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All models are wrong. . . we make tentative assumptions about the real world which
we know are false but which we believe may be useful. . . the statistician knows, for

example, that in nature there never was a normal distribution, there never was a

straight line , yet with normal and linear assumptions, known to be false , he can often

derive results which match, to a useful approximation, those found in the real world.
(Box 1976)

Models are not perfect; they do not fit the data exactly and they do not

allow exact prediction. Given that models are imperfect, we need to assess

the uncertainties in the fits of the models and their ability to predict new

outcomes. The goals of building models for scientific problems include (1)

understanding and developing appropriate relationships between variables

and (2) predicting variables in the future or at locations where data have not
been collected. Ecological models range in complexity from those that are

relatively simple (e. , linear regression) to those that are very complex (e.
ecosystem models, forest-growth models , and nitrogen-cycling models). In a
mathematical model, parameters control the relationships between variables
in the model. In this framework of parametric modeling, 

inference is the pro-

cess whereby we take output (data) and estimate model parameters , whereas

deduction is the process whereby we take a parameterized model and obtain

output (data) or deduce properties. We often add random components in

both inference and deduction to reflect a model' s lack-of-fit and our uncer-

tainty about predicting outcomes. Complex models in ecology have largely
been of the deductive type, where the scientist takes some values of param-
eters (usually obtained from an independent data source or chosen from a
reasonable range of values) and then simulates results based on model

relationships. These models may be quite realistic, but the manner in which

their parameters are obtained for the simulations is questionable. On the
other hand, statistical models like linear regression posit simple relation-
ships among the variables that may be unrealistic, but have the virtue that
the uncertainty of the estimated parameters in the model can typically be

quantified.
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This chapter will demonstrate the usefulness of the spatial linear model for
making inferences from ecological data. The spatial linear model is at the

heart of many spatial methods, from optimal prediction to designed exper-

iments (e. , Ver Hoef 1993; Ver Hoef and Cressie 1993). Classical linear

regression both assumes a linear relation on the explanatory variables and
conditional on these variables , that the responses are independent. For many

ecological applications , this last assumption is simply not appropriate. In this

chapter, we relax the assumption that the responses are independent.
We finish this introduction with a general philosophical framework for

spatial models in ecology. Next, we describe how the spatial linear model

uses simple linear relationships and then 
absorbs the uncertainty caused

by unobserved explanatory variables, even residual nonlinear relationships
through spatial autocorrelation in the responses. In Section 10.

, we define

spatial autocorrelation for the linear model and 
give properties , models , and

methods of estimation. We also consider the effect of autocorrelation on

prediction and estimation. We give examples in Section 10. , including a

simulation example to clarify trend versus autocorrelation, a simulation

to show estimation methods and properties, and finally an example on

real data. In Section lOA, we move beyond the spatial linear model
, and

outline how hierarchical models can be used for more 
complex ecological

situations.

10. 1 Spatial Models in Ecology

Consider the following very general model:
(10.

Yi(S , t) Ji(Xi(S , f), 8),

where Yi(S , t) is considered a response for the 
ith variable located in space

with the spatial coordinates contained in the vector s
, and also occurring at

time t. For example, let us suppose that Yi(S , t) is the biomass of some

species at location S (e. , Sl is longitude and S2 is latitude) at time 
t. Next, let

us consider the nature of Ji(Xi(S , f), 8). Equation (10. 1) says, simply, that

Yi(S , t) depends in some functional way on other "
explanatory" variables

contained in the vector 
Xi(S , f), which itself is indexed by the spatial and

temporal coordinates sand 
t; note that a random error term in Equation

(10.1) is not explicitly given. The relationship between response and

explanatory variables is controlled by parameters 8. Note further 
that the

explanatory variables contained in the vector 
Xi(S , t) may have different time

and space indices. For example Yi(S , t) might depend on xij(u v) (the jth

component of the vector 
Xi(S , t)) where U denotes some place in space other

than s, and v denotes some time at or prior to t. For the plant biomass

example, the vector Xi(S , t) might contain variables such as soil moisture, soil

pH, soil nitrogen, soil carbon, the presence of herbivores, temperature at

that particular location
, the amount of sunlight at that location, or the

numbers and types of neighboring plants
, as well as some of the same
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variables in addition to others at another location at times past and present.
It is obvious that this function fi(xi(s , f), 8) can be very complex. It is also
worth considering the fundamental nature of fi(xi(s , f), 8); namely, whether

it is random or deterministic. Are the x-variables themselves inherently ran-

dom? That is , if we knew all of the explanatory variables and their functional

relationships, could we predict Yi(S , t) perfectly? It does not really matter

practically, because the ecological mechanisms are never known well enough
to declare Equation (10. 1) as capturing all of the variability in the responses.
In the absence of total knowledge, we often add random components to a

model to reflect our uncertainty or inability to model data perfectly.

10. 2 Spatial Linear Model

Perfect prediction of the biomass of some species at location s at time 
not possible; therefore, we model Yi(s , t) as a random quantity that is not
perfectly predictable. There are many ways to incorporate random effects

in fi(xi(s , f), 8). One might devise a fairly complex, nonlinear model of

functional relationships that includes measured variables that are believed to
be important. Some of these variables may themselves be considered ran-
dom, so we can simulate responses. For example , take a forest-simulation

model. The locations of the trees can be chosen randomly, and some of their
growth parameters can be taken from a probability distribution with some

mean and variance. Assuming a real forest follows the model, we can run the

model for many years and deduce spatial properties of a forest from its final
run. In general, assuming we know the parameters 8 (e. , the mean and

standard deviation of the density of trees and the mean and standard de-

viation of the forest growth rate for a given soil type, among others), we can

simulate results from the model and determine spatial and temporal

characteristics from the resulting output. This is deduction. In reality, 
observe only the data, which are the outputs from some unknown physical

process. We would like to assign a model to the physical process and use the
observed data to say something about the model and its parameters. In
statistics , this is called inference. How do we estimate the unknown param-
eters 8 , from data, and incorporate the uncertainty of estimating a model'
parameters and its predictions? Linear models in statistics are important

because the models are tractable , and we can perform inference as well as

deduction. That is the main topic of this chapter, although we will also

discuss some newer approaches using hierarchical models.
Depending on objectives and data collection methods , the problem under

study may involve data that are only spatial in nature; that is , the data may

have been collected at one particular time, or the time component is

removed through aggregation. In what is to follow, therefore, we shall focus

attention on the spatial linear model:

