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Simulations of gauge field theories 
with quantum tools



LET US SEE WHAT IS INVOLVED IN (CLASSICAL) 
SIMULATIONS OF QUANTUM FIELD THEORY OF 

THE STRONG FORCE, i.e., LATTICE QCD.



QUANTUM CHROMODYNAMICS (QCD)
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and its normalization is chosen such that, upon replacing the SU(3) transformations with

an Abelian U(1) transformation, the QED Lagrangian is recovered.2 The CP odd term,
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is irrelevant for most of QCD phenomenology as the experimental value of its corresponding

strength, characterized by the parameter ⌥̄, is unexpectedly close to zero, ⌥̄ ⇥ 10�9.3 Nf

denotes the number of quark flavors (up, down, strange, etc.), and ⇧µ⌦�⇥ is the fully anti-

symmetric Levi-Civita tensor.

The Lagrange density of QCD, neglecting the CP-odd contribution and taking into

account di⌥erent quark flavor sectors, can be written in the explicit form,
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where F
i
µ⌦  ⇢µA

i
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i
µ. The striking feature of this Lagrange density is the self inter-

actions among gluons which makes the vacuum of the theory nontrivial compared to QED.

This is not a surprise as in any non-Abelian gauge theory, the gauge field A
i
µ carries a char-

acteristic charge (color in the case of QCD) corresponding to the internal space of the gauge

group, and must be able to interact with other charged members of the gauge multiplet.

The other feature of the QCD Lagrange density is that the coupling of gauge fields to the

quark fields cannot be arbitrary and is constrained by the Lie algebra of the group to be the

same among quarks with di⌥erent colors and from di⌥erent families, and should match that

of self-gluon couplings. This is again in contrast with QED where, although the interaction

Lagrangian has a universal form, di⌥erent matter fields can couple to the EM field with

di⌥erent strengths, characterized by their distinct electric charges.

The two important properties of QCD, asymptotic freedom and color confinement, can

be deduced from an analytical approach based on perturbation theory. The former, as is a

2This also justifies the factor of 1
ig in the definition of Gµ⌥ as it would result in the usual normalization

of the kinetic term of gluons.

3The convention used for the normalization of this term ensures that, in the absence of massive quarks,

the contribution from such term vanishes upon setting ⌃̄ = 2�, where � is the parameter of the U(1)A
transformation, q � ei�⇤5 , whose current, Jµ

5 ⌅ q̄⇤µ⇤5q, is anomalous.

QCD is a SU(3) gauge theory augmented with several flavors of massive quarks:

Features: 

i) There are only                input parameters plus QED coupling. Fix them 
by few quantities and all nuclear physics is predicted (in principle)! 

ii) QCD is asymptotically free and exhibits confinement.

1 +Nf



STRIKING FEATURE OF QUANTUM MECHANICS:

The principle of least action

Given all the interactions of the 
system, what is the probability 
for transition from A to B?

Classical:

Quantum mechanical:

2

1 Give each path a weight where 
the classical path has the largest 
weight.

Sum over all infinite number of 
trajectories!

Quantum probability amplitude:

Every trajectory is explored!



PROBABLITY AMPLITUDE FOR A=VACUUM TO B=VACUUM!

Classical

Quantum mechanical



CORRELATION AMONG e.g., THREE “FIELDS”?

Classical

Quantum mechanical



BY CSSM VISUALISATION

LET’S HAVE A 
LOOK AT HOW 
CONVENTIONAL 
LATTICE QCD 
SIMULATIONS 
ARE DONE…



LATTICE QCD WORK FLOW

— Hybrid Monte Carlo to 
sample gauge field confgs. 
— Determinant of a high-dim 
matrix

Generate a 
sample of vacuum 

configurations
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WHAT IS ACCOMPLISHED SO FAR?



Beane, et al. (NPLQCD), Phys.Rev. D87 (2013), Phys.Rev. C88 (2013)

A MILESTONE: NUCLEI FROM QCD IN A WORLD WITH HEAVIER QUARKS 
THAN THOSE IN NATURE

Nf = 3, m⇡ = 0.806 GeV, a = 0.145(2) fm INT-PUB-16-033, JLAB-THY-16-2362, MIT-CTP-4844, NT@UW-16-12
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The nuclear matrix element determining the pp ! de+⌫ fusion cross section and the Gamow-Teller
matrix element contributing to tritium �-decay are calculated with lattice Quantum Chromodynam-
ics (QCD) for the first time. Using a new implementation of the background field method, these
quantities are calculated at the SU(3)-flavor–symmetric value of the quark masses, corresponding
to a pion mass of m⇡ ⇠ 806 MeV. The Gamow-Teller matrix element in tritium is found to be
0.979(03)(10) at these quark masses, which is within 2� of the experimental value. Assuming that
the short-distance correlated two-nucleon contributions to the matrix element (meson-exchange cur-
rents) depend only mildly on the quark masses, as seen for the analogous magnetic interactions, the
calculated pp ! de+⌫ transition matrix element leads to a fusion cross section at the physical quark
masses that is consistent with its currently accepted value. Moreover, the leading two-nucleon axial
counterterm of pionless e↵ective field theory is determined to be L1,A = 3.9(0.1)(1.0)(0.3)(0.9) fm3

at a renormalization scale set by the physical pion mass, also in agreement with the accepted phe-
nomenological range. This work concretely demonstrates that weak transition amplitudes in few-
nucleon systems can be studied directly from the fundamental quark and gluon degrees of freedom
and opens the way for subsequent investigations of many important quantities in nuclear physics.

PACS numbers: 11.15.Ha, 12.38.Gc, 13.40.Gp

Weak nuclear processes play a central role in many set-
tings, from the instability of the neutron to the dynam-
ics of core-collapse supernova. In this work, the results
of the first lattice Quantum Chromodynamics (LQCD)
calculations of two such processes are presented, namely
the pp ! de+⌫e fusion process and tritium �-decay. The
pp ! de+⌫ process is centrally important in astrophysics
as it is primarily responsible for initiating the proton-
proton fusion chain reaction that provides the dominant
energy production mechanism in stars like the Sun. Sig-
nificant theoretical e↵ort has been expended in refining
calculations of the pp ! de+⌫ cross section at the ener-
gies relevant to solar burning, and progress continues to
be made with a range of techniques [1–10], as summarized
in Ref. [11]. This process is related to the ⌫d ! nne+

neutrino breakup reaction [12–14], relevant to the mea-
surement of neutrino oscillations at the Sudbury Neu-
trino Observatory (SNO) [15, 16], and to the muon cap-
ture reaction, µ�d ! nn⌫µ, which is the focus of cur-
rent investigation in the MuSun experiment [17]. The

second process studied in this work, tritium �-decay, is
a powerful tool for investigating the weak interactions
of the Standard model and plays an important role in
the search for new physics. The super-allowed process
3H !

3He e�⌫̄ is theoretically clean and is the simplest
semileptonic weak decay of a nuclear system. In con-
trast to pp fusion, this decay has been very precisely
studied in the laboratory (see Ref. [18] for a review)
and provides important constraints on the antineutrino
mass [19]. Tritium �-decay is also potentially sensitive to
sterile neutrinos [20, 21] and to interactions not present
in the Standard Model [21–24]. Although the dominant
contributions to the decay rate are under theoretical con-
trol as this is a super-allowed process, the Gamow-Teller
(GT) contribution (axial current) is somewhat more chal-
lenging to address than the Fermi (F) contribution (vec-
tor current). Improved constraints on multi-body con-
tributions to the GT matrix element will translate into
reduced uncertainties in predictions for decay rates of
larger nuclei and are a first step towards understanding



Titan supercomputer, Oak Ridge National Laboratory, USA

THIS STUDY TOOK ABOUT TWO YEARS AND A FEW HUNDRED MILLION 
CPU HOURS ON THE LARGEST SUPERCOMPUTERS IN THE U.S.!



A SINGLE-WEAK PROCESS
pp ! de+⌫e

⌫e

e+

L1,A = 3.9(0.1)(1.0)(0.3)(0.9) fm3 µ = mphys.
⇡ = 140 MeV@

Savage, ZD et al, Phys.Rev.Lett.119,062002(2017).



CAN WE GO BEYOND THE CURRENT STUDIES? 
WHAT ARE THE LIMITATIONS?



A NUCLEAR PHYSICS MOTIVATION FOR LEVERAGING QUANTUM TECHNOLOGIES

i) Studies of nuclear isotopes, dense matter, and phase diagram of QCD…
both with lattice QCD and with ab initio nuclear many-body methods.

Source: The Facility for Antiproton and Ion Research (FAIR),GSI, Darmstadt, Germany.

LQCD ! LQCD � iµ
X

f

q̄f�
0qf

Path integral formulation:

e�S[U,q,q̄]

with a complex action:

National Science Foundation/LIGO/
Sonoma State University/A. Simonnet



A NUCLEAR PHYSICS MOTIVATION FOR LEVERAGING QUANTUM TECHNOLOGIES

ii) Real-time dynamics of matter in heavy-ion collisions or after Big Bang…

…and a wealth of dynamical response functions, transport properties, 
hadron distribution functions, and non-equilibrium physics of QCD.

eiS[U,qq̄]

Path integral formulation:

U(t) = e�iHt

Hamiltonian evolution:



WHAT DOES QUANTUM SIMULATION AMOUNT TO 
IN THE CONTEXT OF QCD SIMULATIONS?



ADDITIONALLY THE SIGN PROBLEM FORBIDS:QUANTUM SIMULATION FOR NP: WHAT IT IMPLIES.

Quantum simulation amounts to leveraging a quantum system that can be controlled to study 
another quantum system that is more elusive, experimentally or computationally.

ICRAR/University of Amsterdam

https://wahl.wp.st-andrews.ac.uk/ 
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ADDITIONALLY THE SIGN PROBLEM FORBIDS:QUANTUM SIMULATION FOR NP: WHAT IT IMPLIES.

ICRAR/University of Amsterdam

https://wahl.wp.st-andrews.ac.uk/ 

?

?
IQOQI Innsbruck/Harald Ritsch

Quantum simulation amounts to leveraging a quantum system that can be controlled to study 
another quantum system that is more elusive, experimentally or computationally.



ADDITIONALLY THE SIGN PROBLEM FORBIDS:A RANGE OF QUANTUM SIMULATORS WITH VARING CAPACITY AND CAPABILITY

C. CHIU/HARVARD 
UNIVERSITY

UNIVERSITY OF MARYLAND



CAN WE ADOPT QUANTUM TOOLS AND 
ALGORITHMS FROM OTHER COMMUNITIES?



