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1 Expressions of the fields
As the electrodes are not connected, the strip waveguide supports TEM modes, with both trans-
verse electric and magnetic fields, that is to say orthogonal to the propagation axis z of the
waveguide1 , and the propagation takes place at the light velocity c in the surrounding dielectric,
assumed here to be homogeneous (very large h).

1.1 Helmholtz and Laplace equation

Writing these fields as E(r) = E(x, y) × ei(kz−ωt) and the same for B(r), the Helmholtz equation
is:

0 = 4E(r) + 1
c2
∂E(r)
∂t

=
(
4⊥E(x, y) +

(ω2

c2 − k
2)E(x, y)

)
ei(kz−ωt), (1)

where 4⊥ = ∂2/∂x2 +∂2/∂y2 is the 2-dimensional “perpendicular Laplacian”. Setting ω = ck, this
ensure that the partial fields E and B are harmonic fields, and hence solution of the 2-dimensional
electrostatic or magnetostatic problemsOf course, the current J (x, y, x) = j(x, y)×ei(kz−ωt)uz and
the charge density R(x, y, x) = ρ(x, y)× ei(kz−ωt) deserve the same decomposition, and both j and
ρ are real and time-independent; Further more charge conservation ensure that j(x, y) = c ρx, y.

1.2 Scalar and vectorial potential

In this problem, assuming a uniform charge distribution ρk and current distribution jk = jk uz,
on each strip, the electric potential U and magneto-static vector potential A are proportional.
Setting 1/ε0 = µ0 = 4π for simplicity, one has:

U(r) =
3∑

k=1

∫
d3r′ ρk
‖r− r′‖ and A(r) =

3∑
k=1

∫
d3r′ jkuz
‖r− r′‖ . (2)

In these integrals, the domain is the whole 3D-domain of the three part waveguide, and the obtained
fields are independent of z as a result of the translation invariance of the source distributions. This
ensure that the resulting fields will actually be orthogonal to the z-axis. Further more, whatever
the result, as rot(Uuz) = gradU × uz, we see that the B-lines will necessarily be orthogonal to
the E-lines, an hence have the same shape as isopotential lines.

1This is true if the wires are assumed perfect conductors. In a more realistic case of finite conductivity, there
exist a tiny longitudinal field component.
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1.3 Computation of U

According to the previous sections, the electric potential of each strip k of charge ρk, thickness t
and limits w(1)

k and w(2)
k is given by:

Uk(x, y) = lim
b→∞

ρk

∫ t/2

−t/2
dy′

∫ w
(2)
k

w
(1)
k

dx′
∫ +b

−b
dz′ 1(

(x− x′)2 + (y − y′)2 + (z − z′)2)1/2 (3)

In this multiple integral:
• The inner integral over z′ is clearly is not convergent for b → +∞. However, the electro-

static (or magnetic) potential of a uniform distribution linear charge density (or current
intensity) on an infinite straight line is well fnown and fibite. It iseasily deduced from
the 1/r dependence of the field, where r =

√
x2 + y2 is the radius in cylindrical coordi-

nates (ie polar coordinates in the x–y plane). Hence the z′ integral can be replaced by
−1/2 ln

(√
(x− x′)2 + y2).

• If t is small enough in comparison to the other lengths (including the coordinates x and y),
the variation of the integrand with respect to y′ can be neglected and the corresponding
integral can be approximated by setting y′ = 0 and multiplying by the thickness t.

Hence equation (3) becomes:

Uk(x, y) = −ρk t2

∫ w
(2)
k

w
(1)
k

dx′ ln
(√

(x− x′)2 + y2
)
. (4)

The needed primitive is fruitfully obtained by using an identification of the (x, y) point with the
complex number z = x+ iy and noting that ln(r) = ln(

√
x2 + y2) is the real part of the complex

logarithm Log function defined by the identity Log
(
r eiθ

)
= ln(r) + iθ or equivalently Log(z) =

ln(|z|) + iArg(z), where Arg(z) is the argument of the complex number z 2 As the primitive of
x 7→ ln(x) is x 7→ x

(
ln(x) − 1

)
, the primitive of the function z 7→ Log(z) is z 7→ z

(
Log(z) − 1

)
,

denoted F (z) in what follows. One then has :

Uk(x, y) = ρk t

2 <e
(
F (x− w(2)

k + iy)− F (x− w(1)
k + iy))

)
(5)

We can use the natural symmetry with respect to the x = 0 line to define :

• For the limits of the central stripe a = w
(2)
1 = −w(1)

1 > 0,

• For the inner limit of the external stripes b1 = w
(1)
2 = −w(2)

3 = a+ s > 0,

• For the outer limit of the external stripes b2 = w
(2)
2 = −w(1)

3 = a+ s+ wg > 0,
Furthermore the electric neutrality impose that ρ2 = ρ3 = ρ1a/(b2 − b1), and we will write ρ1 as
ρ. With these new notations the total potential becomes:

U(x, y) = ρt

2 <e
(
F
(
x− a+ iy

)
− F

(
x+ a+ iy

)
−
F
(
x− b2 + iy

)
− F

(
x− b1

)
+ F

(
x+ b1 + iy

)
− F

(
x+ b2 + iy

)
(b2 − b1)/a

)
.