Yi(s) /30 + /31Xil(S) 

+... + 

/3pXip (S) + Zi(S) (10.
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Yi(s) lXi(S)J'P+Zi(S) (10.

where xij(s) is a known , observed value of an explanatory variable that is
believed to be important in determining the response 13j is a parameter that
provides a weighting for the observed xij(s), and Zi(S) is a zero-mean, pos-
sibly autocorrelated , random error. Notice the subtle change in notation from

to in going from Equation (10. 1) to Equation (10. 2). We reserve for
parameters of the true model, and use for parameters of some model that
we apply to data. Equation (10.2) can be thought of as

(response) = (deterministic mean structure) + (random error variation)
(lOA)

The usual assumption in linear models is that all error variation in Equation
(10A) is composed of independent random variables. This is a good approx-
imation in designed field experiments where xij(s) is an indicator (0 or 1) that
the jth treatment was applied at location S (Hinkelmann and Kempthorne
1994, pg. 164). Ecological studies, however, are often observational. That is
we cannot randomize , and even if we do , we may want to condition on the
design that we obtained and consider iZi(S)J to beautocorrelated random
quantities (Ver Hoef and Cressie 1993).

10.2 Autocorrelation in the Spatial Linear Model

What is a precise definition of spatial autocorrelation? In general , it means
that a random variable may be correlated with itself when separated by
some nonzero distance , and it has a similar interpretation in time series. The
autocorrelation mathematically inherent in the random process iZi(S)J is
defined for all sand u to 

COVlZi(S), Zi(U)J
u) 

VarlZi(s)Jl/2 VarlZi(u)Jl/2

There are several things to notice about Equation (10.5). First, note that the
index is the same for both random variables , indicating correlation for the
same variable type. For example , this could be the correlation between bio-
mass at one place with biomass at another place. This is the reason for the

auto" part of the term. In statistics courses , we often qrst learn of the term
correlation for the case of two different types of random variables say biomass
and soil moisture.

The second thing to notice about Equation (10 5) is that it is not the most
general way to express spatial pattern, for which there can also be a con-
tribution from the fixed effects part, lXi(S)J' in Equation (10.3), which is
called a "trend surface. " For example , suppose that Zi(S) and Zi(U) have zero

(10.
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mean and zero correlation and (Xi (s))' fJ =SI/3 where SI is the spatial
coordinate longitude. When Yi(s) and Yi(u) are nearby, they will tend to
be more similar because of the presence oflongitude as the fixed effect but, by
Equation (10. 5), Yi(s) and Yi(u) have u) = 0, and so they are not
autocorrelated. We therefore prefer to reserve the word autocorrelation for
properties of the random error components of the model that is applied to
data, and use the words spatial pattern for the data themselves.

What, exactly, is autocorrelation? As seen in Equation (10.5), autocor-
relation is the tendency for random variables to covary as a function of their
locations in space. Although we can describe this statistically, what does it
mean ecologically? It may be that autocorrelation, as a property of random
quantities , actually exists in nature. On the other hand , let us consider again
some " true" model given by a very complex relation (Eq. 10. 1) with many
explanatory variables with nonlinear relationships, and the much simpler
(Eq. 10.2), which is linear and likely has only a small subset of the explan-
atory variables. Then, deviations from linearity and the effects of all of the
explanatory variables that were not observed, and thus left out of the fixed
mean structure, can show up in the error term in the spatial linear model
Equation (10.4). These explanatory variables often exhibit pattern them-
selves. As a result, the response variable may covary in ways that are not
explained by the observed explanatory variables , which leads us to model the
residuals as being autocorrelated. Hence, autocorrelation can be thought of
as absorbing the spatial effects of nonlinear and unobserved explanatory
variables through a stochastic error process.

10. 1 Prediction and Estimation

The linear model is given by,

Y = XfJ + Z (10.

where Y is a vector of response variables (random), X is the design matrix
(fixed) of observed covariates (e. , indicators of treatments or values of co-
variates), fJ is a vector of unknown parameters , and Z is a vector of random
variables. Equation (10.2) is a special case of Equation (10.6) where we
make explicit use of the spatial indices to define the multivariate vector of
data and model the random errors Z. What are some of the usual inferences
one wants to make with such a model? There are typically four:

1. The ecologist will often estimate /3i and interpret its effect on the response.
Along with reporting the estimated value, a confidence interval expresses
the uncertainty in the estimated value.

2. The ecologist may also be interested in estimating some linear function of
fJ, g(fJ) 

).' 

fJ. For example, in simple linear regression , we may want to
estimate the linear component at some new value Xo of the covariate
namely g(fJ) x~fJ = /30 + /31 XOI /3zxoz 

+ . . . + 

/3pXOp. We are in the same
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3. The ecologist might also want to "predict" a new value of the response

variable y(so) at some location So where data have not been collected.Kriging is one such method of prediction
, defined for a spatial linearmodel (e. , see Ver Hoef 1993).

4. The ecologist might want to predict some function of the observed and
unobserved response variables. For example, block kriging attempts to
predict the average value of the response variable over a region.

These inferences can be broadly classified into two categories
, predictionand estimation. We will use the word estimation when making inferences on

parameters (unobservable fixed quantities) in the model
, and predictionwhen making inferences on the response variable (potentially observable

random quantity). Uses 1 and 2 are estimation problems (the former is just
a special case of the latter

, where is a vector of all O's and one 1). Uses 3and 4 are prediction problems (likewise, the former case of point prediction
is a special case of the latter).

