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While we could clearly demonstrate that our device
has spin polarized quantum dot levels, they are not fully
polarized mainly due to scattering between the valleys
K and K ′. This degradation of the spin polarization
has substantial influence on spin entanglement detection
schemes and can lead to erroneous conclusions. In this
supplement we provide an estimate on the acceptable
magnitude of the inter-valley scattering. Remarkably,
our current device is close to fulfilling the necessary re-
quirements for entanglement detection.

For transport measurements in the Cooper pair split-
ter, we shall focus on the entanglement detection scheme
put forward in Ref. [S1]. It relies on the violation of the
CSHS Bell inequality

Q = |〈SKS′K〉+ 〈SKS′K′〉+ 〈SK′S′K〉 − 〈SK′S′K′〉| ≤ 2,
(S1)

which includes four nonlocal spin correlators obtained,
as described below, by transport measurements through
the different quantum dot levels. Equation (S1) was orig-
inally designed to disprove, for instance, hidden variable
theories. However, if we accept quantum mechanics, a vi-
olation of Eq. (S1), i.e. a measurement of Q > 2, provides
a sufficient demonstration of the existence of entangle-
ment in the measured quantum states, which are in the
present setup the split spin-entangled Cooper pairs.

This detection of entanglement is robust against most
scattering processes and imperfections in either quantum
dot, but can be falsified by inter-valley scattering ∆KK′

[S1]. While the latter is unimportant for semiconduct-
ing nanotubes [S1], it plays a limiting role for the small
bandgap nanotubes used in the experiments. In the fol-
lowing we will use Q′ to denote the result for Eq. (S1)
in the presence of ∆KK′ and use Q for the ideal, unper-
turbed value. In Fig. S1 we show Q′ as a function of mag-
netic field rotation angle ϕ for the parameters of shells h
and N provided in the main text, comparing the calcu-
lated values Q′ for the experimentally determined ∆KK′

(dashed lines) with the optimal case of ∆KK′ = 0 in
both dots (solid lines), assuming the injection of spin sin-
glet electron pairs in the Cooper pair splitter. Figure S1
shows that the valley mixing is dominating Q′ and that
the violation of Eq. (S1) does not allow any conclusion on
the entanglement of the injected electron pairs. In par-
ticular, the fact that Q′ exceeds the maximally possible
value Q =

√
8 ≈ 2.83 for spin correlators demonstrates

that the spin reconstruction completely fails. The rele-
vant question is therefore about the acceptable maximum
∆KK′ such that Eq. (S1) remains trustworthy for entan-
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FIG. S1: Values of Q′, evaluated by Eq. (S1) in the presence
of ∆KK′ , as a function of the magnetic field rotation angle
ϕ, based on the effective model with the experimentally de-
termined parameters for shells h (left quantum dot L) and N
(right quantum dot R), computed for the splitting of spin-
singlet entangled Cooper pairs at B = 0.7 T and the angle
∆ϕSO = 21◦ between the quantum dot axes. The solid red
line shows the ideal case Q′ = Q with ∆L

KK′ = ∆R
KK′ = 0,

and shows over a wide range 2 < Q <
√

8 ≈ 2.83 (between the
dashed horizontal lines), demonstrating the potential of this
Cooper pair splitter for entanglement detection. The dashed
green line represents the same calculation of Q′ in the pres-
ence of ∆L

KK′ = 0.45 meV for shell h and ∆R
KK′ = 0.07 meV

for shell N, which are strong enough scattering amplitudes to
destroy the resemblance with the red curve and lead even to
Q′ >

√
8 which would be impossible for spin correlators.

glement detection.

In the following we answer this question by first identi-
fying the situations in which ∆KK′ scattering can become
decisive, which requires an investigation of the micro-
scopic model of carbon nanotubes. This will provide us
estimates on the acceptable magnitudes of ∆KK′ . These
estimates are then corroborated by some quantitative nu-
merical examples. Our main conclusion is that even small
bandgap nanotubes remain useful for entanglement de-
tection under considerable amounts of inter-valley scat-
tering, if a careful selection of the angular range is made
where the individual levels remain energetically far apart
with respect to the ∆KK′ .

