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Unit 4 

 Problem state   

 Depth first search tree. 

 Solution states “  for hi h the path fro  the root ode to the solution space. 

1.1 General Method: 

 The principal idea is to construct solutions one component at a time and evaluate such 

partially constructed candidates as follows.  

 If a partially constructed solution can be developed further without violating the 

pro le s o strai ts, it is do e  taki g the first re ai i g legiti ate optio  for the 
next component.  

 If there is no legitimate option for the next component, no alternatives for any remaining 

component need to be considered. In this case, the algorithm backtracks to replace the 

last component of the partially constructed solution with its next option.  

1.2 State Space Tree: 

It is convenient to implement this kind of processing by constructing a tree of choices being 

made, called the state-space tree. Its root represents an initial state before the search for a 

solution begins. The nodes of the first level in the tree represent the choices made for the 

first component of a solution the nodes of the second level represent the choices for the 

second component, and so on. 

State space is the set of paths from root node to other nodes. State space tree is the tree 

organization of the solution space. The state space trees are called static trees. This 

terminology follows from the observation that the tree organizations are independent of the 

problem instance being solved. For some problems it is advantageous to use different tree 

organizations for different problem instance. Tree organizations that are problem instance 

dependent are called dynamic trees. 

A node in a state-space tree is said to be promising if it corresponds to a partially constructed 

solution that may still lead to a complete solution; otherwise, it is called nonpromising.Leaves 

represent either nonpromising dead ends or complete solutions found by the algorithm. 

1. Backtracking: 

Backtracking is used to solve problem in which a sequence of objects is chosen from a 

specified set so that the sequence satisfies some criterion. The desired solution is expressed 

as an n-tuple 1, . . . . ,  here ea h i  Є  “, “ ei g a fi ite set. 
The solution is based on finding one or more vectors that maximize, minimize, or satisfy a 

criterion function P (x1, . . . . . , xn). Form a solution and check at every step if this has any 

chance of success. If the solution at any point seems not promising, ignore it. All solutions 

require a set of constraints divided into two categories: explicit and implicit constraints. 

Terminology: 
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1.3 General Algorithm: 

Pick a starting point. 

   while(Problem is not solved) 

      For each path from the starting point. 

         check if selected path is safe, if yes select it 

         and make recursive call to rest of the problem 

         If recursive calls returns true,  

           then return true. 

         else  

           undo the current move and return false. 

      End For 

 If none of the move works out, return false, NO SOLUTON. 

2. N-Queens Problem: 

The N queens puzzle is the problem of placing N chess queens on an N×N chessboard so that 

no two queens threaten each other. Thus, a solution requires that no two queens share the 

same row, column, or diagonal. 

Let us consider, N = 8. Then 8-Queens Problem is to place eight queens on an 8 x 8 

hess oard so that o t o atta k , that is, o t o of the  are o  the sa e ro , olu , or 
diagonal. 

All solutions to the 8-queens problem can be represented as 8-tuples (x1. . . x8), where xi is 

the column of the i
th

 row where the i
th

 queen is placed. 

The promising function must check whether two queens are in the same column or diagonal: 

Suppose two queens are placed at positions (i, j) and (k, l) Then: 

•  Column Conflicts: Two queens conflict if their xi values are identical. 

•  Diagonal conflict: Two queens i and j are on the same diagonal if: 

          i – j = k – l. This implies, j – l = i – k 

•  Diagonal conflict: 

         i + j = k + l. This implies, j – l = k – i 

2.1 Algorithm: 

1) Start from the leftmost column 

2) If all queens are placed return true 

3) Try all rows in the current column.  Do following for every tried row. 

    a) If the queen can be placed safely in this row then mark this [row, column] as part of the 

solution  and recursively check if placing queen here leads to a solution. 

    b) If placing queen in [row, column] leads to a solution then return true. 

    c) If placing queen doesn't lead to a solution then umark this [row, column] (Backtrack) and       

go to step (a) to try other rows. 
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3) If all rows have been tried and nothing worked, return false to trigger backtracking. 

Solution: 

 1  0  0  0  0  0  0  0  

 0  0  0  0  0  0  1  0  

 0  0  0  0  1  0  0  0  

 0  0  0  0  0  0  0  1  

 0  1  0  0  0  0  0  0  

     0  0  0  1  0  0  0  0  

     0  0  0  0  0  1  0  0  

     0  0  1  0  0  0  0  0  

2.2 Analysis of algorithm 

The recurrence is T(n) = n*T(n-1) + N*n, which leads to O((n+1)!). When one more recursive 

call is made, at least one more isSafe() should return false. So the number of recursive calls 

decreases by at least 1 each time. And for the overhead in isSafe(), since col rows has been 

filled already, there are at most min(col, N-col+1) iterations of for (i = 0; i < col; i++). But the 

for loop in solveNQUtil() runs a fixed number of N. That's why N*n exists. 