10. 2 Spatial Regression and Kriging
Now, let us put to use the spatial indices contained in Equation (10.2). Weshall assume that the errors Z in Equation (10.6) are spatially autocorre-
lated , as described by Equation (10. 5). The autocorrelation will depend on
further unknown parameters. We assume E(Z) = 0 and var(Z) = I:((I),where we denote the dependence of the covariance matrix I: on parameters
(I. The parameters control the strength and range of autocorrelation. For the
purposes of estimation and prediction discussed earlier, (I contains nuisanceparameters that also need to be estimated; however, the parameters in (I
(e. , the range of spatial autocorrelation) are sometimes of interest them-
selves. Spatial regression is largely concerned with estimation of 

fJ underthese assumptions , and kriging is another name for prediction under these
assumptions. Ordinary kriging occurs when we make the assumption that
XfJ 1ft, where 1 is the vector of ones. This simply means that all random
variables have a common mean, and has been called mean stationarity.
Universal kriging occurs when we allow additional covariates in 

XfJ. We canmake a further distinction that, if the matrix X is composed of the spatial
coordinates themselves, we shall call it "kriging with trend.

(10.
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10. Effects of Autocorrelation

mating some linear function of
H regression, we may want to
ew value Xo of the covariate

. . . + 

/3pxop. We are in the same

The effects of autocorrelation are different for estimation versus prediction.
Legendre (1993) asks

, "

spatial autocorrelation: trouble or new paradigm?"
As we shall see, it depends. Consider the following simple "thought"experiment. Suppose that we have 10 normally distributed random variables
located on a line (e. , on a transect through space) with common mean

219
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fl and common variance (1 . Further , suppose that these 10 random variables

have positive autocorrelation of 1
, the maximum possible value. This means

that Y(l) Y(2) 

= .,. = 

Y(10). How would we simulate these data? Choose

Y( 1) from the normal distribution and set all others equal to 

Y( 1 ). In con-

trast, let us consider the case where we have 10 normally 
distributed random

variables located on a line with common mean 
fl and common variance (1

but they are all independent.
Now, suppose we want to 

estimate fl. Relative to the independence case

the case of maximum autocorrelation will have poor 
efficiency in estimating

fl because it has only one independent observation. Now consider 

prediction.

Suppose we had not observed 
Y( 5) and we wanted to predict it from the other

data. Here , we will have perfect prediction for the maximum autocorrelation

case , and this will be better than it is for the independence case. In general

positive autocorrelation allows more precise inference for prediction
, but

less precise inference for estimation.

10. 4 Properties and Models for Autocorrelation

central concept in statistical inference is that of replication. Without

replication, it is difficult to estimate quantities and assess uncertainty. This is
the reason for the classical assumption that data are produced indepen-

dently with errors that have a common mean (usually 
0) and common vari-

ance. What happens when they are not independent? The usual assumptions
are that the errors still have a common mean , called mean stationarity, and

that the auto covariance depends only on the spatial relationship between

two variables (not their exact locations). That is

C(b) = cov(Z(s), Z(s + b)), (10.

where C(b) is called the 
autocovariance function and it depends only on 

not s. Thus , we get replication by having multiple pairs of data that 
have

similar spatial relationships to each other. Mean stationarity and Equation
(10.7), together, are called second-order stationarity. 

Then from Equation

(10. 5), autocorrelation becomes

pCb) = C(b)jC(O). (10.

Assumption (10.7) can be replaced by the more general

2y(b) = var(Z(s) - Z(s + b)) (10.

where 2y(b) is called the 
variogram and y(b) is called the 

semivariogram. Mean

stationarity and Equation (10.9), together, are called intrinsic stationarity.

Notice that for second-order stationarity we 
have the relationship

y(b) = C(O) - C(b) (10.10)

so we can move freely between variograms
, semivariograms, autocorrela-

tion, and autocovariance functions. To increase replication even more
, an
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additional assumption that is often made, if reasonable, is that of isotropy,where the autocovariance function and variogram depend only on distance
(and not direction).

Definition (10. 7) needs a model in order to explain exactly how the co-
variance changes with h. An isotropic model that we use throughout 

thischapter is the spherical model:

C(IIhl/) = 
17n l(IIhil OJ + 17s 

~lhll ~hlr
I(IIhil 

17r
17r 17,

(10. 11)

where IIhll denotes Euclidean distance and 
leA) denotes the indicator func-

tion of the event A. Equation (10.11) decreases toward zero as 
IIhil increasesand the parameter 

17n is called the nugget
, 17s is called the partial sill (nugget +partial sill = sill), and 

17r is called the range. Figure 10. 1 shows the sphericalautocovariance model (Eq. 10.11), along with the corresponding autocor-relation and semivariogram models.

- Z(s + h))

i) is called the semivariogra
rr:. 

~an

ed intrinsic statlOnarzty., are ca 
we have the relationshIp

- C(h) (10. 10)

ams semivariograms, autocorrela-
inc;ease replication even more , an

(10.

10. Techniques for Estimation and Prediction
In this Chapter, we use three different estimation methods: (1) we assume
tZ(s)J in Equation (10.2) are all independent, zero-mean normal random
variables , and then use ordinary least squares (call this the IND method) to
estimate all parameters; (2) we assume 

tZ(s)J are auto correlated normallydistributed errors with a spherical autocovariance model
, Equation (10. 11),and then use spatial maximum likelihood (SML 

method) (Mardia and
Marshall 1984) to estimate all parameters; (3) we assume tZ(s)J are auto-correlated normally distributed errors with a spherical autocovariance
model , and then use spatial restricted maximum likelihood (SRML method)
to estimate all parameters. Some explanation of the technical aspects ofthese three estimation methods is required.