For the experiment presented this means that the right
side (shell N) has sufficiently low valley mixing, while
the left side (shell h) should be in the same regime, i.e.
in the sub 100 µeV range. This is an experimentally
challenging but feasible requirement. Furthermore, even
for larger K − K ′ coupling, the strong variations of Q
seen in Fig. S1 may be tested and would provide insight
into the applicability of the model and the assumption
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related to tunneling.

Effect of valley mixing on spin projections

If we neglect spin-orbit interaction (SOI), curvature
and inter-valley scattering, the 4 levels of a quantum
dot orbital, for 2 spin projections s = +,− =↑, ↓ and
2 valley indices τ = +,− = K,K ′, have degenerate en-
ergies Eτ,s. If we choose the spin Sz direction along
the nanotube axis, SOI and curvature cause a partial
lifting of the degeneracy, such that Eτ,s 6= Eτ,−s, but
Eτ,s = E−τ,−s is maintained due to the time-reversal
symmetry of the SOI. Nonetheless, the splitting can be
interpreted as arising from a valley dependent Zeeman
field τBSOẑ, where ẑ is the unit vector along the nan-
otube axis. The further application of an external mag-
netic field B then creates an effective, valley dependent
Zeeman field Beff

τ = B+ τBSOẑ. The orbital effect of the
magnetic field causes a further valley dependent shift of
the energy levels, expressible by an orbital g-factor τgorb

(with a positive or negative gorb depending on whether
the quantum dot is electron like or hole like) multiplying
the z component of the magnetic field. Consequently,
the effective Hamiltonian describing the quantum dot in
a magnetic field takes the form

H0 = E0 +
gs
2
µBS · (B + τzBSOẑ)− τzgorbẑ ·B, (S2)

for E0 an energy offset, S = (Sx, Sy, Sz) the vector of
spin-Pauli matrices, and we will use τx,y,z for the valley
Pauli matrices. Both Zeeman and orbital effects together
cause a full lifting of the degeneracy, and hence allow the
detection of each state individually. Due to the Zeeman
term, each eigenstate is fully spin polarized, providing a
projection onto±Sτ where Sτ = âτ ·S for âτ = Beff

τ /|Beff
τ |

the unit vector parallel to Beff
τ . As shown in Ref. [S1], the

reconstruction of spin correlators through conductance
measurements over these spin projective states can be
used to probe the spin entanglement of Cooper pairs in
a Cooper pair splitter setup through a Bell inequality as
Eq. (S1).

The requirement for a useful test of the Bell inequal-
ity are measurements along non-collinear spin projection
axes âK and âK′ . A valley mixing scattering process
with amplitude ∆KK′ leads to a hybridization between
the different spin projected eigenstates. Spin is then no
longer a good quantum number, and the interpretation
of the Bell inequality becomes for large ∆KK′ meaning-
less. For a quantitative estimate, we need to investigate
the effect of ∆KK′ .

For this purpose, we must consider the Hamiltonian
before attaining the effective model of Eq. (S2). Follow-
ing the notations of Refs. [S2, S3], the Hamiltonian of a
long carbon nanotube is given by

HCNT = ~vF
(
kGσ1 + k′τzσ2

)
+
(
ασ1 + βτz

)
Sz, (S3)

where vF is the Fermi velocity, σ1,2 the Pauli matrices
referring to the A,B sublattice indices of the hexagonal

carbon lattice, and α, β are the SOI coupling constants
(denoted by ∆1

SO,∆
0
SO in Ref. [S4]), depending both on

chirality and radius. The quantity k′ = k+∆kzcv denotes
the sum of the longitudinal momentum k and a small
curvature induced shift ∆kzcv. Finally, kG = k0

G + ∆ktcv
provides the transverse quantized momentum, giving rise
to the gap EG = 2~vF kG between the subbands, with
∆ktcv a curvature induced offset and k0

G = (n− τm/3)/R
for n the subband index, R the nanotube radius, and
m = (N1−N2) mod 3, for the chirality indices (N1, N2).
The confinement potential of a quantum dot causes a
further quantization of k′ and leads to the quantum dot
levels that can be captured by the effective Hamiltonian
H0, with level depending BSO, E0, and gorb.