3. Hamiltonian Cycles: 

Let G = (V, E) be a connected graph with n vertices. A Hamiltonian cycle (suggested by William 

Hamilton) is a round-trip path along n edges of G that visits every vertex once and returns to 

its starting position. In other vertices of G are visited in the order v1, v2,  . . . . . , vn+1, then 

the edges (vi, vi+1) are in E, 1 < i < n, and the vi   are distinct  expect  for  v1  and  vn+1,  which  

are  equal.  The  graph  G1  contains    the Hamiltonian cycle 1, 2, 8, 7, 6, 5, 4, 3, 1. The graph 

G2 contains no Hamiltonian cycle. 

Procedure: 

Procedure: 

1. Defi e a solutio  e tor X Xi……..X  here Xi represe ts the I th  isited erte  of the 
proposed cycle. 

2. Create a cost adjacency matrix for the given graph. 

3. The solution arra  i itialized to all zeros e ept X 1 =1, oz the le should start at 
erte  1 . 

4. Now we have to find the second vertex to be visited in the cycle. 

5. The vertex from 1 to n are included in the cycle one by one by checking 2 conditions, 

          1.There should be a path from previous visited vertex to current vertex. 

         2.The current vertex must be distinct and should not have been visited earlier. 

6.  When these two conditions are satisfied the current vertex is included in the cycle, else 

the  next vertex is tried. 

7. When the nth vertex is visited we have to check, is there any path from nth vertex to 

first  vertex. if no path, the go back one step and after the previous visited node. 
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8. Repeat the above steps to generate possible Hamiltonian cycle. 

3.1 Algorithm: 

Algorithm Hamiltonian (k) 

{ 

 Loop 

      Next value (k) 

If (x (k)=0) then return; 

{ 

  If k=n then 

      Print (x) 

Else 

Hamiltonian (k+1); 

End if 

} 

Repeat 

} 

Algorithm Nextvalue (k) 

{ 

 Repeat 

{ 

  X [k]=(X [k]+1) mod (n+1); //next vertex 

  If (X [k]=0) then return; 

  If (G [X [k-1], X [k]]  0) then 

{ 

  For j=1 to k-1 do if (X [j]=X [k]) then break; 

  // Check for distinction. 

  If (j=k) then          //if true then the vertex is distinct. 

    If ((k<n) or ((k=n) and G [X [n], X [1]]   0)) then return; 

} 

} Until (false); 

} 

3.2 Complexity Analysis 

In Hamiltonian cycle, in each recursive call one of the remaining vertices is selected in the 

worst case. In each recursive call the branch factor decreases by 1. Recursion in this case can 

be thought of as n nested loops where in each loop the number of iterations decreases by 

one. Hence the time complexity is given by: 

T(N)=N*(T(N-1)+O(1)) 

T(N) = N*(N-1)*(N-2).. = O(N!)  
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3.3 Example: 

 
Graph G1 

 

The graph G1 has Hamiltonian cycles: 

->1,3,4,5,6,7,8,2,1 and 

->1,2,8,7,6,5,4,3,1. 

4. Graph Coloring (for planar graphs): 

Let G be a graph and m be a given positive integer. We want to discover whether the nodes of 

G can be colored in such a way that no two adjacent nodes have the same color, yet only m 

colors are used. This is termed the m-colorabiltiy decision problem. The m-colorability 

optimization problem asks for the smallest integer m for which the graph G can be colored. 

Given any map, if the regions are to be colored in such a way that no two adjacent regions 

have the same color, only four colors are needed. 

For many years it was known that five colors were sufficient to color any map, but no map 

that required more than four colors had ever been found. After several hundred years, this 

problem was solved by a group of mathematicians with the help of a computer. They showed 

that in fact four colors are sufficient for planar graphs. 

The function m-coloring will begin by first assigning the graph to its adjacency matrix, setting 

the array x [] to zero. The colors are represented by the integers 1, 2, . . . , m and the solutions 

are given by the n-tuple (x1, x2, . . ., xn), where xi is the color of node i. 

4.1 Algorithm mcoloring (k) 

// This algorithm was formed using the recursive backtracking schema. The graph is 

// represented by its Boolean adjacency matrix G [1: n, 1: n].  All assignments of 

// 1, 2, . . . . . , m to the vertices of the graph such that adjacent vertices are assigned 

// distinct integers are printed. k is the index  of the next vertex to color. 

{ 

repeat 

{  // Generate all legal assignments for x[k]. 

       1        2        3        4 

       5        6        7        8 
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NextValue  (k);  // Assign to x [k] a legal color. 