Starting from the nucelar Hamiltonian 

More complex Hamiltonian, itself unknown 
with arbitrary accuracy, short, intermediate, 
and long-range interactions, three and multi-
body interactions, pions (bosons) and other 
hadrons can become dynamical.

QUANTUM CHEMISTRY vs. NUCLEAR PHYSICS: 
SOME SIMILARITIES BUT MAJOR DIFFERENCES



Attempts to cast QFT problems in a language 
closer to quantum chemistry and NR simulations:
Kreshchuk, Kirby, Goldstein, Beauchemin,  Love, 
arXiv:2002.04016 [quant-ph]
Liu, Xin, arXiv:2004.13234 [hep-th]
Barata , Mueller, Tarasov, Venugopalan (2020)

Starting from the nucelar Hamiltonian 

More complex Hamiltonian, itself unknown 
with arbitrary accuracy, short, intermediate, 
and long-range interactions, three and multi-
body interactions, pions (bosons) and other 
hadrons can become dynamical.

Starting from the Standard Model 

Both bosonic and fermionic DOF are 
dynamical and coupled, exhibit both global 
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hence particle number not conserved, vacuum 
state nontrivial in strongly interacting theories.
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WHAT DOES QUANTUM SIMULATION OF (GAUGE) 
FIELD THEORIES INVOLVE?



Theory developments

Algorithmic developments

Implementation and benchmark

QUANTUM SIMULATION OF QUANTUM FIELD THEORIES: A MULTI-PRONG EFFORT



Theory developments

Algorithmic developments

Implementation and benchmark

QUANTUM SIMULATION OF QUANTUM FIELD THEORIES: A MULTI-PRONG EFFORT
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U.-J. Wiese: Ultracold quantum gases and lattice systems: quantum simulation of lattice gauge theories

charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy

#
'†

xUxy'y + '†
yU†

xy'x
$
+ m

"

x

sx'
†
x'x

+ g 2

2

"

&xy'

#
L2

xy + R2
xy

$
! 1

4g 2

"

!
Tr

%
U! + U†

!
&

.

(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.

!"" C( 2013 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheimwww.ann-phys.org
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!"" C( 2013 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheimwww.ann-phys.org

Fermion 
mass

Fermion hopping term Energy of color 
electric field

Energy of color 
magnetic field

Kogut and Susskind formulation:

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

Hamiltonian formalism maybe more natural than the path integral formalism for quantum 
simulation/computation:
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the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
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&xy'
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(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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2 ! a are given by the Pauli matrices, while for
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It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
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Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|
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the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.
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The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
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Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '
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y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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Kogut and Susskind formulation:

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

Hamiltonian formalism maybe more natural than the path integral formalism for quantum 
simulation/computation:
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
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(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|
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f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form
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Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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Kogut and Susskind formulation:

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

Hamiltonian formalism maybe more natural than the path integral formalism for quantum 
simulation/computation:
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x| ({q(i)x })i = q(i)x | ({q(i)x })iGenerator of infinitesimal 
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Suppressing the link index xy, the various operators obey
the commutation relations

[La, Lb] = 2i fabc Lc, [Ra, Rb] = 2i fabc Rc,

[La, Rb] = 0, [La, U] = !!aU, [Ra, U] = U!a. (29)

Operators associated with different links commute
with each other. The Hermitean generators of SU(N)
obey the commutation relation [!a, !b] = 2i fabc!

c, where
fabc are the structure constants of the SU(N) algebra
and Tr!a!b = 2"ab. By construction, the Hamiltonian
of Eq. (28) is gauge invariant, i.e. it commutes with
the infinitesimal generators of SU(N) gauge transfor-
mations

Ga
x = # i†

x !a
i j#

j
x +

!

k

"
La

x,x+k̂ + Ra
x!k̂,x

#
,

$
Ga

x, Gb
y

%
= 2i"xy fabcGc

x. (30)

Again, physical states |$" are gauge invariant and must
obey the Gauss law Ga

x|$" = 0. A general SU(N) gauge
transformation, %x = exp(i&a

x!
a), is represented by the

unitary transformation V =
&

x exp(i&a
x Ga

x), which acts
as

# #
x = V †#xV = %x#x, #†

x
# = V †#†

x V = #†
x%

†
x,

U#
xy = V †Uxy V = %xUxy%

†
y. (31)

In Wilson’s lattice gauge theory, the commutation re-
lations of Eq. (29) are realized in an infinite-dimensional
Hilbert space per link. In fact, every link is analogous to
a quantum mechanical “particle” moving in the group
space SU(N), with L2

xy + R2
xy representing the corre-

sponding Laplacian.
In an SU(2) gauge theory the various operators can

be represented by harmonic oscillators [97] (also known
as prepotentials) using bosonic creation and annihila-
tion operators ai†

x,±k and ai
x,±k, which carry a color index

i $ {1, 2}. The bosonic operators are associated with the
left and right ends of a link and are labeled by a lattice
point x and a link direction ±k, and one can write

La
xy = ai†

x,+' a
i ja

j
x,+, Ra

xy = ai†
y,!' a

i ja
j
y,!,

Uxy = 1
Nxy

'
a2†

x,+ a1
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!a1†
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a1†
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= 1
Nxy
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y,! + a1

x,+a2
y,! a2†

x,+a2†
y,! ! a1
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!a1†
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y,! + a2
x,+a2

y,! !a1†
x,+a2†

y,! ! a2
x,+a1

y,!

(

.

(32)

Here Nxy = ai†
x,+ai

x,+ = ai†
y,!ai

y,! counts the number of
bosons, which is the same at both ends of the link.
The link operator Uxy changes the number of bosons by
two, by either creating or annihilating a boson on each
end of a link. Since the link Hilbert space is infinite-
dimensional, the total number of bosons can be arbi-
trarily large. In SU(3) gauge theory the construction is
much more involved [98]. Instead of two, it involves four
species of colored bosons per link, which span a Hilbert
space that is larger than the one of the gauge theory. In
order to correct for this, the link operators are no longer
constructed as boson bilinears, but as polynomials of a
higher degree. Even then, the commutation relations of
Eq. (29) are satisfied only in the gauge theory subspace of
the bosonic Hilbert space, and it is not obvious how to re-
strict oneself to that subspace. While there are construc-
tions for quantum simulators using SU(2) prepotentials
[74, 75], it is difficult to imagine that the SU(3) prepoten-
tials of [98] can be implemented in ultracold matter.

Up to now, we have defined the theory on a lattice
with non-zero lattice spacing a, whose inverse 1

a serves as
an ultraviolet momentum cut-off. Ultimately, we want to
take the continuum limit a % 0. This is done by properly
adjusting the bare coupling constant g . We may fix the
overall energy scale by putting t = 1. When we set m = 0,
we are in the chiral limit of massless quarks, which will
lead to a massless Goldstone pion. The bare gauge cou-
pling g is then adjusted in order to take the continuum
limit. This can be done by considering any dimension-
ful physical quantity, for example, the nucleon mass. The
nucleon mass Mn = E1 ! E0 is the energy difference be-
tween the ground states of HQCD in the baryon number
1 and 0 sectors. Let us consider the nucleon mass in lat-
tice units, i.e. Mna, as a function of g . Due to the prop-
erty of asymptotic freedom, in the g % 0 limit the nu-
cleon mass behaves as Mna & exp(!(0/g 2), where (0 > 0
is the leading coefficient of the QCD (-function. Keeping
the physical quantity Mn fixed and sending g % 0, one
approaches the continuum limit a % 0. We have thus
traded the dimensionless bare coupling constant g for
a dimensionful physical scale — in this case Mn. In this
process of dimensional transmutation, the scale invari-
ance of the QCD Lagrangian in the massless chiral limit is
explicitly broken by the ultraviolet regulator 1

a . It should
be pointed out that massless QCD does not predict the
value of any dimensionful scale like the nucleon mass.
After all, the nucleon mass, e.g. in units of kilograms, re-
lies on a man-made convention, and essentially reduces
to the question how many protons and neutrons were
deposited near Paris, when the kilogram was defined a
long time ago. However, once an overall energy scale,
e.g. Mn, has been picked, QCD predicts the values of
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy

#
'†

xUxy'y + '†
yU†

xy'x
$
+ m

"

x

sx'
†
x'x

+ g 2

2

"

&xy'

#
L2

xy + R2
xy

$
! 1

4g 2

"

!
Tr

%
U! + U†

!
&

.

(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy
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xUxy'y + '†
yU†

xy'x
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(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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Suppressing the link index xy, the various operators obey
the commutation relations

[La, Lb] = 2i fabc Lc, [Ra, Rb] = 2i fabc Rc,

[La, Rb] = 0, [La, U] = !!aU, [Ra, U] = U!a. (29)

Operators associated with different links commute
with each other. The Hermitean generators of SU(N)
obey the commutation relation [!a, !b] = 2i fabc!

c, where
fabc are the structure constants of the SU(N) algebra
and Tr!a!b = 2"ab. By construction, the Hamiltonian
of Eq. (28) is gauge invariant, i.e. it commutes with
the infinitesimal generators of SU(N) gauge transfor-
mations

Ga
x = # i†

x !a
i j#

j
x +

!

k

"
La

x,x+k̂ + Ra
x!k̂,x

#
,

$
Ga

x, Gb
y

%
= 2i"xy fabcGc

x. (30)

Again, physical states |$" are gauge invariant and must
obey the Gauss law Ga

x|$" = 0. A general SU(N) gauge
transformation, %x = exp(i&a

x!
a), is represented by the

unitary transformation V =
&

x exp(i&a
x Ga

x), which acts
as

# #
x = V †#xV = %x#x, #†

x
# = V †#†

x V = #†
x%

†
x,

U#
xy = V †Uxy V = %xUxy%

†
y. (31)

In Wilson’s lattice gauge theory, the commutation re-
lations of Eq. (29) are realized in an infinite-dimensional
Hilbert space per link. In fact, every link is analogous to
a quantum mechanical “particle” moving in the group
space SU(N), with L2

xy + R2
xy representing the corre-

sponding Laplacian.
In an SU(2) gauge theory the various operators can

be represented by harmonic oscillators [97] (also known
as prepotentials) using bosonic creation and annihila-
tion operators ai†

x,±k and ai
x,±k, which carry a color index

i $ {1, 2}. The bosonic operators are associated with the
left and right ends of a link and are labeled by a lattice
point x and a link direction ±k, and one can write

La
xy = ai†

x,+' a
i ja

j
x,+, Ra

xy = ai†
y,!' a

i ja
j
y,!,

Uxy = 1
Nxy
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a2†
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(32)

Here Nxy = ai†
x,+ai

x,+ = ai†
y,!ai

y,! counts the number of
bosons, which is the same at both ends of the link.
The link operator Uxy changes the number of bosons by
two, by either creating or annihilating a boson on each
end of a link. Since the link Hilbert space is infinite-
dimensional, the total number of bosons can be arbi-
trarily large. In SU(3) gauge theory the construction is
much more involved [98]. Instead of two, it involves four
species of colored bosons per link, which span a Hilbert
space that is larger than the one of the gauge theory. In
order to correct for this, the link operators are no longer
constructed as boson bilinears, but as polynomials of a
higher degree. Even then, the commutation relations of
Eq. (29) are satisfied only in the gauge theory subspace of
the bosonic Hilbert space, and it is not obvious how to re-
strict oneself to that subspace. While there are construc-
tions for quantum simulators using SU(2) prepotentials
[74, 75], it is difficult to imagine that the SU(3) prepoten-
tials of [98] can be implemented in ultracold matter.