For the lowest subband n = 0, it is important to notice
that both k0

G and ∆ktcv [S2, S3] are proportional to τ and
hence have opposite signs in opposite valleys (yet the fi-
nal eigenvalues depend on the squares of these amplitudes
and lead to similar energies in each valley). A valley mix-
ing scattering potential of the form HKK′ = τx∆KK′/2
leads therefore to a mixing of components in the Hamil-
tonian that are characterized by the energy amplitudes
+EG and −EG. In the limit |∆KK′ | � |EG|, the hy-
bridization between the valleys can be expanded as a
function of ∆KK′/EG. With typical values ∆KK′ ∼ 0.1
meV, it is clear that for semiconducting nanotubes with
EG ∼ 100 meV the effect of the hybridization is negligible
[S1], and Hamiltonian (S2) as well as its consequences,
for instance, on probing the Bell inequality remain un-
changed.

However, for small gap nanotubes with k0
G = 0, the

dominating role of EG is replaced by a competition
between ∆KK′ with the remaining curvature induced
bandgap, the SOI coupling strength, the quantum dot
confinement energy, and the orbital and Zeeman energies
by the magnetic field, which all together lead to the effec-
tive magnetic splittings |gSµBBeff

τ | and |2gorbµB ẑ·B|. As
long as ∆KK′ remains smaller than these scales, the loss
of spin polarization by the valley mixing remains a small
effect. It should be noticed that the curvature induced
small gap ~vF∆ktcv depends on the nanotube diameter D
as ∆ktcv ∝ 1/D2, allowing us to achieve some tuneabil-
ity of Beff

τ by choosing nanotubes with smaller or larger
diameter.

The preceding observations can be quantified by
adding the first order correction in HKK′ to the wave
functions,

|ψτ,s〉 = |φτ,s〉+
∑
s′

〈φ−τ,s′ |∆KK′τx|φτ,s〉
Eτ,s − E−τ,s′

|φ−τ,s′〉, (S4)

where |φτ,s〉 and Eτ,s denote the eigenvectors and eigen-
values of H0. If χ is the angle between âK and
âK′ , we have 〈φ−τ,s′ |∆KK′τx|φτ,s〉 ∝ cos(χ/2) for s =
s′ and ∝ sin(χ/2) for s 6= s′. For general angles
cos(χ/2), sin(χ/2) ∼ 1, showing that the amplitude of
the valley mixing part of the wave function is indeed set
by δτ = ∆KK′/mins,s′{|Eτ,s − E−τ,s′ |}.

The ideal determination of spin expectation values is
based on the projectors Pτ,s = |φτ,s〉〈φτ,s|, such that
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Pτ,↑−Pτ,↓ = Sτ = âτ ·S. For a realistic measurement, the
projection is obtained from restricting transport through
a selected quantum dot level, for instance, by integrating
the conductance over the resonance of the level. This re-
sults in a measured quantity Gτ,s ∝ 〈φτ,s|ρ̂Î|φτ,s〉, where
ρ̂ is the density matrix of injected particles or Cooper
pairs, and Î the current operator. The spin reconstruc-
tion is then based on [S1]

Gτ,↑ −Gτ,↓
Gτ,↑ +Gτ,↓

= 〈Sτ 〉+ 〈Xτ 〉, (S5)

where the division by the sum of the Gτ,s provides the
normalization, 〈Sτ 〉 is the ideal spin measurement, and
〈Xτ 〉 ∼ δτ is the error from valley mixing.