For a general discussion ofSML and SRML, see Cressie (1991 , pp. 91-93).Restricted maximum likelihood was developed by Patterson and 
Thompson

(1971 , 1974); for computational details of SRML, see Zimmerman (1989).SML simply maximizes the multivariate normal likelihood, but producesbiased estimates of the covariance parameters (Mardia and 
Marshall 1984).For a simple example

, consider the model with normal random variableswith common mean 
J.l and independent errors with variance (5 . Thenthe maximum likelihood estimator of the variance (52 is

Autocorrelation
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C(O),

e more general

(10.

- 2
S2 = 

(Z(Si) - Z)

This is known to be biased for (5
. The bias occurs because we use in the

formula instead of the true value 
f1 (which is unavailable). A restricted max-

imum likelihood estimator of (52 is nS2 f(n 1), which is unbiased and is the
estimator usually used, This theory can be extended to more 

complex cases
for estimation of covariance-model parameters.
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FIGURE 10. 1. (A) Spherical model for covariance function
, from Equation (10.11).

(B) Autocorrelation function that corresponds to graph A, from 
Equation (10.8).

(C) Semi-variogram model that corresponds to graph A, 
from Equation (10. 10).

For making predictions , if all covariance parameters were known (e.
, the

parameters of the spherical covariance model in Equation (10.
11), then we

could use generalized least squares to make best linear unbiased predictions
(BLUP); for further details for the spatial linear model, see 

Cressie (1991

, pg.

163). Upon using estimated covariance parameters in the 
BLUP equations

the resulting prediction procedure is referred to as EBLUP (Zimmerman and
Cressie 1992).

10.3 Examples

10. 1 Trend Versus Autocorrelation

One problem faced when considering models with autocorrelation is 
that it

may be difficult to determine whether any apparent 
trend in the data is the
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result of deterministic mean structure or spatial autocorrelation in the ran-
dom error variation specified in Equation (1004). This may seem surprisingbecause the two sources of variability are fundamentally different (deter-ministic vs. random). The issue might best be illustrated with a simulation.
For example, in Figure 10. , two sets of data were produced for each panel.
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In Figure 10.2A, both simulated data sets exhibit a decreasing pattern. One

data set (the solid circles), however , was produced by a model with a linearly

decreasing mean and independent residual variation
, and the other data set

(open diamonds) was produced by a model with a constant mean (i.
, a

model with mean stationarity) and autocorrelated errors. The patterns

exhibited by both data sets are remarkably similar. In Figure 10.
, another

realization from each model was produced. Here, it is apparent that the

patterns are quite different. Suppose now that we did not know the true

models for each pattern in Figure 10.2A and B , and that we had to infer

them from the data. The solid circles in Figure 10.2A and B both exhibit a

decreasing pattern; therefore , we could be reasonably certain that the model

that produced the circles was composed of fixed effects rather than auto-

correlation. The open diamonds in Figure 10.2A and B both exhibit patterns

in opposite directions; therefore, the model that produced them is obviously
not one of fixed linear trend, and an auto correlated model is more reason-

able. Notice that it helps to have several realizations to distinguish between

these models.
The trouble with real ecological data is that, very often, we have a data

set that is only one realization from some unknown model. For example

suppose we had only the open diamonds in Figure 10.2A. How can 

choose a model based on these data alone? Both models are plausible
, and it

is difficult to choose one over the other without more realizations. Another

consideration is that real ecological data are rarely, if ever
, expected to re-

spond to longitude and latitude coordinates themselves. That is, the spatial

coordinates serve as a proxy because they are highly correlated with other

variables that really affect the response variable. Again
, consider an example

of species biomass. Suppose we notice an increasing trend in biomass
, from

south to north, within a state. The species is obviously not responding to

latitude itself; rather, it is responding to the climatic conditions or soil

characteristics that change gradually from south to north. Thus
, it is possible

to model spatial trend simply on the longitude and latitude coordinates.

These are proxies for other explanatory variables that are known to 
trend

along the coordinates; however , if possible, it is better to gather data on the

variables that really affect the response variable and put them in the mean
structure of the model.

This discussion demonstrates that 
when an ecologist observes spatial

trend in data, it does not imply that the trend has to be 
removed with a

surface of fixed effects-spatial autocorrelation is also capable of producing

data that exhibit trend. The ecologist must instead think carefully about what
effects might have caused the trend , if any, and if possible put those effects in

the model. One way to think of this is as follows. Suppose we go back in

time (say 100 years) and let the ecological processes start over. 
If things like

dispersal, disease, climate , and the like , have random components , then

we would not expect the species biomass to be exactly as it is today. Letting

time start over again would produce a second realization. Would certain

. -
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spatial patterns that we see today still be there (at similar locations) in this
second realization? If we believe they would, we should put those fixed
effects in the trend. We then suppose that all else can be absorbed as
(possibly nonstationary) autocorrelation in the errors.

10. 2 Building Models for Estimation and Prediction
We ran several simulations in order to reinforce some of the previousconcepts and incorporate the ideas of trend and autocorrelation

, as well astheir effects on estimation and prediction. All simulations were done in one
dimension with the spatial coordinates given by the integers

= 1 , . . . 51.Consider the following model:

Y(s) = 80 81X1 (s) 82X2(S) X3(S) E(S) (10.12)
where E(S) is independent normal error with mean 0 and variance 1. We took
80 = 0, 81 = I , 82 = 0 , and 83 = 1. The random variables Xi(s) were eachobtained through of the following model:

Xi(s) = 84 (sin( 8ss) Ri(S)J

where 84 = 3 , 8s = and Ri(S) was autocorrelated and simulated from
the multivariate normal distribution with zero mean and covariance matrix
from the spherical model (Eq. 10. 11):

Cov(R,(s) R,(u)) ()6 (I 

~; 

Is ;13
ljls - ul 97J

where we took 86 = 3 and 87 = 40 for all three random processes Xi(S);
i= 3. Further R1(e), R2(e), and R3(e) were mutually independent.
Notice that Xi( e) is related to 

Xj( 
e) through the common sine wave.