Up to now, we have defined the theory on a lattice
with non-zero lattice spacing a, whose inverse 1

a serves as
an ultraviolet momentum cut-off. Ultimately, we want to
take the continuum limit a % 0. This is done by properly
adjusting the bare coupling constant g . We may fix the
overall energy scale by putting t = 1. When we set m = 0,
we are in the chiral limit of massless quarks, which will
lead to a massless Goldstone pion. The bare gauge cou-
pling g is then adjusted in order to take the continuum
limit. This can be done by considering any dimension-
ful physical quantity, for example, the nucleon mass. The
nucleon mass Mn = E1 ! E0 is the energy difference be-
tween the ground states of HQCD in the baryon number
1 and 0 sectors. Let us consider the nucleon mass in lat-
tice units, i.e. Mna, as a function of g . Due to the prop-
erty of asymptotic freedom, in the g % 0 limit the nu-
cleon mass behaves as Mna & exp(!(0/g 2), where (0 > 0
is the leading coefficient of the QCD (-function. Keeping
the physical quantity Mn fixed and sending g % 0, one
approaches the continuum limit a % 0. We have thus
traded the dimensionless bare coupling constant g for
a dimensionful physical scale — in this case Mn. In this
process of dimensional transmutation, the scale invari-
ance of the QCD Lagrangian in the massless chiral limit is
explicitly broken by the ultraviolet regulator 1

a . It should
be pointed out that massless QCD does not predict the
value of any dimensionful scale like the nucleon mass.
After all, the nucleon mass, e.g. in units of kilograms, re-
lies on a man-made convention, and essentially reduces
to the question how many protons and neutrons were
deposited near Paris, when the kilogram was defined a
long time ago. However, once an overall energy scale,
e.g. Mn, has been picked, QCD predicts the values of
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FIG. 6. The number of states in the physical Hilbert space,
Nstates, within the KS (and LSH) formulation with PBC (a)
and OBC (b) is approximated by epN , and the coe�cient of
the lattice size, N , in the exponent is obtained from fits to the
N dependence of Nstates for several values of ⇤. The expo-
nents approach, with an exponential form, a fixed value, and
the empirical fit to this ⇤ dependence obtains the asymptotic
value of p denoted by the horizontal lines in the plots and
shown in the inset boxes. The uncertainty on these values is
estimated by variations in the fit values when each data point
is removed from the set, one at a time, and the remaining
points are refit. The numerical values associated with these
plots are listed in Appendix B.

the plot. Second, as expected, the number of states
grows exponentially with the system size at a fixed
cuto↵, as plotted in Fig. 5-(a). The growth, up
to constant factors and higher order terms in the
exponent, can be approximated by Nstate ⇠ e

pN .
The coe�cient of N in the exponent approaches a
constant value as a function of cuto↵, as shown in
Fig. 6-(a). This value can be obtained from a fit to
points shown in the plot, as depicted in the figure.
For moderate N values such that the higher-order
terms in the exponent are negligible, this p value
can be used to approximate the number of states
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FIG. 7. The number of states in the physical Hilbert space,
Nstates, within the KS (and LSH) formulation with OBC is
approximated by eq⇤, and the coe�cient of the cuto↵ on the
electric-field excitations, ⇤(= 2Jmax), in the exponent is ob-
tained from fits to the ⇤ dependence of Nstates for several val-
ues of N . The exponents approach, with a exponential form,
a fixed value, and the empirical fit to this N dependence ob-
tains the asymptotic value of q denoted by the horizontal line
in the plot and shown in the inset box. The uncertainty on
this value is estimated by variations in the fit values when
each data point is removed from the set, one at a time, and
the remaining points are refit. The numerical values associ-
ated with these plots are listed in Appendix B.

Hilbert space. The growth of the number of states
to this saturation value at a fixed N can be approx-
imated by an exponential form, Nstates ⇠ e

q⇤. The
coe�cient of ⇤ in the exponent for various values
of N is plotted in Fig. 7 and is seen to asymptote
to a constant value at large N . The fit to this
asymptotic value is shown in the plot. This value
can be used to approximate the number of states
in the physical Hilbert space for an arbitrary large
N and any ⇤. Similarly, the dependence of the
number of states in the physical Hilbert space on
the lattice size can be approximated by an expo-
nential form, Nstate ⇠ e

pN , for a fixed cuto↵, and
up to constant factors and higher order terms in
the exponent. The coe�cient of N in the exponent
asymptotes to a constant value at large ⇤, as shown
in Fig. 6-(b).

. The size of the full Hilbert space before implement-
ing physical constraints can be approximated by
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3

5
N

, (68)

with PBC, where j = {0,
1

2
, 1, · · · ,

⇤

2
}. To com-

pare this with the number of states in the physical
Hilbert space with PBC, one can again write the
lattice-size dependence of the number of states as
e
pN . The coe�cient of N in this exponent as a

function of ⇤ can be plotted for both the full and
physical Hilbert space, as is shown in Fig. 8. As is
evident, even for small values of the cuto↵, the full
Hilbert space grows much faster with the system’s
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dence that our technique can also protect the simula-
tion against other types of temporally correlated errors,
such as the 1/f noise commonly found in solid-state de-
vices [11].

In addition, we draw a connection between our sym-
metry protection technique and the quantum Zeno ef-
fect [12–18]. In particular, the symmetry transforma-
tions, when chosen as powers of a unitary, approximately
project the error of simulation into the so-called quan-
tum Zeno subspaces, defined by the eigensubspaces of
the unitary. We prove a bound on the accuracy of this
approximation, exponentially improving a recent result
of Ref. [18].

The structure of the paper is as follows. In Section II,
we introduce the general technique and provides intu-
ition for the source of error reduction. In Section III, we
derive a bound on the error of Trotterization under sym-
metry protection. In Section IV, we then benchmark our
technique in simulating the dynamics of systems with the
Heisenberg interactions, including the XXZ Heisenberg
model with local disorder that displays a transition be-
tween thermalized and many-body localized phases, and
in simulating the Schwinger model in the context of lat-
tice field theories. In particular, we show that interweav-
ing the simulation with random gauge transformations
can significantly reduce the probability of a state leaking
to outside the physical subspace due to the simulation
error, extending the results of Ref. [19] to digital quan-
tum simulation. We then demonstrate in Section V how
our technique may protect the simulation against other
types of coherent, temporally correlated errors, such as
the low-frequency noise typically found in experiments.
Finally, we discuss several open questions in Section VI.

II. GENERAL FRAMEWORK

We consider the task of simulating the time dynam-
ics of a system under a time-independent Hamiltonian
H. Let Ut ⌘ exp(�iHt) denote the evolution unitary
generated by H for time t. Our technique applies to al-
gorithms that simulate Ut by first dividing the evolution
into many time steps (also known as Trotter steps), and
approximate the evolution within each time step by a
series of quantum gates. In this paper, we focus on the
first-order Trotterization algorithm for simplicity. To
be more precise, let r denote the number of steps and
�t = t/r denote the length of each time step. These
algorithms then simulate U�t by a series of elementary
quantum gates S�t, i.e.

Ut = Ur

�t
⇡ Sr

�t
. (1)

The approximation of U�t by S�t introduces an error that
is small for small �t. However, errors typically accumu-
late after many Trotter steps, resulting in a total additive
error kUt � Sr

�t
k that, in the worse case, scales linearly

with the number of Trotter steps r at fixed �t. Equiva-
lently, for a fixed total time t, to reduce the total error,

we would have to decrease the Trotter step size �t, ef-
fectively increasing the number of Trotter steps r, and
thus require more elementary quantum gates to run the
simulation.

We refer to the simulation in Eq. (1) as the raw simu-
lation. By exploiting symmetries of the system, we will
see that we can substantially reduce the total error " of
the simulation without significantly increasing the gate
count, ultimately resulting in faster quantum simulation
for the same total error budget. For that, we assume
that the Hamiltonian is invariant under a group of uni-
tary transformations, which we denote by S. Explicitly,
we assume that

[C,H] = 0 8 C 2 S. (2)

The group S represents a symmetry of the system. In-
stead of simply approximating U�t by the circuit S�t,
we “rotate” each implementation of S�t by a symmetry
transformation Ck 2 S (i = k, . . . , r) so that the approx-
imation in Eq. (1) now reads

Ut ⇡

rY

k=1

C†

k
S�tCk. (3)

We refer to Eq. (3) as a symmetry-protected (SP) simu-
lation. The right-hand side in Eq. (3) represents a cir-
cuit that, at first, looks more expensive than Eq. (1)
due to the additional implementation of the transforma-
tions Ck. However, for the same r, the total error in
Eq. (3) could be much smaller than the Eq. (1). E↵ec-
tively, to meet the same error tolerance, Eq. (3) may re-
quire a much smaller number of steps r, and hence fewer
implementations of S�t, than the raw approximation
in Eq. (1). Moreover, because many symmetries—the
gauge symmetries in lattice field theories for example—
are spatially local, each Ck only involves a small num-
ber of nearest-neighboring qubits and can be imple-
mented easily in most architectures of quantum com-
puters. Other symmetries, such as the one responsible
for the conservation of the total magnetization in the
Heisenberg model, are global but may be implemented
as a product of only single-qubit gates, which are usually
much “cheaper” to perform in experiments than their
multi-qubit counterparts.

In the remainder of this section, we provide some in-
tuition, using lowest-order arguments, for the error re-
duction in simulations under symmetry protection. We
later derive rigorous error bounds in Section III.

A. Lowest-order arguments

To build an intuition for the symmetry protection, we
consider the e↵ective Hamiltonian of the simulation. The
aim of digital quantum simulation is to simulate the time
evolution e�iHt of a Hamiltonian H. Assuming that the
simulation errors are coherent, we may end up with the
time evolution of a di↵erent Hamiltonian, say He↵, that
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This representation allows us to decompose the evolution

e�iH0�te�iH1�t ⇡ e�iH0�t
Y

i

e�
1
4 ix�tAiXiXi+1e�

1
4 ix�tÃiXiXi+1e�

1
4 ix�tAiYiYi+1e�

1
4 ix�tÃiXiXi+1

·e�
1
4 ix�tBiXiYi+1e�

1
4 ix�tB̃iXiYi+1e+

1
4 ix�tBiYiXi+1e+

1
4 ix�tB̃iYiXi+1 ⌘ S�t, (51)

into a product of three-qubit gates that can be readily implemented on quantum computers [34].