Spin correlation measurements in a Cooper pair split-
ting operation are obtained in a similar way. We use the
notations above for the left quantum dot and use a tilde
for the quantities of the right quantum dot. If Gτ,s;τ̃ ,s̃
contains the nonlocal Cooper pair splitting amplitude,
projected on states |ψτ,s〉 on the left and |ψ̃τ̃ ,s̃〉 on the
right quantum dot [S1], we have∑

s,s̃ ss̃Gτ,s;τ̃ ,s̃∑
s,s̃Gτ,s;τ̃ ,s̃

= 〈Sτ S̃τ̃ 〉+ 〈Xτ ;τ̃ 〉, (S6)

with the error 〈Xτ ;τ̃ 〉 ∼ maxτ,τ̃{δτ , δ̃τ̃}. The value Q in
Eq. (S1) then becomes Q′ = Q+ δQ with the ideal result
Q and the error

δQ = C max
τ,τ̃
{δτ , δ̃τ̃}, (S7)

where C, with |C| & 1, accounts for all further details
and the sums and differences in Q.

With such a δQ the threshold for entanglement detec-
tion increases. Indeed, for an ideal measurement of Q,
spin entanglement of injected electron pairs is detected if
Q ≤ 2 is violated. With a measured Q′ = Q + δQ, this
inequality becomes

Q′ ≤ 2 + |δQ|, (S8)

where we need to choose absolute values for δQ to rule
out misinterpretations of Q′ > 2 − |δQ| but still Q′ < 2
as proofs of entanglement. The latter equation gives an
estimate on the necessary violation of the Bell inequality
(S1) for a valid detection of entanglement.

It should be stressed that for large ∆KK′ the perturba-
tive result (S7) is no longer limiting, and δQ can become
large and, in particular, can lead to a Q′ exceeding the
possible maximum Q =

√
8 for spin correlators. The lat-

ter case is a strong indicator of a loss of spin polarization
due to ∆KK′ .

Quantitative numerical test

For a quantitative check of the estimate in Eq. (S8)
we investigate the influence of ∆KK′ on two models of
the type as discussed above. As the first example, we
consider a nanotube with chirality (24,12) in a magnetic
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FIG. S2: The bottom graph shows a density plot for Q′ as a
function of ∆KK′ (same for both quantum dots) and magnetic
field angle ϕ for a (24,12) nanotube in a 1 T magnetic field,
with quantum dot lengths of 450 nm. Assumed is a bending
angle ∆ϕSO = 30◦ between both quantum dot axes and a
large bending radius, as in the experimental setup, such that
the local spin axes defining S are adiabatically transformed
when transporting a spin from the left to the right end of the
nanotube, such that the spin correlators in Eq. (S1) must be
evaluated in the local coordinate systems of both quantum
dots. The contour lines mark the boundary Q′ = 2. In the
unhatched areas Q′ > 2 + |δQ| such that entanglement de-
tection based on Q′ would be consistent with the ideal Q. In
the diagonally hatched areas Q′ < 2 + |δQ| and no conclusion
can be made. In the cross-hatched areas the ideal Q ≤ 2 ex-
cludes entanglement detection, but Q′ > 2 due to the valley
mixing, which would lead to a false entanglement detection.
The dash-dotted blue line marks min{δτ , δ̃τ̃} = 1, and the
spin correlation reconstruction via Eq. (S6) is valid only far
below this dash-dotted line. In the top plot we display the
ideal curve with ∆KK′ = 0 (solid red line) and the curve with
∆KK′ = 0.07 meV for both quantum dots (dashed green line),
corresponding to horizontal cuts through the bottom plot at
the minimum and at the position of the green arrow on the
vertical axis. The range of 2 < Q <

√
8 is framed by the

dashed horizontal lines.

field of B = 1 T, in a bent Cooper pair splitter setup as
considered in Ref. [S1]. The calculation of the quantum
dot levels follows then from Eq. (S3) in the presence of
confining gates defining dots with a length of 450 nm,
following Refs. [S1, S5–S7].