We have described a " true" model (Eq. 10. 12) from which the data are
simulated. Now, suppose that Xl (s) and X2(s) are variables that we can
measure, along with the response Y(s), and we choose a model for estimation
given by

(10.13)

Y(s) /30 + /31 Xl (s) /32 X2(S) Z(s) (10.14)
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l processes start over. If thmgs hke
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, t~en

to be exactly as it is today. LettlI
second realization. Would certam

which is the spatial linear model (Eq. 10.2). This is a simplified example of
what was discussed in the Introduction. The 

processes t Xi( e ) 1 are them-selves patterned and correlated with each other. We can observe only some
of the explanatory variables (X1(s) and X2(s)), and some of those may not
be directly related to Y(s) (e. , notice that, because true 82 = 0 X2(s) 
not directly related to Y(s)). On the other hand Y(s) is directly related to
X3(S), but it is one of those explanatory variables that is difficult and/orexpensive to measure, so that we will not be able to observe it. In building
our model, therefore, we have errors of included and omitted explanatory
variables.
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We ran a simulation of 1600 iterations from Equation (10.
12) and we

removed the simulated datum 
Y(26). We therefore noW have 50 observa-

tions for both estimation and prediction. Our goal was to estimate 
the param-

eters PI 
(true value is 01 1) and pz (true value is Oz = 0) of the 

linear model

(Eq. 10. 14) for each simulation and also to predict the missing value 

Y(26).

All simulations were done using PROC MIXED in 
SAS.

The results of the simulations
, and the consequent estimation and predic-

tion from them, are given in Table 10.
1. The three estimation methods are

given in the columns, and four summaries of their performance are given in

the rows. Notice that, when estimating fh (the true value is 
0, = I), the IND

model had confidence intervals that were much too 
short because the 950/0

confidence interval only covered the true value 43.
90/0 of the time. The SML

and SRML methods were better, with SRML the best, but still having

confidence intervals that were a bit too 
short (92.70/0). There is no evidence

of bias in any of the methods. The root mean-squared error (RMSE) is an
indication of average "closeness" of the estimate of 131 to the true value, with

the smaller the RMSE the better. SML and SRML are 
clearly producing

estimates that are much closer to the true value. Finally, the ratio of the

average estimated standard error to the 
simulated RMSE is an assessment

on the accuracy of the "uncertainty" estimate-we expect the ratio to be

TABLE 10. 1. Simulation results. 

. .

IND SML SRML

Coverage
Bias
RMSE
Ratio

Estimation of /310.4394 0.90440043 - 00116710 0.2171

3097 0.8770

Estimation of /320.4688 0.90000093 - 00096468 0.2155

3190 0.8785

Prediction of Y(26)9563 0.93440176 - 01149532 2.13099968 0.9397

9444
0081

2.1168
9639

9269
0005
2131
9349

9231
0010
2122
9338

Coverage
Bias
RMSE
Ratio

Coverage
Bias
RMSPE
Ratio

Coverage indicates the proportion of times that 
the confidence interval or prediction interval

contained the true value for 1600 
simulations. Bias is the average difference

, between the esti-

mated or predicted value and the true value. RMSE is the square root of the average-

difference-

squared between the estimated and the true value, and RMSPE 
is the square root of the

average-difference-squared b~tween the predicted and 
the true value. The last row for 

each

parameter estimate is the ratio of the average 
estimated standard error (RMSE for estimation

and RMSPE for prediction). The method that assumes independent residuals is denoted as

IND; the method that assumes autocorrelated errors and is fitted using maximum likelihood is

denoted by SML; and the method is denoted by SRML when autocorrelation parameters are
fitted using restricted maximum likelihood.
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very close to 1. Notice that estimation for the IND model produces standard
errors that are too small , not reflecting the variability around the true esti-
mate , so the ratio is substantially less than 1. This explains why the confi-
dence intervals are too short. On the other hand, SML and SRML have
ratios much closer to 1 , with SRML the best.

The true value for /32 is 0 , and the results for its estimation, shown in
Table 10. , are much the same as for /31; however, note the effect on building
models. For the IND method, the true value of zero was covered by the
confidence interval only 46.9% of the time. This means that 53. 1 % of the
time , the P-value would indicate that the effect is significant, and we would
want to include (incorrectly) the effect in the model. Thus , when the fitted

, model is misspecified, it often produces autocorrelation in the errors; the
effect on model-building is that, if we assume classical assumptions of inde-
pendence , we will include more effects than are really important (if the
autocorrelation is positive). Notice from Table 10. 1 that the confidence
intervals using SML and SRML are more accurate , so that these two estima-
tion methods will not make this mistake as often; however, the confidence
intervals are still too short. This is not unexpected, and further correc-
tions are possible (e. , Harville 1985; Prasad and Rao 1990; Cressie 1992;
Zimmerman and Cressie 1992; Ghosh and Rao 1994), although they are not
implemented in SAS.

For prediction, notice that all three methods have prediction intervals
with coverage in the 95% range (Table 10. 1) and ratios near 1 , so they are
giving the appropriate reflection of the uncertainty of prediction. Again, all
three methods are unbiased, but the SML and SRML methods are generally
doing a much better job, as reflected in their smaller root mean-squared
prediction errors (RMSPE).

In summary, this simulation (Table 10. 1) clearly demonstrates the utility
of assuming autocorrelated errors for a fitted spatial linear model (Eq.
10. 14) that is misspecified for a more complicated true model (Eq. 10. 12).
We will often make initial errors of trying a fitted model that includes un-
important explanatory variables and omitting important ones. No models
are correct, but we want a parsimonious model that gives understanding of
relationships among variables and predictive ability, all in a valid statistical
manner where we have properly assessed the uncertainty in our estimates and
predictions. By assuming autocorrelated residuals , the model absorbs effects
of unknown variables to give valid , more precise estimation and prediction.
The SRML method seems to be the best choice. We can now practice these
concepts on a real data set.