Note that the cost of simulating e�
1
4 ixtÃiXiXi+1 is that

of simulating e�
1
4 ixtAiXiXi+1 , plus the cost of simulating

Ui, U
†

i
:

e�
1
4 ix�tÃiXiXi+1 = U†

i
e�

1
4 ix�tAiXiXi+1Ui. (52)

The entire raw first-order Trotterization simulation of
e�iHt becomes

e�iHt
⇡ Sr

�t
. (53)

Similarly to the Heisenberg model, we could protect this
simulation by interweaving the Trotter steps with sym-
metry transformations of the system:

e�iHt
⇡

rY

k=1

C†

k
S�tCk, (54)

where Ck are generated by the gauge operators in
Eq. (46). Specifically, we choose Ck = Ck

0 , where

C0 =
nY

i=1

exp(�i�iGi), (55)

and the angles �i are independently and uniformly cho-
sen at random from [0, 2⇡].

In Fig. 6, we plot the leakage outside the physical sub-
space due to the Trotter error. We use the Schwinger
model with 4 sites and 3 links (all initialized in state
|0i) with and without symmetry protection. We repeat
the simulation 100 times, each with a di↵erent choice
of the transformation angles �i. The figure shows that
the symmetry protection can reduce the leakage by sev-
eral orders of magnitude. In addition, while the leakage
builds up in a raw simulation, it appears to be bounded
during the course of the symmetry-protected simulation.

V. ADDITIONAL PROTECTION AGAINST
EXPERIMENTAL ERRORS

So far, we have demonstrated that symmetries in
quantum systems can be used to suppress the simula-
tion error of the Trotterization algorithm. In this sec-
tion, we discuss how our technique may also protect the
simulation against other types of error, including the ex-
perimental errors that may arise in the implementation
of Trotterization.

In our earlier derivation, we show that the lowest-order
contribution to the total error is

kv0k =
1

r

�����

rX

k=1

C†

k
v0Ck

����� , (56)

where v0 is the lowest-order error from the simulation
algorithm. This derivation applies equally well for the
case when the error v0 comes from sources other than
the approximations in the simulation algorithms.

However, in our analysis, we require that v0 remains
the same for di↵erent steps of the simulation. In other
words, the error v0 for di↵erent Trotter steps are cor-
related in time. In particular, an error with temporal
correlation lengths being longer than the time step �t
would enable us to choose the symmetry transformations
such that the errors from several consecutive steps inter-
fere destructively. Therefore, we expect our technique to
help reduce low-frequency noises, such as the 1/f noise
typically found in solid-state qubit systems.

We provide numerical evidence for this argument by
adding temporally correlated errors to the simulation
of the Schwinger model. Specifically, after each step
k of the simulation, we apply single-qubit rotations
exp(�i⌘ ~� · n̂k) on the system, where ⌘ = 0.01 is a small
angle, around a random axis n̂k. These rotations mimic
the e↵ect of a depolarizing channel and violate the gauge
symmetries, resulting in the state leaking to the unphys-
ical subspace. To impart temporal correlations into this
noise model, we choose the random unit vectors n̂k again
only after every � consecutive Trotter steps. The param-
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Figure 6. The probability for the final state to leak outside
the physical subspace due to Trotter errors in simulating 4-
site Schwinger model. The three bosonic links are simulated
using 3, 4, and 3 qubits (or 8, 16, 8 in Hilbert space di-
mension) respectively. The blue dots are the leakage in the
simulation using the first-order Trotterization without any
symmetry protection. The orange ones correspond the me-
dian leakage in a protected simulation using random rotations
generated by the gauge operators. The orange bar represents
the 25%-75% percentile over 100 simulations.
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Simulating the dynamics of quantum systems is an important application of quantum computers
and has seen a variety of implementations on current hardware. We show that by introducing
quantum gates implementing unitary transformations generated by the symmetries of the system,
one can induce destructive interference between the errors from di↵erent steps of the simulation,
e↵ectively giving faster quantum simulation by symmetry protection. We derive rigorous bounds
on the error of a symmetry-protected simulation algorithm and identify conditions for optimal
symmetry protection. In particular, when the symmetry transformations are chosen as powers of
a unitary, the error of the algorithm is approximately projected to the so-called quantum Zeno
subspaces. We prove a bound on this approximation error, exponentially improving a recent result
of Burgarth, Facchi, Gramegna, and Pascazio. We apply our technique to the simulations of the
XXZ Heisenberg interactions with local disorder and the Schwinger model in quantum field theory.
For both systems, our algorithm can reduce the simulation error by several orders of magnitude over
the unprotected simulation. Finally, we provide numerical evidence suggesting that our technique
can also protect simulation against other types of coherent, temporally correlated errors, such as
the 1/f noise commonly found in solid-state experiments.

I. INTRODUCTION

Simulating the dynamics of quantum systems is a key
application of quantum computers. However, digitaliz-
ing the continuous time evolutions to enable execution
on gate-based and other programmable quantum com-
puters comes with simulation errors that cause the dy-
namics of the systems to deviate from ideal evolutions.
In particular, the errors may violate the symmetries in
the target Hamiltonian for simulation, resulting in un-
physical states at the end of the simulations. This dig-
italization error particularly a↵ects Trotterization—the
most common algorithm for near-term quantum simu-
lations [1–3]—and persists even in more sophisticated,
advanced quantum simulation algorithms [4–6].

In this paper, we propose an approach, using the sym-
metries of target Hamiltonians, to protect the dynamics
of the systems against simulation errors. Given a simula-
tion algorithm that decomposes the dynamics of the sys-
tem into many small time steps (e.g., Trotterization), we
interweave the simulations with unitary transformations
generated by the symmetries of the systems (Fig. 1).
While these additional unitary transformations increase
the gate complexity of the simulation, the error of the
simulation can sometimes be reduced by several orders
of magnitude, ultimately resulting in a faster quantum
simulation. In addition, depending on the symmetries,
the unitary transformations may be implemented using
only single-qubit gates, which are considered relatively
inexpensive for implementations on near-term quantum

computers.
Our technique is general and potentially applies to any

algorithms that simulate the time evolution of Hamilto-
nians with symmetries by splitting the evolution into
many time segments, including Trotterization and the
higher-order product formulas [4] and more advanced
algorithms such as those based on linear combinations
of unitaries [5, 6], Lieb-Robinson bounds [7, 8], and
randomized compilations [9, 10]. We also provide evi-

Figure 1. For algorithms that simulate the dynamics of quan-
tum systems by decomposing the evolutions into many time
steps, we interweave the corresponding simulation circuits
(blue) with unitary transformations generated by the symme-
tries of the systems (orange). These transformations protect
the simulations against errors that violate the symmetries,
resulting in faster and more accurate simulations.
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tum Zeno subspaces, defined by the eigensubspaces of
the unitary. We prove a bound on the accuracy of this
approximation, exponentially improving a recent result
of Ref. [18].

The structure of the paper is as follows. In Section II,
we introduce the general technique and provides intu-
ition for the source of error reduction. In Section III, we
derive a bound on the error of Trotterization under sym-
metry protection. In Section IV, we then benchmark our
technique in simulating the dynamics of systems with the
Heisenberg interactions, including the XXZ Heisenberg
model with local disorder that displays a transition be-
tween thermalized and many-body localized phases, and
in simulating the Schwinger model in the context of lat-
tice field theories. In particular, we show that interweav-
ing the simulation with random gauge transformations
can significantly reduce the probability of a state leaking
to outside the physical subspace due to the simulation
error, extending the results of Ref. [19] to digital quan-
tum simulation. We then demonstrate in Section V how
our technique may protect the simulation against other
types of coherent, temporally correlated errors, such as
the low-frequency noise typically found in experiments.
Finally, we discuss several open questions in Section VI.

II. GENERAL FRAMEWORK

We consider the task of simulating the time dynam-
ics of a system under a time-independent Hamiltonian
H. Let Ut ⌘ exp(�iHt) denote the evolution unitary
generated by H for time t. Our technique applies to al-
gorithms that simulate Ut by first dividing the evolution
into many time steps (also known as Trotter steps), and
approximate the evolution within each time step by a
series of quantum gates. In this paper, we focus on the
first-order Trotterization algorithm for simplicity. To
be more precise, let r denote the number of steps and
�t = t/r denote the length of each time step. These
algorithms then simulate U�t by a series of elementary
quantum gates S�t, i.e.

Ut = Ur

�t
⇡ Sr

�t
. (1)

The approximation of U�t by S�t introduces an error that
is small for small �t. However, errors typically accumu-
late after many Trotter steps, resulting in a total additive
error kUt � Sr

�t
k that, in the worse case, scales linearly

with the number of Trotter steps r at fixed �t. Equiva-
lently, for a fixed total time t, to reduce the total error,

we would have to decrease the Trotter step size �t, ef-
fectively increasing the number of Trotter steps r, and
thus require more elementary quantum gates to run the
simulation.

We refer to the simulation in Eq. (1) as the raw simu-
lation. By exploiting symmetries of the system, we will
see that we can substantially reduce the total error " of
the simulation without significantly increasing the gate
count, ultimately resulting in faster quantum simulation
for the same total error budget. For that, we assume
that the Hamiltonian is invariant under a group of uni-
tary transformations, which we denote by S. Explicitly,
we assume that

[C,H] = 0 8 C 2 S. (2)

The group S represents a symmetry of the system. In-
stead of simply approximating U�t by the circuit S�t,
we “rotate” each implementation of S�t by a symmetry
transformation Ck 2 S (i = k, . . . , r) so that the approx-
imation in Eq. (1) now reads

Ut ⇡

rY

k=1

C†

k
S�tCk. (3)

We refer to Eq. (3) as a symmetry-protected (SP) simu-
lation. The right-hand side in Eq. (3) represents a cir-
cuit that, at first, looks more expensive than Eq. (1)
due to the additional implementation of the transforma-
tions Ck. However, for the same r, the total error in
Eq. (3) could be much smaller than the Eq. (1). E↵ec-
tively, to meet the same error tolerance, Eq. (3) may re-
quire a much smaller number of steps r, and hence fewer
implementations of S�t, than the raw approximation
in Eq. (1). Moreover, because many symmetries—the
gauge symmetries in lattice field theories for example—
are spatially local, each Ck only involves a small num-
ber of nearest-neighboring qubits and can be imple-
mented easily in most architectures of quantum com-
puters. Other symmetries, such as the one responsible
for the conservation of the total magnetization in the
Heisenberg model, are global but may be implemented
as a product of only single-qubit gates, which are usually
much “cheaper” to perform in experiments than their
multi-qubit counterparts.