If (x [k] = 0)  then return;  // No new color possible 

If (k =  n) then  // at most m colors have been 

// used to color the n vertices. 

write (x [1: n]); 

else mcoloring (k+1); 

} until (false); 

} 

Algorithm NextValue (k) 

// x [1] , . . . . x [k-1] have been assigned integer values in the range [1, m] such that 

// adjacent vertices have distinct integers. A value for x [k] is determined in the range 

// [0, m].x[k] is assigned the next highest numbered color while maintaining distinctness 

// from the adjacent vertices of vertex k. If no such color exists, then x [k] is 0. 

{ 

repeat 

{ 

x [k]: = (x [k] +1)  mod (m+1)  // Next highest color. 

If (x [k] = 0)  then return;  // All colors have been used for j := 1 to n do 

{  // check if this color is distinct from adjacent colors if ((G [k, j]  

// If (k, j) is and edge and if adj. vertices have the same color. then break; 

} 

if (j = n+1)  then return;  // New color found 

} until (false);  // Otherwise try to find another color. 

} 

4.2 Complexity Analysis 

1) 2-colorability 

There is a simple algorithm for determining whether a graph is 2-colorable and assigning 

colors to its vertices: do a breadth-first search, assigning "red" to the first layer, "blue" to the 

second layer, "red" to the third layer, etc. Then go over all the edges and check whether the 

two endpoints of this edge have different colors. This algorithm is O(|V|+|E|) and the last 

step ensures its correctness.  

2) k-colorability for k>2 

For k > 2 however, the problem is much more difficult. For those interested in complexity 

theory, it can be shown that deciding whether a given graph is k-colorable for k > 2 is an NP-

complete problem. The first algorithm that can be thought of is brute-force search: consider 

every possible assignment of k colors to the vertices, and check whether any of them are 

correct. This of course is very expensive, on the order of O((n+1)!), and impractical. Therefore 

we have to think of a better algorithm.  
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4.3 Example: 

 

Here No of Colors M= 3, like  

No of Nodes N= 4. 

5. Introduction to Branch and Bound method 

Branch and Bound is another method to systematically search a solution space. Just like 

backtracking, we will use bounding functions to avoid generating sub trees that do not 

contain an answer node. However branch and Bound differs from backtracking in two 

important manners: 

1. It has a branching function, which can be a depth first search, breadth first search or 

based on bounding function. 

2. It has a bounding function, which goes far beyond the feasibility test as a mean to prune 

efficiently the search tree. 

Branch and Bound refers to all state space search methods in which all children of the E-node 

are generated before any other live node becomes the E-node 

Branch and Bound is the generalization of both graph search strategies, BFS and D- search. 

•  A BFS like state space search is called as FIFO (First in first out) search as the list of live 

nodes in a first in first out list (or queue). 

•  A D search like state space search is called as LIFO (Last in first out) 

Search as the list of live nodes in a last in first out (or stack). 

5.1 Travelling Salesperson Problem 

A tree of nodes is generated where each node has specified constraints regarding edges 

connecting two cities in a tour that must be present and edges connecting two cities in a tour 

that cannot be present. Based on the constraints in a given node, a lower bound is formulated 

for the given node. This lower bound represents the smallest solution that would be possible 

if a sub-tree of nodes leading eventually to leaf nodes containing legal tours were generated 

below the given node. If this lower bound is higher than the best known solution to-date, the 

node may be pruned. This pruning has the effect of sparing result in a significant saving if the 

pruned node were relatively near the top of the tree. 

       1        2 

       3        2 
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Let us explore the mechanism for computing lower bounds for a node. 

Example: 

 A B C D 

A ∞ 10 5 3 

B 8 ∞ 9 7 

C 1 6 ∞ 9 

D 2 3 8 ∞ 

Now find the reduced matrix by: 

 Subtracting the smallest element from row i(for example r1), so one element will become 0 

and rest element remain non negative. 

 Then after subtracting the smallest element from col j(for example c1), so one element will 

become 0 and rest element remain non negative. 

  Set element A[I,j] = ∞ 

So the total reduced cost T= r1 + c1. 