10. Whiptail Lizard Data
The orange-throated whip tail (Cnemidophorus hyperythrus) is a relatively

small teiid lizard found in coastal southern California and much of Baja
California (Stebbins 1985; Jennings and Hayes 1994; Fisher and Case 1997).
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It generally occurs below 1000 m in elevation in scrubland habitats , includ-

ing coastal sage scrub , chamise chaparral , and alluvial fan scrub. Adult
lizards are generally active March through September (Bostic 1966c), with
juveniles hatching in August and active through December (Bostic 1966b).
Their diet consists primarily of insects of which termites are the dominant
food (Bostic 1966a; Case 1979). This species has been considered a species of
special concern in California for many years , although much of its current
distribution and life history is poorly known (Hollander et al. 1994).

C. hyperythrus has become a target species for conservation planning in the
region due to the rapid urbanization of its habitats in southern California
and its consideration as a sensitive species. The study by Hollander et al.

(1994) used various geographical data sets in a hierarchical approach to
determine how this species is distributed in space. They were able to identify
biases in the existing distributional data for C. hyperythrus and gaps in our
understanding of its habitat relationships. Chapter 3 described an ongoing
study designed to correct these biases and fill these gaps.

Trapping stations for lizards were set up at 256 locations within 21 sites
with 10-16 sampling periods evenly spaced over about a 2-year period. Each
sampling period was 10 days long and traps were checked daily. Although
this study collected data for all reptiles and amphibians captured at the sta-
tions, we only analyzed data for C. hyperythrus to illustrate the application
of the spatial linear method. The lizard-count data were summed over time
for each location. A total of 3 028 C. hyperythrus were captured and released.
The variable of interest is the capture rate of C. hyperythrus expressed as
average number caught per trapping day. In order to use normal theory,
the capture rate was log-transformed. Thirty-seven explanatory variables
were collected at each location, along with C. hyperythrus abundance. These

variables can be classed into five broad categories: vegetation layers , vege-

tation types , topographic position, soil types , and ant abundance.
We did some exploratory data analysis. Of the 256 locations , 107 of those

or about two fifths , had capture rates of zero. We envision the abundance of
C. hyperythrus as a hierarchical process. First , there is an absence-presence
(D-l) process that controls whether or not C. hyperythrus occurs at a loca-
tion. Then given this 0-1 process, another process controls abundance. The
explanatory variables that affect each process may be quite different. For the
purpose of demonstration we shall concern ourselves with the process
associated with abundance; therefore, we shall ignore the zeros and
concentrate on locations where C. hyperythrus occurred, which totaled
149 locations within 15 sites.

First, we used the classical assumption of independent errors (IND
method). We used stepwise regression in SAS , with a p-value to enter and a
p-value to remove of 0. 15. Of the 37 explanatory variables, seven were
retained in the model, and six of them were significant at = 0.05. We
checked the residuals for outliers and normality. One residual was an
obvious outlier, so it was removed , leaving 148 locations. We again used
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stepwise regression and obtained the same seven variables in the model , with
the same six variables having p-values 0:( 0.05. We again checked the
residuals and did not find any outliers, and the normal probability plot did
not show lack of normality.

Next, we used a model with autocorrelation. We assumed a spherical
model (Eq. 10. 11) for the autocorrelation and used SRML in SAS PROC
MIXED to estimate all parameters. Based on the simulation results given
earlier, it appears that SRML is slightly better than SML, so we only used
SRML for these data. Estimation for both SML and SRML can be quite
slow and is quickened considerably when the covariance matrix has a block
diagonal structure. We therefore began by assuming all sites were indepen-
dent, but allowed spatial dependence within each site. The estimated range
of spatial dependence, however, reached beyond some sites to nearby sites;
therefore, we began to group sites that were nearby, and refit all parameters.
We also assumed isotropy because the grouped sites had too few data
individually to examine whether covariance changed with direction. For the
final model, all of the locations , grouped sites , and the range of autocor-
relation are shown in Figure 10.3. The fitted spherical covariance function
expressed as a semivariogram (Eq. 10. 10), is shown in Figure lOA. The em-
pirical semivariogram (the method-of-moments estimator given by Cressie
1991 , pg. 69) calculated on the residuals is also plotted as a diagnostic in
Figure lOA. Using SRML to estimate the autocorrelation parameters, the
p-values (for the null hypothesis that the regression coefficient = 0) for most
regression coefficients were larger because positive autocorrelation leads to
fewer explanatory variables, as noted earlier. The final linear model with 

0:( 0. , using SRML, included only two of the six explanatory variables that
were included using IND with 0:( 0.05. The final model was

Y(s) 

= -

9625 + 0. 3217Xl(S) + 9876X2(s) + Z(s)

where Xl (s) is the abundance of Crematogaster ants at location indexed by
X2(S) is the logarithm of percent sandy soils, and Z(s) is spatially auto-

correlated , normally distributed random error with covariance

Cov(Z(s), Z(o)) = 5091I(s = 0) + 0. 7259 1 - 
1 Is - 0

' + 

lis - 0113197 2(0.1972)

x I(lls - 011 0:( 1972)
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vere significant at = 0.05. We
ormality. One residual was an
g 148 locations. We again used

The model indicates that the abundance of C. hyperythrus increases with
more abundant Crematogaster ants and sandier soils. Notice that includ-
ing autocorrelated errors causes us to retain fewer explanatory variables
during the modeling process, which is consistent with the previously given
simulation.

The parameters of the model are unobservable for estimation, so we rely
on our simulation studies to understand the effects of autocorrelation on
estimation better. For prediction, however, we have actually observed the



230 Jay M. Ver Hoef et al.

33.