In the remainder of this section, we provide some in-
tuition, using lowest-order arguments, for the error re-
duction in simulations under symmetry protection. We
later derive rigorous error bounds in Section III.

A. Lowest-order arguments

To build an intuition for the symmetry protection, we
consider the e↵ective Hamiltonian of the simulation. The
aim of digital quantum simulation is to simulate the time
evolution e�iHt of a Hamiltonian H. Assuming that the
simulation errors are coherent, we may end up with the
time evolution of a di↵erent Hamiltonian, say He↵, that
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This representation allows us to decompose the evolution

e�iH0�te�iH1�t ⇡ e�iH0�t
Y

i

e�
1
4 ix�tAiXiXi+1e�

1
4 ix�tÃiXiXi+1e�

1
4 ix�tAiYiYi+1e�

1
4 ix�tÃiXiXi+1

·e�
1
4 ix�tBiXiYi+1e�

1
4 ix�tB̃iXiYi+1e+

1
4 ix�tBiYiXi+1e+

1
4 ix�tB̃iYiXi+1 ⌘ S�t, (51)

into a product of three-qubit gates that can be readily implemented on quantum computers [34].

Note that the cost of simulating e�
1
4 ixtÃiXiXi+1 is that

of simulating e�
1
4 ixtAiXiXi+1 , plus the cost of simulating

Ui, U
†

i
:

e�
1
4 ix�tÃiXiXi+1 = U†

i
e�

1
4 ix�tAiXiXi+1Ui. (52)

The entire raw first-order Trotterization simulation of
e�iHt becomes

e�iHt
⇡ Sr

�t
. (53)

Similarly to the Heisenberg model, we could protect this
simulation by interweaving the Trotter steps with sym-
metry transformations of the system:

e�iHt
⇡

rY

k=1

C†

k
S�tCk, (54)

where Ck are generated by the gauge operators in
Eq. (46). Specifically, we choose Ck = Ck

0 , where

C0 =
nY

i=1

exp(�i�iGi), (55)

and the angles �i are independently and uniformly cho-
sen at random from [0, 2⇡].

In Fig. 6, we plot the leakage outside the physical sub-
space due to the Trotter error. We use the Schwinger
model with 4 sites and 3 links (all initialized in state
|0i) with and without symmetry protection. We repeat
the simulation 100 times, each with a di↵erent choice
of the transformation angles �i. The figure shows that
the symmetry protection can reduce the leakage by sev-
eral orders of magnitude. In addition, while the leakage
builds up in a raw simulation, it appears to be bounded
during the course of the symmetry-protected simulation.

V. ADDITIONAL PROTECTION AGAINST
EXPERIMENTAL ERRORS

So far, we have demonstrated that symmetries in
quantum systems can be used to suppress the simula-
tion error of the Trotterization algorithm. In this sec-
tion, we discuss how our technique may also protect the
simulation against other types of error, including the ex-
perimental errors that may arise in the implementation
of Trotterization.

In our earlier derivation, we show that the lowest-order
contribution to the total error is

kv0k =
1

r

�����

rX

k=1

C†

k
v0Ck

����� , (56)

where v0 is the lowest-order error from the simulation
algorithm. This derivation applies equally well for the
case when the error v0 comes from sources other than
the approximations in the simulation algorithms.

However, in our analysis, we require that v0 remains
the same for di↵erent steps of the simulation. In other
words, the error v0 for di↵erent Trotter steps are cor-
related in time. In particular, an error with temporal
correlation lengths being longer than the time step �t
would enable us to choose the symmetry transformations
such that the errors from several consecutive steps inter-
fere destructively. Therefore, we expect our technique to
help reduce low-frequency noises, such as the 1/f noise
typically found in solid-state qubit systems.

We provide numerical evidence for this argument by
adding temporally correlated errors to the simulation
of the Schwinger model. Specifically, after each step
k of the simulation, we apply single-qubit rotations
exp(�i⌘ ~� · n̂k) on the system, where ⌘ = 0.01 is a small
angle, around a random axis n̂k. These rotations mimic
the e↵ect of a depolarizing channel and violate the gauge
symmetries, resulting in the state leaking to the unphys-
ical subspace. To impart temporal correlations into this
noise model, we choose the random unit vectors n̂k again
only after every � consecutive Trotter steps. The param-
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Figure 6. The probability for the final state to leak outside
the physical subspace due to Trotter errors in simulating 4-
site Schwinger model. The three bosonic links are simulated
using 3, 4, and 3 qubits (or 8, 16, 8 in Hilbert space di-
mension) respectively. The blue dots are the leakage in the
simulation using the first-order Trotterization without any
symmetry protection. The orange ones correspond the me-
dian leakage in a protected simulation using random rotations
generated by the gauge operators. The orange bar represents
the 25%-75% percentile over 100 simulations.
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Simulating the dynamics of quantum systems is an important application of quantum computers
and has seen a variety of implementations on current hardware. We show that by introducing
quantum gates implementing unitary transformations generated by the symmetries of the system,
one can induce destructive interference between the errors from di↵erent steps of the simulation,
e↵ectively giving faster quantum simulation by symmetry protection. We derive rigorous bounds
on the error of a symmetry-protected simulation algorithm and identify conditions for optimal
symmetry protection. In particular, when the symmetry transformations are chosen as powers of
a unitary, the error of the algorithm is approximately projected to the so-called quantum Zeno
subspaces. We prove a bound on this approximation error, exponentially improving a recent result
of Burgarth, Facchi, Gramegna, and Pascazio. We apply our technique to the simulations of the
XXZ Heisenberg interactions with local disorder and the Schwinger model in quantum field theory.
For both systems, our algorithm can reduce the simulation error by several orders of magnitude over
the unprotected simulation. Finally, we provide numerical evidence suggesting that our technique
can also protect simulation against other types of coherent, temporally correlated errors, such as
the 1/f noise commonly found in solid-state experiments.

I. INTRODUCTION

Simulating the dynamics of quantum systems is a key
application of quantum computers. However, digitaliz-
ing the continuous time evolutions to enable execution
on gate-based and other programmable quantum com-
puters comes with simulation errors that cause the dy-
namics of the systems to deviate from ideal evolutions.
In particular, the errors may violate the symmetries in
the target Hamiltonian for simulation, resulting in un-
physical states at the end of the simulations. This dig-
italization error particularly a↵ects Trotterization—the
most common algorithm for near-term quantum simu-
lations [1–3]—and persists even in more sophisticated,
advanced quantum simulation algorithms [4–6].

In this paper, we propose an approach, using the sym-
metries of target Hamiltonians, to protect the dynamics
of the systems against simulation errors. Given a simula-
tion algorithm that decomposes the dynamics of the sys-
tem into many small time steps (e.g., Trotterization), we
interweave the simulations with unitary transformations
generated by the symmetries of the systems (Fig. 1).
While these additional unitary transformations increase
the gate complexity of the simulation, the error of the
simulation can sometimes be reduced by several orders
of magnitude, ultimately resulting in a faster quantum
simulation. In addition, depending on the symmetries,
the unitary transformations may be implemented using
only single-qubit gates, which are considered relatively
inexpensive for implementations on near-term quantum

computers.
Our technique is general and potentially applies to any

algorithms that simulate the time evolution of Hamilto-
nians with symmetries by splitting the evolution into
many time segments, including Trotterization and the
higher-order product formulas [4] and more advanced
algorithms such as those based on linear combinations
of unitaries [5, 6], Lieb-Robinson bounds [7, 8], and
randomized compilations [9, 10]. We also provide evi-

Figure 1. For algorithms that simulate the dynamics of quan-
tum systems by decomposing the evolutions into many time
steps, we interweave the corresponding simulation circuits
(blue) with unitary transformations generated by the symme-
tries of the systems (orange). These transformations protect
the simulations against errors that violate the symmetries,
resulting in faster and more accurate simulations.
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dence that our technique can also protect the simula-
tion against other types of temporally correlated errors,
such as the 1/f noise commonly found in solid-state de-
vices [11].

In addition, we draw a connection between our sym-
metry protection technique and the quantum Zeno ef-
fect [12–18]. In particular, the symmetry transforma-
tions, when chosen as powers of a unitary, approximately
project the error of simulation into the so-called quan-
tum Zeno subspaces, defined by the eigensubspaces of
the unitary. We prove a bound on the accuracy of this
approximation, exponentially improving a recent result
of Ref. [18].

The structure of the paper is as follows. In Section II,
we introduce the general technique and provides intu-
ition for the source of error reduction. In Section III, we
derive a bound on the error of Trotterization under sym-
metry protection. In Section IV, we then benchmark our
technique in simulating the dynamics of systems with the
Heisenberg interactions, including the XXZ Heisenberg
model with local disorder that displays a transition be-
tween thermalized and many-body localized phases, and
in simulating the Schwinger model in the context of lat-
tice field theories. In particular, we show that interweav-
ing the simulation with random gauge transformations
can significantly reduce the probability of a state leaking
to outside the physical subspace due to the simulation
error, extending the results of Ref. [19] to digital quan-
tum simulation. We then demonstrate in Section V how
our technique may protect the simulation against other
types of coherent, temporally correlated errors, such as
the low-frequency noise typically found in experiments.
Finally, we discuss several open questions in Section VI.

II. GENERAL FRAMEWORK

We consider the task of simulating the time dynam-
ics of a system under a time-independent Hamiltonian
H. Let Ut ⌘ exp(�iHt) denote the evolution unitary
generated by H for time t. Our technique applies to al-
gorithms that simulate Ut by first dividing the evolution
into many time steps (also known as Trotter steps), and
approximate the evolution within each time step by a
series of quantum gates. In this paper, we focus on the
first-order Trotterization algorithm for simplicity. To
be more precise, let r denote the number of steps and
�t = t/r denote the length of each time step. These
algorithms then simulate U�t by a series of elementary
quantum gates S�t, i.e.

Ut = Ur

�t
⇡ Sr

�t
. (1)

The approximation of U�t by S�t introduces an error that
is small for small �t. However, errors typically accumu-
late after many Trotter steps, resulting in a total additive
error kUt � Sr

�t
k that, in the worse case, scales linearly

with the number of Trotter steps r at fixed �t. Equiva-
lently, for a fixed total time t, to reduce the total error,

we would have to decrease the Trotter step size �t, ef-
fectively increasing the number of Trotter steps r, and
thus require more elementary quantum gates to run the
simulation.