Figure S2 shows the values of Q′ as a function of ϕ and
∆KK′ , up to the maximum of ∆KK′ = 0.12 meV. The
thick dash-dotted line marks where maxτ,τ ′{δτ , δ′τ ′} = 1,
and we can expect that the entanglement detection re-
mains valid sufficiently below this line. In the diago-
nally dashed regions Q < 2 + |δQ| and entanglement
detection is impossible, whereas in the undashed regions
Q > 2+|δQ| provides a safe entanglement detection. The
cross-hatching, however, marks regions, in which Q′ > 2
but Q < 2, meaning that |δQ| is large enough to provide
an apparent but de facto inconclusive violation of the Bell
inequality. The black contour lines mark the threshold
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FIG. S3: Same plots as for Fig. S2 based on the effective
model, Eq. (S2), for both quantum dots with the experimental
parameters for shells h (hole type, ∆SO = gsµBBSO/2 = 0.05
meV, gorb = 5.2, gs = 2) and N (electron type, ∆SO = 0.15
meV, gorb = 2.6, gs = 2), subject to B = 0.7 T and the
bending angle ∆ϕSO = 21◦. The dashed contour lines show
where Q′ exceeds the nominal maximum Q = 2

√
2, giving a

definite identification of the regions where the spin correlation
reconstruction is entirely invalidated due to ∆KK′ .

value Q′ = 2. This figure indicates that while for specific
level configurations even weak valley mixing amplitudes
of ∆KK′ & 0.01 meV have a sufficient influence to de-
stroy the spin projections, the principal detectability of
entanglement extends over a remarkably wide range of
∆KK′ values. This is illustrated in particular by the top
part of Fig. S2, which shows the angular dependence of
Q′ for the ideal case with ∆KK′ = 0 (solid red line) and
with ∆KK′ = 0.07 meV (dashed green line). Although Q′

with large ∆KK′ shows strong jumps whenever two dot
levels are coming close to each other, the overall trend
and shape of the curve as a function of ϕ follows the
ideal case Q.

As a second example we consider the effective model
of Eq. (S2) for a quantum dot, as used in Ref. [S4],
parametrizing the spin-orbit interaction strength by the
energy ∆SO = gsµBBSO/2 and gorb → ±gorb depending
if the quantum dot levels are electron or hole like. Fig-
ure S3 shows the results as in Fig. S2 within this model
for the experimentally determined parameters for shells
h and N of the two quantum dots, yet with varying (and
identical) ∆KK′ for both dots. In contrast to the previ-
ous example, both quantum dots are substantially differ-
ent. The influence of ∆KK′ is much more pronounced,
leading to much wider regions of inconclusive or wrong
entanglement detection, also well illustrated by the inset
where the curve at ∆KK′ = 0.07 meV (dashed line) has
now only little in common with the result at ∆KK′ = 0
(solid line).

Yet improvement can be made even for this system, for
instance, by enhancing the stability of the spin polariza-
tions by increasing the magnetic field (assuming that the
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FIG. S4: Repetition of the results of Fig. S3 for an in-
creased magnetic field of B = 2 T and an enhanced range
of ∆KK′ . The top plot shows still the curves at ∆KK′ = 0
and ∆KK′ = 0.07 meV (corresponding to a horizontal cut at
the green arrow on the ∆KK′ axis in the bottom plot).

critical field for the superconductor could be increased ac-
cordingly). Figure S4 shows the same situation as Fig. S3
for the larger field B = 2 T. While still far from ideal, the
improvement of the situation for entanglement detection
is quite notable.

These results show that with the flexibility of the free
choice of ϕ there are ranges of the direction of the mag-
netic field, in which Q′ follows quite closely the ideal val-
ues of Q even for values of ∆KK′ that can become even
as large as the 0.07 meV of shell N. From the data these
angular ranges are characterized by a smooth behavior
of Q′ without the discontinuous jumps arising from ap-
proaching and crossing energy levels, for which the strict
requirement ∆KK′ � minτ,s,s′{|Eτ,s − E−τ,s′ |} can be
weakened to ∆KK′ approaching this upper limit.
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