Hence the reduced matrix is: 

 Subtracted 3 from row 1 

 Subtracted 7 from row 2 

 Subtracted 1 from row 3     

 Subtracted 2 from row 4 

 Subtracted 1 from col 2 

 Subtracted 2 from col 3                            Total reduced cost is = 3+7+1+2+1+2=16 

 

We e a i e i i u  ost for ea h ode 1,….,9 by using the formula-l(B)=l(A) + M(i,j) + T 

Here:-  l(b) is the cost of new node, l(A) is the cost of previous node, and T is the reduced 

cost 

So the state space tree is given as: 

 

 
 

           A B C D 

A ∞ 6 0 0 

B 1 ∞ 0 0 

C 0 4 ∞ 8 

D 0 0 4 ∞ 

       1 

       3 

       3        2        4        1 

       4        3        2            22

        16 

        16         16 

        20 

        24 

        16 
        20 

        16 
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5.1.1 Construction of Solution Tree 

A solution tree is constructed by adding edges in lexicographic order. Each time we add a new 

node we employ decision tree logic regarding which nodes must be included or excluded from 

tours represented by the nodes. The rules that are used are: 

1.   If excluding an edge (x, y) would make it impossible for x or y to have as many as two 

adjacent edges in the tour, then (x, y) must be included. 

2.   If including (x, y) would cause x or y to have more than two edges adjacent in the tour, or 

would complete a non-tour cycle with edges already included, then (x, y) must be excluded. 

When the algorithm branches, and after imposing the decision logic to include or exclude 

edges, a lower bound is computed for the node. If the lower bound for a given node is as high 

as or higher than the lowest cost tour found so far, we prune the node. If neither child can be 

pruned, the algorithm descends to the node with smaller lower bound using a depth-first 

search in the tree.  After considering one child, we must again consider whether the sibling 

can be pruned since a new best solution may have been found. 

Procedure for solving traveling sale person problem: 

1. Reduce the given cost matrix. A matrix is reduced if every row and column is reduced. A 

row (column) is said to be reduced if it contain at least one zero and all-remaining entries are 

non-negative. This can be done as follows: 

a) Row reduction: Take the minimum element from first row, subtract it from all elements 

of first row, next take minimum element from the second row and subtract it from second 

row. Similarly apply the same procedure for all rows. 

b) Find the sum of elements, which were subtracted from rows. 

c) Apply column reductions for the matrix obtained after row reduction. 

Column reduction: Take the minimum element from first column, subtract  it  from  all  

elements  of first  column,  next take minimum element from the second column and subtract 

it from second column. Similarly apply the same procedure for all columns. 

d) Find the sum of elements, which were subtracted from columns. 

e) Obtain the cumulative sum of row wise reduction and column wise reduction. 

Cumulative reduced sum = Row wise reduction sum + column wise reduction sum. 

Associate the cumulative reduced sum to the starting state as lower bound and 

bound. 

2. Calculate the reduced cost matrix for every node R. Let A is the reduced cost matrix for 

node R. Let S be a child of R such that the tree edge (R, S) corresponds to including edge <i, j> 

in the tour.  

5.1.2 Complexity Analysis 

Traveling salesman problem is a NP-hard problem. Until now, researchers have not found a 

polynomial time algorithm for traveling salesman problem. Among the existing algorithms, 

dynamic programming algorithm can solve the problem in time O(n^2*2^n) where n is the 

number of nodes in the graph. The branch-and-cut algorithm has been applied to solve the 
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problem with a large number of nodes. However, branch-and-cut algorithm also has an 

exponential worst-case running time.  

6. Lower and Upper Bound Theory 

Lower bound is the best case running time. Lower bound is determined by the easiest input. It 

provides a goal for all input. Whereas upper bound is the worst case and is determined by 

the  most difficult input for a given algorithm. Upper bounds provide guarantees for all inputs 

i.e. Guarantees on performance of the algorithm when run on different inputs will not 

perform any worse than over the most difficult input. 

There are a number of lower bounds for problems related to sorting, for example element-

distinctness: are there two identical elements in a set? These lower bounds are actually 

interesting because they generalize the comparison-lower bound to more algebraic 

formulations. 

• Lower Bound, L(n), is a property of the specific problem, i.e. sorting problem, MST, matrix 

multiplication, not of any particular algorithm solving that problem. 

• Lo er ou d theor  sa s that o algorith  a  do the jo  i  fe er than L(n) time units for 

arbitrary inputs, i.e., that every comparison-based sorting algorithm must take at least L(n) 

time in the worst case. 

• L  is the i i u  o er all possi le algorith s, of the a i u  o ple it . 
• Upper ou d theor  sa s that for any arbitrary inputs, we can always sort in time at most 

U(n). How long it would take to solve a problem using one of the known Algorithms with 

worst-case input gives us a upper bound. 

• I pro i g a  upper ou d ea s fi di g a  algorith  ith etter orst-case performance. 

• U  is the i i u  o er all k o  algorith s, of the a i u  o ple it . 
• Both upper a d lo er ou ds are i i a o er the a i u  o ple it  of i puts of size . 
• The ulti ate goal is to ake these t o fu tio s oi ide. Whe  this is done, the optimal 

algorithm will have L(n) = U(n). 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 
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