We refer to the simulation in Eq. (1) as the raw simu-
lation. By exploiting symmetries of the system, we will
see that we can substantially reduce the total error " of
the simulation without significantly increasing the gate
count, ultimately resulting in faster quantum simulation
for the same total error budget. For that, we assume
that the Hamiltonian is invariant under a group of uni-
tary transformations, which we denote by S. Explicitly,
we assume that

[C,H] = 0 8 C 2 S. (2)

The group S represents a symmetry of the system. In-
stead of simply approximating U�t by the circuit S�t,
we “rotate” each implementation of S�t by a symmetry
transformation Ck 2 S (i = k, . . . , r) so that the approx-
imation in Eq. (1) now reads

Ut ⇡

rY

k=1

C†

k
S�tCk. (3)

We refer to Eq. (3) as a symmetry-protected (SP) simu-
lation. The right-hand side in Eq. (3) represents a cir-
cuit that, at first, looks more expensive than Eq. (1)
due to the additional implementation of the transforma-
tions Ck. However, for the same r, the total error in
Eq. (3) could be much smaller than the Eq. (1). E↵ec-
tively, to meet the same error tolerance, Eq. (3) may re-
quire a much smaller number of steps r, and hence fewer
implementations of S�t, than the raw approximation
in Eq. (1). Moreover, because many symmetries—the
gauge symmetries in lattice field theories for example—
are spatially local, each Ck only involves a small num-
ber of nearest-neighboring qubits and can be imple-
mented easily in most architectures of quantum com-
puters. Other symmetries, such as the one responsible
for the conservation of the total magnetization in the
Heisenberg model, are global but may be implemented
as a product of only single-qubit gates, which are usually
much “cheaper” to perform in experiments than their
multi-qubit counterparts.

In the remainder of this section, we provide some in-
tuition, using lowest-order arguments, for the error re-
duction in simulations under symmetry protection. We
later derive rigorous error bounds in Section III.

A. Lowest-order arguments

To build an intuition for the symmetry protection, we
consider the e↵ective Hamiltonian of the simulation. The
aim of digital quantum simulation is to simulate the time
evolution e�iHt of a Hamiltonian H. Assuming that the
simulation errors are coherent, we may end up with the
time evolution of a di↵erent Hamiltonian, say He↵, that
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dence that our technique can also protect the simula-
tion against other types of temporally correlated errors,
such as the 1/f noise commonly found in solid-state de-
vices [11].

In addition, we draw a connection between our sym-
metry protection technique and the quantum Zeno ef-
fect [12–18]. In particular, the symmetry transforma-
tions, when chosen as powers of a unitary, approximately
project the error of simulation into the so-called quan-
tum Zeno subspaces, defined by the eigensubspaces of
the unitary. We prove a bound on the accuracy of this
approximation, exponentially improving a recent result
of Ref. [18].

The structure of the paper is as follows. In Section II,
we introduce the general technique and provides intu-
ition for the source of error reduction. In Section III, we
derive a bound on the error of Trotterization under sym-
metry protection. In Section IV, we then benchmark our
technique in simulating the dynamics of systems with the
Heisenberg interactions, including the XXZ Heisenberg
model with local disorder that displays a transition be-
tween thermalized and many-body localized phases, and
in simulating the Schwinger model in the context of lat-
tice field theories. In particular, we show that interweav-
ing the simulation with random gauge transformations
can significantly reduce the probability of a state leaking
to outside the physical subspace due to the simulation
error, extending the results of Ref. [19] to digital quan-
tum simulation. We then demonstrate in Section V how
our technique may protect the simulation against other
types of coherent, temporally correlated errors, such as
the low-frequency noise typically found in experiments.
Finally, we discuss several open questions in Section VI.
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We consider the task of simulating the time dynam-
ics of a system under a time-independent Hamiltonian
H. Let Ut ⌘ exp(�iHt) denote the evolution unitary
generated by H for time t. Our technique applies to al-
gorithms that simulate Ut by first dividing the evolution
into many time steps (also known as Trotter steps), and
approximate the evolution within each time step by a
series of quantum gates. In this paper, we focus on the
first-order Trotterization algorithm for simplicity. To
be more precise, let r denote the number of steps and
�t = t/r denote the length of each time step. These
algorithms then simulate U�t by a series of elementary
quantum gates S�t, i.e.

Ut = Ur

�t
⇡ Sr

�t
. (1)

The approximation of U�t by S�t introduces an error that
is small for small �t. However, errors typically accumu-
late after many Trotter steps, resulting in a total additive
error kUt � Sr

�t
k that, in the worse case, scales linearly

with the number of Trotter steps r at fixed �t. Equiva-
lently, for a fixed total time t, to reduce the total error,

we would have to decrease the Trotter step size �t, ef-
fectively increasing the number of Trotter steps r, and
thus require more elementary quantum gates to run the
simulation.

We refer to the simulation in Eq. (1) as the raw simu-
lation. By exploiting symmetries of the system, we will
see that we can substantially reduce the total error " of
the simulation without significantly increasing the gate
count, ultimately resulting in faster quantum simulation
for the same total error budget. For that, we assume
that the Hamiltonian is invariant under a group of uni-
tary transformations, which we denote by S. Explicitly,
we assume that

[C,H] = 0 8 C 2 S. (2)

The group S represents a symmetry of the system. In-
stead of simply approximating U�t by the circuit S�t,
we “rotate” each implementation of S�t by a symmetry
transformation Ck 2 S (i = k, . . . , r) so that the approx-
imation in Eq. (1) now reads

Ut ⇡

rY

k=1

C†

k
S�tCk. (3)

We refer to Eq. (3) as a symmetry-protected (SP) simu-
lation. The right-hand side in Eq. (3) represents a cir-
cuit that, at first, looks more expensive than Eq. (1)
due to the additional implementation of the transforma-
tions Ck. However, for the same r, the total error in
Eq. (3) could be much smaller than the Eq. (1). E↵ec-
tively, to meet the same error tolerance, Eq. (3) may re-
quire a much smaller number of steps r, and hence fewer
implementations of S�t, than the raw approximation
in Eq. (1). Moreover, because many symmetries—the
gauge symmetries in lattice field theories for example—
are spatially local, each Ck only involves a small num-
ber of nearest-neighboring qubits and can be imple-
mented easily in most architectures of quantum com-
puters. Other symmetries, such as the one responsible
for the conservation of the total magnetization in the
Heisenberg model, are global but may be implemented
as a product of only single-qubit gates, which are usually
much “cheaper” to perform in experiments than their
multi-qubit counterparts.

In the remainder of this section, we provide some in-
tuition, using lowest-order arguments, for the error re-
duction in simulations under symmetry protection. We
later derive rigorous error bounds in Section III.

A. Lowest-order arguments

To build an intuition for the symmetry protection, we
consider the e↵ective Hamiltonian of the simulation. The
aim of digital quantum simulation is to simulate the time
evolution e�iHt of a Hamiltonian H. Assuming that the
simulation errors are coherent, we may end up with the
time evolution of a di↵erent Hamiltonian, say He↵, that
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This representation allows us to decompose the evolution

e�iH0�te�iH1�t ⇡ e�iH0�t
Y

i

e�
1
4 ix�tAiXiXi+1e�

1
4 ix�tÃiXiXi+1e�

1
4 ix�tAiYiYi+1e�

1
4 ix�tÃiXiXi+1

·e�
1
4 ix�tBiXiYi+1e�

1
4 ix�tB̃iXiYi+1e+

1
4 ix�tBiYiXi+1e+

1
4 ix�tB̃iYiXi+1 ⌘ S�t, (51)

into a product of three-qubit gates that can be readily implemented on quantum computers [34].

Note that the cost of simulating e�
1
4 ixtÃiXiXi+1 is that

of simulating e�
1
4 ixtAiXiXi+1 , plus the cost of simulating

Ui, U
†

i
:

e�
1
4 ix�tÃiXiXi+1 = U†

i
e�

1
4 ix�tAiXiXi+1Ui. (52)

The entire raw first-order Trotterization simulation of
e�iHt becomes

e�iHt
⇡ Sr

�t
. (53)

Similarly to the Heisenberg model, we could protect this
simulation by interweaving the Trotter steps with sym-
metry transformations of the system:

e�iHt
⇡

rY

k=1

C†

k
S�tCk, (54)

where Ck are generated by the gauge operators in
Eq. (46). Specifically, we choose Ck = Ck

0 , where

C0 =
nY

i=1

exp(�i�iGi), (55)

and the angles �i are independently and uniformly cho-
sen at random from [0, 2⇡].

In Fig. 6, we plot the leakage outside the physical sub-
space due to the Trotter error. We use the Schwinger
model with 4 sites and 3 links (all initialized in state
|0i) with and without symmetry protection. We repeat
the simulation 100 times, each with a di↵erent choice
of the transformation angles �i. The figure shows that
the symmetry protection can reduce the leakage by sev-
eral orders of magnitude. In addition, while the leakage
builds up in a raw simulation, it appears to be bounded
during the course of the symmetry-protected simulation.

V. ADDITIONAL PROTECTION AGAINST
EXPERIMENTAL ERRORS

So far, we have demonstrated that symmetries in
quantum systems can be used to suppress the simula-
tion error of the Trotterization algorithm. In this sec-
tion, we discuss how our technique may also protect the
simulation against other types of error, including the ex-
perimental errors that may arise in the implementation
of Trotterization.

In our earlier derivation, we show that the lowest-order
contribution to the total error is

kv0k =
1

r

�����

rX

k=1

C†

k
v0Ck

����� , (56)

where v0 is the lowest-order error from the simulation
algorithm. This derivation applies equally well for the
case when the error v0 comes from sources other than
the approximations in the simulation algorithms.

However, in our analysis, we require that v0 remains
the same for di↵erent steps of the simulation. In other
words, the error v0 for di↵erent Trotter steps are cor-
related in time. In particular, an error with temporal
correlation lengths being longer than the time step �t
would enable us to choose the symmetry transformations
such that the errors from several consecutive steps inter-
fere destructively. Therefore, we expect our technique to
help reduce low-frequency noises, such as the 1/f noise
typically found in solid-state qubit systems.