33.

33.

33.

33.

::)

33.4

33.

33.

c::: 33.
c.9

33.

(:)

32.

32.

32.

32.

Range of autocorrelation

7 - 6 - 5 -0.4 - 3 - 2 - 1 0.0 0. 1 0.2 0.3 0.4 0.5 0.6 0.

DISTANCE (EQUIVALENT DEGREES LAT)
FROM -117.3 LONGITUDE

FIGURE 10. 3. Spatial locations where data were collected for Cnemidophorus hyper-

ythrus. The estimated range of autocorrelation is shown, along with the grouping

of locations. Autocorrelation was assumed within groups, and groups were assumed

independent.

realization of some of the spatial random variables; therefore , we did a
cross-validation study. That is , we removed all 148 locations , one at a time

and then predicted their values after refitting with the IND method (with

six explanatory variables) and the SRML model (with two explanatory

variables). We then compared the predicted values with the true values. Based
on the cross-validation predictions, the coverage of the 95% prediction
intervals for the IND method was 97. 30/0, and the coverage for the SRML
method was 93.20/0; therefore, both methods gave good assessment of
uncertainty. Neither had an obvious bias , which was 0.005 for both. There
was , however, a dramatic difference in MSPE. The MSPE was 0.942 for the

IND method, but only 0.649 for the SRML method. These results are
consistent with our simulations previously discussed. Note that SRML pro-
vides better prediction (smaller MSPE) using fewer explanatory variables.

This shows the power of utilizing autocorrelation for prediction. It uses
information in both the explanatory variables and the response variable at
neighboring locations.
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FIGURE lOA. Empirical semivariogram and fitted model using the SRML method.
The empirical semivariogram was computed on the residuals after subtracting the
estimated fixed effects from the data.
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The biological finding of these two factors-the abundance of Crema-
togaster ants and the logarithm of percent sandy soils-is consistent with
known elements of the natural history of C. hyperythrus. Because they build
their nests in well-drained friable soils (Bostic 1966c), the association with
sandy soils is not unexpected. The diet of C. hyperythrus consists of 85-90%
termites of the species Reticulitermes hesperus which are native to the coastal
and montane habitats throughout California (Pickens 1934, Bostic 1966a
Case 1979). These termites need wood for colony establishment; thus , they
are often associated with dead plant material in nature, including trunks of
bushes , sticks, and other surface debris (Pickens 1934). Crematogaster ants
tend to use the same types of material for their colony establishment as do
the termites , although they tend to forage away from their colony and are
thus easy to record. The termites are only present on the surface briefly
while swarming to form new colonies; otherwise , they are repelled by light
and difficult to observe (Pickens 1934). Thus , the association between whip-
tail lizards and Crematogaster ants might reflect an association between Cre-
matogaster and termites , which requires further verification.
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10.4 Beyond the Spatial Linear Model

Ecologists often have data that are binary (0-1), counts, or positive and
continuous. A common approach in these situations is to transform the
data to near normality, as we did for the example with lizard data, although
it is often more desirable and natural to work with data on their origi-
nal scale. Geostatistics has produced methods such as disjunctive kri-
ging (Matheron 1976; Armstrong and Matheron 1986a b) and indicator
kriging (Journel 1983); however, these methods are primarily concerned
with prediction and they do not deal directly with fixed effects. See Gotway
and Stroup (1997) and Diggle et al. (1998) for critiques and newer ap-
proaches, based on extensions of generalized linear models (NeIder and
Wedderburn 1972; McCullagh and NeIder 1989). For example, it is possible
using these extensions of generalized linear models to use a spatial logistic
regression model for a 0-1 binary process that controls the occurrence of
C. hyperythrus.

We would also like to come back to the generic space-time models (Eq.
10. 1) introduced earlier. We sometimes obtain data and average over time
to give a space-only data set; sometimes, we average over spatial locations
to produce times-series data sets. Both of these fields of statistics employ
models with autocorrelation (spatial or temporal). An area of active statis-
tical research is in the area of space-time models. One attractive way to
combine current understanding of ecological relationships into a statistical
model is through hierarchical modeling. We shall describe an outline of a
space-time hierarchical model for the lizard data to show the main features
of this approach, although we shall not carry out the analysis.

Let us begin by assuming that we have the raw space-time data for
C. hyperythrus so we have the raw counts for each trapping bout (usually 10

days) with bouts spread throughout the year. Denote the counts per bout as
Y(s , f), where s is the spatial location and is the date of first day of the bout.
We begin the hierarchical model with a zero-inflated Poisson regression
model (see Lambert, 1992, for a version without space-time modeling):

fo)

ex;

alII

A.~.
'PI)

Y(s , t) Ip(s , f), A(S , t) f'V 
PoIsson A 

with probability p(s , f),

with probability 1 - p(s , f).

The preceding vertical-bar notation can be read as " Y(s f), conditional on
p(s , t) and A(S , t). The counts are controlled by A(S , t) and p(s , f), which are
space-time "parameter" surfaces for Poisson and Bernoulli random vari-
ables , respectively. We believe that the parameter surfaces A(S , t) and p(s , t)
are affected by other variables, and the surfaces themselves might be
autocorrelated , so we specify the second level in the hierarchy:
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vi ode! where the two normal distributions might be independent. Here, xA(s t) and
t) are vectors of covariates (explanatory variables) that can include

other ecological variables, the number of capture days in each bout, and
spatial and temporal trend coordinates (e. , a linear trend in space and
cosine functions of time); 

fl A (s) and flp (s) are generally stochastic autocor-
related spatial surfaces, and CA(t) and (t) are stochastic time series. We
gather up the parameters from this level into a vector (fJ ' a2 a

