
CHAPTER 15

EXERCISE 15 .1 .   The generalized caterer problem may be solved by slightly modifying the solution of Exercise

11.2.  Associate multipliers of 0.90 and 0.95 with the arcs corresponding to the fast and slow services respectively.

Add a self-loop with zero cost and an arc multiplier of 2 at the "dustbin" node in order to make up for the lost

napkins.  A minimum cost flow in this network will yield a solution to the generalized caterer problem.

EXERCISE 15 .3 .  Construct the network G = (N1∪N2, A), where N1 contains one node for each aircraft-type i

with a supply of βi, N2 contains one node for each route j with a demand of αj, and A contains one arc (i, j) for each

aircraft-route combination with cost equal to cij  and  multiplier equal to aij .  Each node in N1 contains a self-loop

with an arc multiplier of 0.5 to account for idle aircrafts.  A minimum cost flow in G will yield an optimal solution

to the aircraft assignment problem in which the number of aircrafts of type i to be used on route j is equal to the
flow value xij  on the arc (i, j).

EXERCISE 15 .5#.  The exercise is incorrectly stated.  Solution omitted.

EXERCISE 15 .7 .  Figure S15.7 gives the generalized network flow formulation of this problem.
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EXERCISE 1 5 . 9 .   (1) Use exactly the same transformation as described in Section 2.4 of the text for removing
lower bounds, except that in this case, the supply of node j increases by µij lij in the transformed network.

(2) Remove the arc (i, j) and add a self-loop (i, i) with a nonzero multiplier µii  less than one (say, .5) and cost equal

to cij /(1- µii) and capacity uij /(1- µii).

(3)  Add a self-loop arc (i, i) to the network with a multiplier strictly less than one (say, .5) and cost equal to zero.

(4)  Split the node i into two nodes, i' and i", and add an arc (i', i") with zero cost, multiplier equal to 1 and arc

capacity equal to u(i).  The set of incoming arcs at node i' is the same as the set of incoming arcs at node i, and the

set of outgoing arcs at node i" is the set of outgoing arcs at node i.

EXERCISE 15 .11 .  Property 15.3 is a slight extension of Property 15.1 (discussed in the text) and Property 15.4

is an easy consequence of Property 15.3.

EXERCISE 1 5 . 1 3 .   Let α be an upper bound on the objective function value of any feasible flow of the

generalized network flow problem.  Further, let β be a lower bound on the smallest possible nonzero flow on any arc

of the augmented forest structure.  Now observe that we must set the cost M of an artificial arc (i, i) so high that

even the smallest possible nonzero flow on this arc will make nonoptimal, i.e., Mβ > α.  Next observe that α =

mCU is a valid upper bound on the cost of any feasible flow.  Now we compute β.  The smallest flow on any
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nontree arc (at is upper bound) is at least min{uij : (i, j) ∈ A-T}.  Further, it follows from the procedure compute-

flows that the smallest flow on any tree arc is at least (Π{(i, j)∈A-T:µij  < 1} µij)/(Π{(i, j)∈A-T:µij  > 1} µij).  Hence, β

is the minimum of these two numbers.  We select M > α/β.

EXERCISE 1 5 . 1 5 .   (a) Observe that α(W) = Π{(i, j)∈W} [α(i)µij /α(j)] = [Π{(i, j)∈W} µij] [Π{(i,

j)∈W} α(i)/α(j)] = [Π{(i, j)∈W} µij] = µ(W).

(b) The vector α may be computed in the following manner.  We set α(i) = 0 and then perform a depth-first search

of the spanning tree T (using the depth indices).  For each arc (i, j) encountered in the search for which α(i) has
already been computed, we compute α(j) = α(i)µij .  Similarly, for each arc (j, i) encountered in the search for which

α(i) has already been computed, we compute α(j) = α(i)/µji .  It is easy to see that this method of computing α

ensures that µα 
ij  = 1 for every arc (i, j) ∈ T.  Let the fundamental cycle W(k, l) consist of the tree path P (from node

l to node k) and the arc (k, l).  Since W(k, l) is a breakeven cycle, it follows that Π{(i, j)∈W} µα 
ij  = 1 =   

[Π{(i,j)∈P} µ
α 

ij].µ
α 

kl .  As each tree arc (i, j) has µα 
ij  = 1, it follows that µα 

kl = 1.  The conclusion is now

immediate.

(c) If all cycles in G are breakeven, then clearly all fundamental cycles must be breakeven.  To prove the converse

result, we use the fact that each cycle can be written as the union of fundamental cycles (see Exercise 11.11) and,

hence, the multiplier of a cycle is the product of the multipliers of the fundamental cycles in its decomposition.

This immediately implies that if all fundamental cycles are breakeven, then all cycles must also be breakeven.  To

determine whether all cycles in G are breakeven, we first compute α as defined in part (a) and then check whether µα

kl = 1 for each nontree arc (k, l).  If so, then all cycles are breakeven; otherwise not.