We provide numerical evidence for this argument by
adding temporally correlated errors to the simulation
of the Schwinger model. Specifically, after each step
k of the simulation, we apply single-qubit rotations
exp(�i⌘ ~� · n̂k) on the system, where ⌘ = 0.01 is a small
angle, around a random axis n̂k. These rotations mimic
the e↵ect of a depolarizing channel and violate the gauge
symmetries, resulting in the state leaking to the unphys-
ical subspace. To impart temporal correlations into this
noise model, we choose the random unit vectors n̂k again
only after every � consecutive Trotter steps. The param-
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10
-5

Figure 6. The probability for the final state to leak outside
the physical subspace due to Trotter errors in simulating 4-
site Schwinger model. The three bosonic links are simulated
using 3, 4, and 3 qubits (or 8, 16, 8 in Hilbert space di-
mension) respectively. The blue dots are the leakage in the
simulation using the first-order Trotterization without any
symmetry protection. The orange ones correspond the me-
dian leakage in a protected simulation using random rotations
generated by the gauge operators. The orange bar represents
the 25%-75% percentile over 100 simulations.
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Simulating the dynamics of quantum systems is an important application of quantum computers
and has seen a variety of implementations on current hardware. We show that by introducing
quantum gates implementing unitary transformations generated by the symmetries of the system,
one can induce destructive interference between the errors from di↵erent steps of the simulation,
e↵ectively giving faster quantum simulation by symmetry protection. We derive rigorous bounds
on the error of a symmetry-protected simulation algorithm and identify conditions for optimal
symmetry protection. In particular, when the symmetry transformations are chosen as powers of
a unitary, the error of the algorithm is approximately projected to the so-called quantum Zeno
subspaces. We prove a bound on this approximation error, exponentially improving a recent result
of Burgarth, Facchi, Gramegna, and Pascazio. We apply our technique to the simulations of the
XXZ Heisenberg interactions with local disorder and the Schwinger model in quantum field theory.
For both systems, our algorithm can reduce the simulation error by several orders of magnitude over
the unprotected simulation. Finally, we provide numerical evidence suggesting that our technique
can also protect simulation against other types of coherent, temporally correlated errors, such as
the 1/f noise commonly found in solid-state experiments.

I. INTRODUCTION

Simulating the dynamics of quantum systems is a key
application of quantum computers. However, digitaliz-
ing the continuous time evolutions to enable execution
on gate-based and other programmable quantum com-
puters comes with simulation errors that cause the dy-
namics of the systems to deviate from ideal evolutions.
In particular, the errors may violate the symmetries in
the target Hamiltonian for simulation, resulting in un-
physical states at the end of the simulations. This dig-
italization error particularly a↵ects Trotterization—the
most common algorithm for near-term quantum simu-
lations [1–3]—and persists even in more sophisticated,
advanced quantum simulation algorithms [4–6].

In this paper, we propose an approach, using the sym-
metries of target Hamiltonians, to protect the dynamics
of the systems against simulation errors. Given a simula-
tion algorithm that decomposes the dynamics of the sys-
tem into many small time steps (e.g., Trotterization), we
interweave the simulations with unitary transformations
generated by the symmetries of the systems (Fig. 1).
While these additional unitary transformations increase
the gate complexity of the simulation, the error of the
simulation can sometimes be reduced by several orders
of magnitude, ultimately resulting in a faster quantum
simulation. In addition, depending on the symmetries,
the unitary transformations may be implemented using
only single-qubit gates, which are considered relatively
inexpensive for implementations on near-term quantum

computers.
Our technique is general and potentially applies to any

algorithms that simulate the time evolution of Hamilto-
nians with symmetries by splitting the evolution into
many time segments, including Trotterization and the
higher-order product formulas [4] and more advanced
algorithms such as those based on linear combinations
of unitaries [5, 6], Lieb-Robinson bounds [7, 8], and
randomized compilations [9, 10]. We also provide evi-

Figure 1. For algorithms that simulate the dynamics of quan-
tum systems by decomposing the evolutions into many time
steps, we interweave the corresponding simulation circuits
(blue) with unitary transformations generated by the symme-
tries of the systems (orange). These transformations protect
the simulations against errors that violate the symmetries,
resulting in faster and more accurate simulations.
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Can restore symmetries lost by Trotter 
expansion of the evolution…

Example: a 4-site Schwinger model

with

Tran, Su, Carney, Taylor 
arXiv:2006.16248 [quant-ph].
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I. The Schwinger Model Hamiltonian

In this document we will be providing the circuits required to implement the Trotter-
Suzuki prescription to the few-site 1-D Schwinger model with open boundary conditions, as
outlined in Martinez et al. The Trotterization circuit is written in the language of the natural
gates present in an ion-trap architecture, as outlined by Linke et al. The Schwinger model
Hamiltonian, after the gauge degrees of freedom have been rotated away can be written as

Ĥs =
µ

2

NX

n=1

(�1)n�z
n + x

N�1X

n=1

{�+
n �

�
n+1 + h.c.}+ 1

4

N�1X

n=1

n nX

m=1

"
�
z
m + (�1)m

#o2

(1)

II. Quantum Circuits

II.1 One Spatial-Site Theory

The one spatial-site Schwinger model Trotterization circuit is

1

= +

LATTICE SCHWINGER MODEL: A TESTBED FOR QUANTUM SIMULATION OF LATTICE 
GAUGE THEORIES
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See also Yang et al, Physical Review A 94, 052321 (2016) for a 
phonon-ion based analog proposal of lattice Schwinger Model.
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Klco, Savage, et al, Phys. Rev. A 98, 032331 (2018).

A hybrid classical-quantum approach:
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Circuit and recourse analysis

Near term cost

|j⌘�1i
+1 �1...

|j0i H • • H H • • H S
† H • • H S S

† H • • H S

|ri • H • Rz(xt/4) • • Rz(xt/4) • H S
† H • Rz(�xt/4) • • Rz(�xt/4) • H • S

|r + 1i Rz(�xt/4) Rz(�xt/4) Rz(xt/4) Rz(xt/4)

Figure 3: A circuit to simulate the Schwinger model hopping terms,
r1

j=4 e≠iT (j)t/2
, in the order corresponding to

(50). The locality of the presented operator will be expanded to include ÷-distance CNOTs between qubits representing

fermionic degrees of freedom in quantum registers with one-dimensional connectivity. The gates labeled +1 and ≠1 are

the incrementer and decrementer circuits.

with S the “phase gate,” |0Í È0| + i |1Í È1|. To reduce clutter, these composite operators are denoted by

Gr := XrXr+1 + YrYr+1 and G̃r := XrYr+1 ≠ YrXr+1. (49)

To simulate a hopping term in the Trotter step V (t), we will employ the approximation

e≠i
xt

8 ((A+Ã)¢G+(B+B̃)¢G̃) ¥ e≠itT
(4)

/2e≠itT
(3)

/2e≠itT
(2)

/2e≠itT
(1)

/2, (50)

where

T (1) := x(A ¢ G)/4, (51)
T (2) := x(Ã ¢ G)/4, (52)
T (3) := x(B̃ ¢ G̃)/4, (53)
T (4) := x(B ¢ G̃)/4. (54)

A circuit representation of the right-hand side of (50) is given in Figure 3. This routine can be understood
in a simple way by first noting the similarity of the four T (i) operators:

T (2)
r

= S†
E,r

T (1)
r

SE,r (55)

T (3)
r

= S†
E,r

(Sb

0,r
Sf

r
)
1

≠T (1)
r

2
(Sb

0,r
Sf

r
)†SE,r (56)

T (4)
r

= (Sb

0,r
Sf

r
)
1

≠T (1)
2

(Sb

0,r
Sf

r
)† (57)

Consequently, the whole circuit is essentially just four applications of e≠itT
(1)

/2 along with appropriately inserted
basis transformations and rotation angle negations. The specific ordering of the T (i) chosen yields cancellations
that reduce the number of internal basis transformations that must be individually executed. A few single-
and two-qubit gates are also spared by additional cancellations. The remainder of this section addresses the
implementation of eûitT

(1)
/2.

To e�ect an application of e≠itT
(1)

/2, one can first transform to a basis in which X ¢ G is diagonal. (Recall
A is just X0 – a bit flip on the last bit of the bosonic register.) G is diagonalized by the so-called Bell states,

|—abÍ = |0 bÍ + (≠1)a |1 b̄ÍÔ
2

(58)

G |—abÍ = 2b(≠1)a |—abÍ (59)

with b̄ indicating the binary negation of b, while X is diagonalized by |±Í = (|0Í ± |1Í)/
Ô

2. From this, we have
that

e≠ ixt

8 X¢G |±Í |—00Í = |±Í |—00Í (60)

e≠ ixt

8 X¢G |±Í |—01Í = eû ixt

4 |±Í |—01Í (61)

e≠ ixt

8 X¢G |±Í |—10Í = |±Í |—10Í (62)

e≠ ixt

8 X¢G |±Í |—11Í = e± ixt

4 |±Í |—11Í . (63)

Thus, in the Bell basis, we implement rotations conditioned on a and b.

Accepted in Quantum 2020-08-02, click title to verify. Published under CC-BY 4.0. 10

Part of electric field 
interactions acting on 
gauge DOF registers

Sample gauge-fermion 
interaction block

|j0i Rz(20t) • • • • •

|j1i Rz(21t) Rz(21t) • • • •

|j2i Rz(22t) Rz(22t) Rz(23t) •
...

...
. . . . . .

|j⌘�2i Rz(2⌘�2t) Rz(2⌘�2t) Rz(2⌘�1t) • •

|j⌘�1i Rz(2⌘�1t) Rz(2⌘�1t) Rz(2⌘t) Rz(22⌘�3t)
(68)

Figure 4: Simplified circuit for simulating e≠iE2
r

t
in qubit limited setting. The circuit is shown acting on the product

state ¢÷≠1
k=0 |jkÍ to clearly mark which qubit each gate is intended to act upon although the circuit is valid for arbitrary

inputs.

The first two time slices of the circuit serve to change to the X ¢ G eigenbasis. The subsequent parallel Rz

rotations flanked by CNOTs implement the controlled rotations in the computational basis, taking

|zÍ |00Í æ |zÍ |00Í , (64)

|zÍ |01Í æ e(≠1)z̄ ixt

4 |zÍ |01Í , (65)
|zÍ |10Í æ |zÍ |10Í , (66)

|zÍ |11Í æ e(≠1)z ixt

4 |zÍ |11Í ; (67)

this is equivalent to acting with e≠ ixt

4 Z¢Z . After undoing the basis transformation, we will have e�ected
e≠ ixt

8 A¢G. Three similar operations are executed in the remainder of the circuit; an incrementer SE (denoted
by “+1”), the phase gates, and the overall minus sign on the rotations in the latter half of the circuit all stem
directly from the relations given in (55,56,57).

The above discussion is summarized below as a lemma for convenience.

Lemma 1. For any (evolution time) t œ R the operation

e≠itT
(4)

/2e≠itT
(3)

/2e≠itT
(2)

/2e≠itT
(1)

/2

can be performed using at most 8 + 2÷ single-qubit rotations, 4 ÷-qubit quantum Fourier transform circuits, 18
CNOT gates and no ancillary qubits.