(6)

This form as a complex formula could be seen as unnecessarily complicated, but is in fact
really useful, as it gives the magnetics field for the same price. Actually, the function in the big
parenthesis of (6) is a meromorphic function, an due to the Cauchy the Cauchy conditions, the
lines of field of the imaginary part are mutually orthogonal to those of the real part, as are the
equipotentials. Hence, the gradient of the real part is the electric field, whose lines coincide with
the equipotentials of the imaginary part, and similarly, the gradient of the imaginary part is the
magnetic fields, whose lines coincide with the equipotentials of the real part.

2Arg(x+ iy) is given by Arccotan(x/y) for y > 0, witch is also π/2−Arccotan(y/x). Both PGF/TikZ and gnuplot
have a function atan2(y,x) which gives the argument of x+ iy.
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2 Drawing the field lines/equipotentials with PGFPlots
The equipotential lines can be drawn with the code :

1 \begin{tikzpicture}
2 % geometrical parameters
3 \def\ai{1}
4 \def\bi{1.5}
5 \def\bii{6.}
6 % raw gnuplot setup
7 \def\gnuplotcommon{
8 set contour base;
9 set cntrparam cubicspline;

10 unset surface;
11 set key off;
12 set view map;
13 set isosamples 50;
14 ii={0,1};
15 FF(x,y)=((x)+ii*y)*(log((x)+ii*y)-1);
16 FFF(x,y)=(FF(x-\ai,y)-FF(x+\ai,y))-(\ai/(\bii-\bi))*
17 ((FF(x-\bii,y)-FF(x-\bi,y))+(FF(x+\bi,y)-FF(x+\bii,y)));
18 }
19

20 \begin{axis}[
21 no markers, axis on top, tick label style={font=\small},
22 minor y tick num=1, minor x tick num=1,
23 y label style={at={(axis description cs:-0.05,.5)},rotate=-90,anchor=south},
24 xlabel={$x$}, ylabel={$y$},
25 xmin=-10, xmax=10, ymin=-10, ymax=10,
26 width=10cm, height=10cm,
27 point meta=10,empty line = jump
28 ]%
29

30 % magnetic field
31 \addplot[contour prepared,raw gnuplot, thick, contour/draw color=red,contour/labels=false]
32 gnuplot {%
33 \gnuplotcommon
34 set cntrparam levels discrete 3.8,3.4,3,2.6,2.2,1.9,1.7,1.4,1.2,1,
35 0.8,0.6,0.4,0.5,0.2,0,-0.2,-0.4,-0.6,-0.8;
36 splot[-10:10][-10:10] real(FFF(x,y));
37 };
38

39 % electric field 1/2 top
40 \addplot[contour prepared,raw gnuplot, thick, contour/draw color=blue,contour/labels=false]
41 gnuplot {%
42 \gnuplotcommon
43 set cntrparam level discrete -2.5,-2.25,-2,-1.75,-1.5,-1.25,-1,-0.75,-0.5,-0.25,-0.1,0,
44 0,0.1,0.25,0.5,0.75,1,1.25,1.5,1.75,2,2.25,2.5;
45 splot[-10:10][0.01:10] imag(FFF(x,y));
46 };
47 % electric field 1/2 bottom
48 \addplot[contour prepared,raw gnuplot, thick, contour/draw color=blue,contour/labels=false]
49 gnuplot {%
50 \gnuplotcommon
51 set cntrparam level discrete -2.5,-2.25,-2,-1.75,-1.5,-1.25,-1,-0.75,-0.5,-0.25,-0.1,0,0,
52 0.1,0.25,0.5,0.75,1,1.25,1.5,1.75,2,2.25,2.5;
53 splot[-10:10][-10:-0.01] imag(FFF(x,y));
54 };
55 % conductors
56 \addplot[mark=none, black, ultra thick] coordinates {(-\ai,0) (\ai,0)};
57 \addplot[mark=none, black, ultra thick] coordinates {(-\bii,0) (-\bi,0)};
58 \addplot[mark=none, black, ultra thick] coordinates {(\bi,0) (\bii,0)};
59 \end{axis}
60 \end{tikzpicture}
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leading to the result:
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