EXERCISE 15 .17 .  The values of the node potentials (in terms of θ) are illustrated in Figure S15.17.  In the case

of Figure S15.17(a), the application of reduced cost optimality condition for arc (2, 3) yields 2-(4θ-40) + 2(4θ+20) =

0, i.e., θ = - 20.5.  The node potentials are {-20.5, -122, -62, -239, -154}.  In the case of Figure S15.17(b), θ
satisfies 10-[(θ-1)/4+8] + .1(θ-1)/4) = 0, i.e., θ = 89/9.  The corresponding node potentials are {89/9, 40/9, 92/9,

20/9, 116/9, 305/36}.
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EXERCISE 1 5 . 1 9 .   The initial augmented forest structure is illustrated in Figure S15.19(a).  In the first pivot,

arc (1, 3) is the entering arc and arc (1, 1) is the leaving arc.  The updated tree structure is illustrated in Figure

S15.19(b).  In the second pivot, arc (5, 4) is the entering arc and arc (4, 4) is the leaving arc.  The final augmented

forest structure is illustrated in Figure S15.19(c).
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EXERCISE 1 5 . 2 1 .   An augmenting forest, which is not a good augmented forest, is illustrated in Figure S15.21

which has two different sets of node potentials π and π ', both of which satisfy the optimality conditions.  Hence, if

an augmented forest is not good, then node potentials determined by the procedure compute-potentials might not be
unique.  If an augmenting forest is good, then it follows from the result of Exercise 15.20 that g(α) = µαβg(β) is

nonzero.  Hence, θ can be computed uniquely by the procedure compute-potentials.  The node potentials are unique

functions of θ; so if θ is unique, the node porentials are unique too.
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EXERCISE 15 .23 .   Figure 15.13 illustrates several possibilities for the entering arc, which we assume to be arc

(k, l).  We first check whether both the end points of the arc (k, l) beong to the same augmented tree.  To check that,

we trace the predecessor indices of nodes k and l one by one until we reach the root node.  If in both the cases, we

terminate at the same root node, then both the nodes k and l belong to the same tree, and different trees otherwise.

We consider these two cases separately.

Case 1.   Nodes k and l belong to different augmented trees (as in Figure 15.13(a)).  In this case, we get a type-1
bicycle.  Let (α1, β1) be the extra arc of the augmented tree containing node k, and (α2, β2) be the extra cycle

containing node l.  Identify the extra cycle W1 defined by the extra arc (α1, β1) using the predecessor and depth

indices (as explained in Figure 11.9).  Similarly, identify the extra cycle W2 defined by the extra arc (α2, β2).  We

then start at node k and trace the predecessor indices until some node in W1 is encountered; this yields a path
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segment P'.  Similarly, we start at node l and trace the predecessor indices until some node in W2 is encountered;

this yields a path segment P".  Then the path P = P'∪{(k,l)}∪P".

Case 2.   Nodes k and l belong to the same augmented trees with extra arc (α, β).  First identify the extra cycle W1

formed by the extra arc (α, β).  Then identify the unique cycle W2 formed by the arc (k,l).  Now there are three

further subcases.

(2a) W1 and W2 are arc- disjoint (as in Figure 15.13(b)).  In this case, we find that the path P by starting

at the apex of the cycle W2 and traverse the predecessor indices until a node in the cyle W1 is encountered.

(2b)  W1 is fully contained in W2 or W1 is fully contained in W2 (as in Figure 15.13(d)).  Suppose that

W1 is fully contained in W2 (the other case is similar).  Then P1 = W1 - {(α, β)}; P2 = {(α, β)}; and P3

comprises of the remaining arcs.

(2c)  W1 and W2 have some but not all arcs in commom (as in Figure 15.13(c)).  Then, P1 = W1 ∩ W2;

P2 = W1 - W1 ∩ W2; and P3 = W2 - W1 ∩ W2.

EXERCISE 1 5 . 2 5 .   Let G be the network in which the maximum flow is to be found.  Introduce the gainy self

loop (s, s) and the lossy self loop (t, t) in G.  (Both self-loops are uncapacitated.)  If the flow into the sink node t is

to be maximised, then let the cost of the loop (t, t) be equal to -1, and the cost of all other arcs be zero.  A

minimum cost flow in this network maximises the amount of flow entering node t.  Similarly, if the flow

emanating from the source node s is to be maximised, then the cost of the loop (s, s) should be -1, while the cost of

other arcs should be zero.

(b)  An augmenting path of the first type may be obtained by a simple application of the labeling algorithm

discussed in Chapter 6.  In order to identify the second type of augmenting path, construct G' which is the subgraph

of G consisting of only those nodes that have directed paths to node t.  Such nodes may be easily identified by the

backward search algorithm starting at node t (see Section 3.4).  Now use the method of Exercise 15.24 in order to

identify a gainy cycle W in G'.  Next find a shortest path P (in terms of the number of arcs) from W to node t.  Then

W∪P is a generalized augmenting path in G.

EXERCISE 15 .29#.   The exercise statement needs a orrection.  We add a loop (i, i) of zero cost with a multiplier

of 1/2 to every node i in the network G which satisfies its mass balance constraint in "≤b(i)" form and if we add a

loop (i, i) with a multiplier of 2 to every node i in the network which satisfies its mass balance constraint in "≥b(i)"

form to obtain the augmented network G', we can obtain a one-to-one correspondence between the flow in G and G'.

For any flow x in G, define the following flows for the loop arcs in G':

 xii   =


( 2(b(i))-Σ{j:(j,i)∈A} xji+Σ{j:(i,j)∈A xij)  if "≤b(i)" constraint

(Σ{j:(j,i)∈A} xji  -  Σ{j:(i,j)∈A x ij- b(i))   if  "≥ b(i)" constraint
 

Verify that  xii  ≥ 0 for each loop arc (i, i) in G' and hence it defines a feasible flow.  Further, it may also be verified

that the flow x in G, along with the flows on the loops arcs satisfies the mass balance constraints in G'.