3.2 Implementing (Diagonalized) Mass and Electric Energy Terms (D)
Lemma 2. The circuit provided in Figure 4 implements e≠iE

2
t on ÷ qubits exactly, up to an (e�ciently com-

putable) global phase, using (÷+2)(÷≠1)
2 CNOT operations and ÷(÷+1)

2 single-qubit rotations.

Proof. The time evolution associated with the electric energy can be exactly implemented utilizing the structure
of the operator. As defined in (14), E2 = diag[�2, (� ≠ 1)2, · · · , 1, 0, 1, · · · , (� ≠ 1)2], where � is the electric
field cuto�. Note that the diagonal elements are not distributed symmetrically—the first diagonal entry is �2

while the last entry is (� ≠ 1)2. This lack of symmetry is required to incorporate the gauge configuration with
zero electric field. However, symmetry can be leveraged by using the following operator identity:

E2 =
3

E + 1
2I

42
≠

3
E + I

2

4
+ I

4 (69)

The operator E+ 1
2 I = 1

2 diag[≠2�+1, · · · , ≠1, 1, · · · , 2�≠1] is skew persymmetric—containing positive-negative
pairs along the diagonal. We then have from (69) and since [Er, E2

r
] = 0 that

e≠iE
2
t = e≠i(E+ 1

2 I)2
tei(E+ 1

2 I)te≠it/4. (70)

Since unitaries are equivalent in quantum mechanics up to a global phase, we can ignore the last phase in the
computation (even if we didn’t want to ignore it, it can be e�ciently computed as t is a known quantity).
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Technol. 1, 9 (2014), and Mezzacapo et al, Physical review let- ters 109, 200501 
(2012) for analog-digital approaches to other interacting fermion-boson theories.

See Yang et al, Physical Review A 94, 052321 (2016) for the 
highly-occupied bosonic model of the Schwinger model.

ZD, Linke, and Pagano 
arXiv:2104.09346 [quant-ph].
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Let us compare the entangling spin-spin gate 
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Let us compare the entangling spin-spin gate 
count of the two approaches:

Numerical simulations and experimental parameters point 
to the feasibility of a near-term implementation.

Phonon occupation

Overlap of state onto an initial state 
with maximum anti-fermions

ZD, Linke, and Pagano 
arXiv:2104.09346 [quant-ph].
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Is phonon control experimentally feasible? Yes…at 
least for small systems so far!

2

Ion 1 Ion 3Ion 2

z

x

blockade
 

hopping
 

 
Hopping / Blockade

Ion 1

Ion 2

Ion 3

Time

Preparation Measurement

SBC

SBC

SBC

Detect

Detect

Detect

hopping
 

a)

b)

Blockade

Blockade

Figure 1. Experimental system for observing hopping of
a single phonon excitation between local transverse motional
modes along the X-direction. (a) The local phonon frequen-
cies are represented by Êi in a frame rotating at the transverse
common mode frequency Êx, and Ÿjk is the phonon hopping
strength between modes j and k. Phonon blockades on indi-
vidual sites (here ion 3) is implemented by driving resonant
red sideband transitions with strength �r

j that gives rise to
an energy splitting between the ground state |g, 0Í and the
first excited polaritonic states |±, 1Í. (b) An experimental
sequence where each ion is prepared in the ground state of
spin and motion |g, 0Í using Raman sideband cooling (SBC).
A single phonon is excited on ion 2 using fi-pulses at the blue
sideband (fib) and carrier (fi) transitions. Local phonon block-
ades are applied using resonant red sideband pulses (shown
in red). The hopping duration · is varied to observe the dy-
namics of local phonon occupancy (0 or 1 phonon) measured
by first projecting it to the internal spin states (|gÍ or |eÍ)
of each ion using red sideband fi-pulses (fir) followed by the
detection of state-dependent fluorescence from each ion using
a photomultiplier tube array.

sented by the blockade Hamiltonian as
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Here, the spin-1/2 ‘ground’ and ‘excited’ states of the
j≠th ion are represented by |gÍj and |eÍj , respectively,
with energy splitting ÊHF , and spin raising and lowering
operators ‡

+
j and ‡

≠
j . A local motional red sideband is

driven at a Rabi frequency �r

j and detuned from reso-
nance by �j .

Phonon blockades are applied on individual sites that
have ions prepared in the ground state of spin and mo-
tion |g, 0Í, where the second index denotes the local mode
phonon number. Upon applying the Jaynes-Cummings
interaction at resonance (�j = 0), a maximal energy
splitting of |Êj ± �r

j/2| occurs between |g, 0Í and the
next excited polaritonic states |±, 1Í. This energy cost
suppresses phonons from entering the targeted sites and
thereby creates a blockade (see Fig. 1a). This scheme
is analogous to implementing photon blockades using
single-atom cavity QED systems [18].

The experiment consists of a linear chain of three
171Yb+ions, each with an internal spin defined by a pair
of hyperfine ‘clock’ states as |gÍ = |F = 0, mF = 0Í
and |eÍ = |F = 1, mF = 0Í of the 2S1/2 electronic
ground level with a hyperfine energy splitting of ÊHF =
2fi ◊ 12.642812 GHz [19]. Here, F and mF denote the
quantum numbers associated with the total atomic an-
gular momentum and its projection along the quantiza-
tion axis defined by an applied magnetic field of 5.2 G.
The external motion of the trapped ions is defined by
a linear rf-Paul trap with transverse (X,Y) and axial
(Z) harmonic confinement at frequencies {Êx, Êy, Êz} =
2fi ◊ {3.10, 2.85, 0.15} MHz such that the ion chain is
aligned along Z with a distance of dj,j+1 = 10.1(2) µm
between adjacent ions. During an experiment, we excite
local phonons in the transverse modes along X, which
can then hop between the ion sites. The inherent hop-
ping rates are approximately Ÿj,j+1 ¥ 2fi ◊ 3 kHz and
Ÿj,j+2 ¥ Ÿj,j+1/8, respectively. The combined e�ect of
the transverse (X) harmonic confinement and repulsion
between ions (determined by djk) define the position-
dependent local mode frequency shifts {Êj}. Fig. 1a
represents the local modes with frequencies {Êj} in a
frame rotating at the common mode frequency Êx.

Coherent control of the spin and motion of each ion
is implemented with stimulated Raman transitions using
a 355 nm mode-locked laser [20], where pairs of Raman
beams couple the spin of an ion to its transverse motion
[3]. A global beam illuminates the entire chain, and a
counterpropagating array of individual addressing beams
is focused to a waist of ¥ 1µm at each ion. The beat note
between the Raman beams can then be tuned to ÊHF to
implement a “carrier” transition for coherent spin flips, or
tuned to ÊHF ±(Êx +Êj) to drive a blue- or red-sideband
transition involving local phonon modes. The individual
addressing beams are modulated independently using a
multi-channel acousto-optic modulator [21], each chan-
nel of which is driven by a separate arbitrary waveform
generator [22]. The wave vector di�erence �k̄ between
Raman beams has a projection along both the X and Y
directions of motion. Each transverse mode can then be
addressed by tuning near their sideband transitions. In
order to spectrally resolve each local mode, we choose
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Figure 2. The evolution of local phonon occupancies with initial single-phonon excitations on ions 1, 2, and 3 as shown by
the shaded orange, green, and blue circles, respectively. In the absence of a blockade (a-c), the dynamics are governed by
the hopping strengths {Ÿjk} and the local mode frequencies {Êj}. The corresponding dynamics in the presence of a blockade
(d-g) indicate hopping suppression, which is determined by the blockade strength {�r

j }. The theoretical plots are obtained by
fitting a Jaynes-Cummings Hubbard model (Hamiltonian in Eq. 1 and 2) with free parameters {�r

j }, {Êj} and {Ÿjk} using all
evolution data sets collectively. Error bars represent statistical uncertainties of 2‡.

sideband Rabi frequencies �r

j , �b

j < |Êx ≠ Êy|, while also
satisfying |Êj | π |Êx ≠ Êy| to prevent crosstalk between
the modes.

A typical experimental sequence, as shown in Fig. 1b,
starts with the preparation of each ion in state |g, 0Í by
Doppler cooling and subsequent Raman sideband cooling
of each of the transverse modes. A single phonon excita-
tion is introduced at a single site by resonantly driving
a blue-sideband and carrier fi≠pulse to prepare the state
|g, 1Í. In order to minimize the e�ect of hopping during
this process, the sideband and carrier fi≠pulses are kept
short (¥ 10 µs and ¥ 1 µs, respectively). Phonon block-
ades are applied to particular ions, initially prepared in
the |g, 0Í state, by resonantly driving the red-sidebands of
their respective local modes. Finally, the single phonon
occupancy denoted by states |g, 0Í and |g, 1Í is measured
at each site using a red-sideband fi≠pulse on each ion,
which coherently projects it to spin states |gÍ and |eÍ,
respectively. The spin-dependent fluorescence can then
be detected using a multi-channel photomultiplier tube,
thereby measuring a binary phonon occupancy of 0 or 1
for each site [3, 19].

Figure 2 shows the hopping dynamics. During free
hopping, a single excitation is observed to hop predomi-
nantly to the neighboring site. The extent of hopping is
indicated by the amplitude of the oscillations in phonon
occupancy. This is determined by the strength of hopping
Ÿjk relative to the energy splitting between local modes

Parameter Fitted value Measured value

Ê12 11.58 —
Ê23 7.36 —
Ÿ12 2.90 3.27(19)
Ÿ23 2.96 3.36(20)
�r

1 39.7 43.1(16)
�r

2 45.9 47.6(14)
�r

3 46.3 46.0(19)

Table I. Observed experimental parameters relevant to hop-
ping and the blockade in units of 2fi◊kHz. The values ob-
tained from fits to the hopping data (Fig.2) are compared
with those obtained from direct measurement. The mea-
sured hopping rate Ÿij is obtained from inter-ion distances
{d12, d23} = {10.1(2), 10.0(2)}µm, where the systematic error
is due to uncertainty in dij . The measured red-sideband Rabi
frequency is directly obtained from sideband spectroscopy
(see Fig.S1). The local mode frequencies measured from side-
band spectroscopy are not given due to large Stark shifts that
vary between experimental runs with beam alignment [23].

Êjk = Êj ≠ Êk. We observe di�erent hopping rates be-
tween ions 1 and 2 compared to that between 2 and 3,
which indicates an asymmetry in the local mode energy
di�erences, |Ê12| ”= |Ê23|. This is likely due to a sta-
ble non-linearity in the transverse confinement of the ion

Debnath et al, Phys. Rev. Lett. 120, 073001 (2018).
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