(1 + α)

F (τk−1)− F (τk)
[(τk−1F (τk−1)− τkF (τk))− (τk−1 − τk)F (τk−1)]

=
−(1 + α)

F (τk−1)− F (τk)
τk (F (τk−1)− F (τk)) = −(1 + α)τk < 0,
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as desired.
We now complete the construction for k > k∗. If λj ≥ 1

2+α
for each j < k, the constant

Ck is clearly positive if we set λk = 1
2+α

. Since Ck is decreasing in λk, for each k > k∗ we

can choose the minimal λk ≥ 1
2+α

such that Ck ≤ Ck−1, completing the proof.

Allocation with Many Players

We extend some of our key results for the budget allocation game with N > 2 players.
We show the existence of hierarchical mechanisms of all sizes, and we show that any sym-
metric mechanism is equivalent to a hierarchical mechanism. Each player has a type drawn
independently according to F , which is continuous with full support on [0, 1]. As before,
there is a unit of budget, and the utility of player i is

ui(b, t) = biti + α
∑
j 6=i

bjtj.

We consider symmetric mechanisms that are implementable without commitment.
Analogous to Proposition 1, we show that incentive compatible hierarchical mechanisms

exist for any K ∈ N ∪ {∞}. Consider the auxiliary game GK as in the proof of Proposition
1, and suppose that K is finite. Recall the space

X = {x ∈ RK−1 | 1 ≥ x1 ≥ x2 ≥ ... ≥ xK−1 ≥ 0}.

Each element x ∈ X corresponds to a symmetric strategy profile σx in which each player
reports k if her type is contained in the interval (xk+1, xk), where again we take x0 = 1 and
xK = 0.

First, we show that the best reply to σx is in the space X. If other players follow σx,
then a type t player’s interim expected payoff from reporting k is

α
k∑
i=1

(
F (xi−1)

N−1 − F (xi)
N−1)E[s | s ∈ (xi, xi−1)]

+ F (xk)
N−1

(
αE
[

Zk
1 + Zk

]
E[s | s ∈ (xk+1, xk)] + tE

[
1

1 + Zk

])
,

where Zk is a binomial random variable with N−1 trials and success probability F (xk)−F (xk+1)

F (xk)
,

and s is distributed according to F . The first term corresponds to the expected payoff when
someone else is in a higher bin, and the second is the payoff when our player is in the highest
reported bin. The player prefers reporting k − 1 to reporting k if

F (xk)
N−1

(
αE
[

Zk
1 + Zk

]
E[s | s ∈ (xk+1, xk)] + tE

[
1

1 + Zk

])
+ α

(
F (xk−1)

N−1 − F (xk)
N−1)E[s | s ∈ (xk, xk−1)]

< F (xk−1)
N−1

(
αE
[

Zk−1
1 + Zk−1

]
E[s | s ∈ (xk, xk−1)] + tE

[
1

1 + Zk−1

])
.
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Equivalently, the player prefers reporting k − 1 if

t

(
F (xk−1)

N−1E
[

1

1 + Zk−1

]
− F (xk)

N−1E
[

1

1 + Zk

])
> αF (xk−1)

N−1E
[

1

1 + Zk−1

]
E[s | s ∈ (xk, xk−1)]

− αF (xk)
N−1 (E[s | s ∈ (xk, xk−1)]− E[s | s ∈ (xk+1, xk)])

− αF (xk)
N−1E

[
1

1 + Zk

]
E[s | s ∈ (xk+1, xk)].

We note that

E
[

1

1 + Zk

]
=

F (xk)

N (F (xk)− F (xk+1))

F (xk)
N − F (xk+1)

N

F (xk)N
,

and substituting into our condition gives

t

N

(
F (xk−1)

N − F (xk)
N

F (xk−1)− F (xk)
− F (xk)

N − F (xk+1)
N

F (xk)− F (xk+1)

)
>
α

N

(
F (xk−1)

N − F (xk)
N

F (xk−1)− F (xk)
E[s | s ∈ (xk, xk−1)]

−F (xk)
N − F (xk+1)

N

F (xk)− F (xk+1)
E[s | s ∈ (xk+1, xk)]

)
− αF (xk)

N−1 (E[s | s ∈ (xk, xk−1)]− E[s | s ∈ (xk+1, xk)]) (11)

The term on the left hand side is positive, so if the condition holds for a given t, it holds for
all higher t. Consequently, any best reply is monotone in a player’s own type, and hence is
contained in the space X.

There are several ways to establish the existence of a fixed point of the best reply map.
One can verify, as in the two player case, that the best reply map is monotone and apply
Tarski’s fixed point theorem. Alternatively, it is clear that the map is continuous and X is
compact, so Brouwer’s fixed point theorem applies (for the case with K =∞, we can appeal
to the Schauder fixed point theorem). As in the two player case, it is straightforward to check
that every bin in equilibrium must have positive measure; if not, players on the boundary
have profitable deviations. A slight manipulation of (11) gives the indifference condition
that recursively defines the incentive compatible thresholds in a hierarchical mechanism:

τk

(
F (τk−1)

N − F (τk)
N

F (τk−1)− F (τk)
− F (τk)

N − F (τk+1)
N

F (τk)− F (τk+1)

)
= α

(
F (τk−1)

N − F (τk)
N

F (τk−1)− F (τk)
E[t | t ∈ (τk, τk−1)]−

F (τk)
N − F (τk+1)

N

F (τk)− F (τk+1)
E[t | t ∈ (τk+1, τk)]

)
− αNF (τk)

N−1 (E[t | t ∈ (τk, τk−1)]− E[t | t ∈ (τk+1, τk)]) .
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We now follow the argument of Theorem 1 to show that any mechanism implementable
without commitment is equivalent to a hierarchical mechanism. Suppose (M, b̃) implements
the allocation rule b, and consider the ordering on M defined by E[t | t ∈ m]. Without
commitment, the allocation rule must allocate the entire budget to a player who reports a
maximal message under this ordering. As before, we can assume without loss of generality
that each m ∈M is distinct in this ordering.

Let Q(t) denote a player’s interim expected budget allocation if she has type t. The
proof of Lemma 1 implies that Q(t) in monotonically increasing in any incentive compatible
mechanism. If t1 ∈ m1 and t2 ∈ m2 with m1 < m2, then we necessarily have Q(t1) < Q(t2).
This immediately implies that each element m ∈ M is a connected interval: if t1 < t2 <
t3, then t1, t3 ∈ m1 and t2 ∈ m2 implies that either Q(t1) > Q(t2) or Q(t2) > Q(t3), a
contradiction. The same argument as in Theorem 1 shows there are at most countably many
elements in the partition.
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