A' p' A' p At the thIrd level of the hIerarchy, we specify the spatial and temporal
stochastic models , which might be:
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generic space-time models (Eq.
tain data and average over time
re average over spatial locations
these fields of statistics employ
lporal). An area of active statis-
models. One attractive way to

al relationships into a statistical
e shall describe an outline of a

1 data to show the main features
rry out the analysis.

e the raw space-time data for
)r each trapping bout (usually 
r. Denote the counts per bout as
) the date of first day of the bout.
lero-inflated Poisson regression
thout space-time modeling):

with probability p(s t),
with probability 1 - p(s , f).

where OCA, OCp, 'lA' and 'Ip are parameters that control the covariance matrix ~
for each process. We gather these up into the vector 0; (oc~, oc~, 'I~, 'I~). For
example could be a parameter that controls the strength of autocor-
relation could be a parameter that controls the range of autocorrela-
tion (e. , as in the spherical covariance model (Eq. 10. 11) without the
nugget). In the fourth level of the hierarchy, we specify prior models for
all remaining parameters

f(Ol, O2), which mightinclude vague priors such as
f(fJA' fJp, aA, ap, OCA, OCp, 'lA' 'Ip ex a;. a;/, or fully parametric forms such as
f(fJA' fJp, aA, ap, OCA, OCp, 'IA ~ 'Ip~ f.(fJA )f(?p )f(aA)f(a )f(ocA)f(oc )f('IA)f('Ip

), 

where
f(fJij has a normal dIstrIbutIOn wIth mean parameter fJ~. and variance
cp~, j = 1

, . . .

qi, with qi being the number of explanatoiy variables for

i;f(aT) is distributed as an inverse with parameters ni and vf;f(aiJ) has a

gamma distribution with parameters a?J and ~iJ, = 1

,...

Ci, with Ci being
the number of covariance parameters (typically two) for i; andf(tli' has a
gamma distribution with arameters 

~. 

and '

.. 

IJ 'PIJ' 

. . .

I' 
beIng the number of covarIance parameters (typically two) for i; i 

p. 

course, all hyperparameters need to be specified.
Inference for this model can be carried out using Markov chain Monte

Carlo (MCMC) methods, which are a collection of stochastic simulation
methods including the Gibbs sampler, the Metropolis algorithm, and the
Hastings algorithm (Metropolis et al. 1953; Hastings 1970). These methods
were used for Bayesian inference in a seminal paper by Geman and Geman

(1984). The MCMC methods obtain samples from the posterior distribu-
tion, and are to Bayesian inference what the bootstrap is for obtaining
sampling distributions in frequentist inference. See Tanner (1993) for a good
introduction to MCMC methods, and Gilks et al. (1996) for an overview.
The proposed hierarchical model given earlier is quite complicated, but

similar models have been demonstrated to be tractable on quite large

read as Y(s , f), conditional on
d by 2(s t) and p(s , f), which are
ion and Bernoulli random vari-
lmeter surfaces 2(s t) and p(s , t)

surfaces themselves might be
vel in the hierarchy:

t)' fJA JiA(S) 1:A(t), 

t)' fJp flp (S) (t), a;)
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meteorological data sets (e. , Wikle et al. 1998). The MCMC methodology
produces simulations from the posterior distribution:

p(A(S , t), p(s , f), Ji).(S), Jip (S), 't").(t), 't" (t), (h, ()z, Iy(s f))

which is obtained using repeated application of Bayes ' theorem. Of most
interest, we can make inferences on the parameter surfaces that control the
counts (A(S t) and p(s , t)), the spatial and temporal parts of the surfaces

(Jii (S) and 't"i(t)), the parameters that control the observed covariates (Pi

), 

the
range and strength of autocorrelation in the spatial (OCi) and temporal ('Ii

surfaces, and measurement error variances (aT); i 

We can see that the hierarchical model outlined in this section goes a lot
farther than the spatial linear model for modeling the complexities of eco-
logical data. As our knowledge of relationships among variables increases, it
is natural that Equation (10. 1) becomes more and more complex. Hierar-
chical models can handle this complexity well, and inferential methods for
these models are being developed. An advantage of the spatial linear model
is that software (e. , PROC MIXED in SAS) is available, making it more
accessible, whereas a complicated hierarchical model requires custom
programmIng.

10.5 Summary

We have concentrated on the spatial linear model, where we included the
assumption of autocorrelated errors in the model to absorb the effects of
patterned, unobserved factors related to the observed response variable. We
have argued that no models are correct. Robust methods are needed to deal
with ecological data, and there are two natural approaches. One is to use
robust estimation methods; the other is to assume robust models. We have
demonstrated that the spatial linear model is a robust model. We concur
here with Box (1980): "For robust estimation of the parameters of interest
we should modify the model which is at fault, rather than the method of
estimation which is not." By modifying the assumption of independent er-
rors to autocorrelated errors in the spatial linear model, we have a more
robust model where we can get better estimation of unknown parameters
and better prediction for unobserved variables. In addition , the uncertainty
that we attach to these estimation and prediction problems is more valid
than when we assume independent residuals, especially for estimation
problems. Software for these models is readily available. The spatial linear
model is developed for normally distributed data, and extensions to count
and binary data have been developed but require custom software develop-
ment. All ecological data are ultimately space-time data in that they are col-
lected from some place at some time; therefore, space-time models will be an
area of active research in the future. The natural complexity in ecological
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998). The MCMC methodology
stribution:

problems lends itself to hierarchical space-time models that, at the present
time, can most effectively handle space-time data.

I, (t), (h, (h, Iy(s , t))

on of Bayes ' theorem. Of most
ameter surfaces that control the
. temporal parts of the surfaces
l the observed covariates (Pi

), 

the
he spatial (~i) and temporal ('1J
(O"T);i=A
~utlined in this section goes a lot
odeling the complexities of eco-

lips among variables increases, it
lore and more complex. Hierar-
veIl, and inferential methods for
ntage of the spatial linear model
t\S) is available, making it more
rchical model requires custom
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