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Discussion 6 - Solutions

Cooperative Game Theory:
Nash Bargaining and the Core

1 Practice Problems

The Core

1. *Consider a political system with 3 parties in it. They can create coalitions to influence
public policy. Suppose that the value of a coalition, S is equal to the squared of the
number of parties in the coalition; that is V (S) = |S|2 where S is a set of political
parties and |S| denotes the size of the set. Assume utility is transferable, and coalitions
can split the surplus they create anyway they want.

(a) * Formulate this as a cooperative game.

Coalitions: {1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3} Actions in each coalition, S: choose
xi ≥ 0 for each i ∈ S such that

∑
i∈S xi = V (S) Value for coalition S: V (S) = |S|2

Player i’s payoff: ui = xi

(b) * Show that it is a cohesive game.

The Value for a coalition is strictly increasing in the size of the coalition: ∂V (s)
∂|S| =

2|S| > 0. Thus, the grand coalition can achieve any allocation that smaller
coalitions also can.

(c) * Find all the elements in the core.

The core is all the elements x1, x2, x3 that satisfy the following inequalities:

x1 ≥ 1, x2 ≥ 1, x3 ≥ 1

x1 + x2 ≥ 4, x2 + x3 ≥ 4, x1 + x3 ≥ 4

x1 + x2 + x3 = 9

The core is not empty, since x1 = x2 = x3 = 3 satisfies all the inequalities. In
fact, there are infinitely many elements in the core of this game.

2. * Suppose that there are 3 youtubers and three able video editors looking to work
together. Let’s first assume that it is consider repugnant to pay for video editing
services, or for content creation services. So players payoffs from working with someone
are given only by the enjoyment and prestige they get from creating content plus the
revenue each of them receive directly from Youtube. The payoffs from being paired
with each player is given by the table below:

E1 E2 E3

Y1 1, 12 2, 6 3, 8
Y2 1, 6 3, 3 5, 4
Y3 0, 4 4, 1 7, 2
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(a) * Suppose that the value of creating videos on your own is equal to 1. Use the
Deferred Acceptance Algorithm (DDA) with youtubers proposing to find a pairing
that is in the core. Which players are paired with whom? How many rounds of
proposals it takes for the algorithm to finish?

R1 R2 R3

Y1 E3 − −
Y2 E3 −R E2 −
Y3 E3 −R E2 −R ∅

the first youtuber is paired with the third editor, µ(Y1) = E3, the second youtuber
with the second editor, µ(Y2) = E2, and the third youtuber remains un-matched,
µ(Y3) = Y3. The algorithm takes two rounds to finish.

(b) Suppose now that video editors propose, how does you answers to the previous
question change?

R1 R2 R3

E1 Y1 −R Y2 −R E3 −R
E2 Y1 −R Y2 −
E3 Y1 − −

The pairing do not change, and the algorithm takes three rounds to finish.

(c) Define this game as a cooperative game, think of the actions of any coalition as
the pairings of players that belong to the coalition.

The coalitions are any non-empty subset of Youtubers and editors, there are
26 − 1 = 63 such sets. The actions for each set are all the possible pairings of
youtubers and editors in the coalition (Note that if a coalition only has youtubers
or only editors, the only action available is to keep everyone un-paired).Finally
the payoffs for each player is 1 if un-paired and given by the table if paired. There
is no value for the coalition, since payoffs are not transferable, and the same set
of players can create different utilities if the pairs are different.

3. * Use the same payoff matrix as in problem 1, but suppose now that utility is trans-
ferable, and players will split evenly the total payoff of working together.

(a) * Build a new payoff matrix that includes the transfers for each possible pairing

E1 E2 E3

Y1 6.5, 6.5 4, 4 5.5, 5.5
Y2 3.5, 3.5 3, 3 4.5, 4.5
Y3 2, 2 2.5, 2.5 4.5, 4.5

(b) * Use the DAA to characterize the core. Is it unique?

The core is not unique, see two valid uses of the DDA:
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R1 R2

Y1 E1 −
Y2 E3 −
Y3 E3 −R E2

R1 R2 R3

Y1 E1 − −
Y2 E3 −R E1 −R E2

Y3 E3 − −

(c) * How many players are left un-matched now?

Non, all players are matched now

4. Suppose that utility is not transferable. Find two different elements in the core of the
following puppy-adoption matching:

H1 H2 H3 H4 H5

P1 1, 5 5, 1 2, 3 4, 5 3, 1
P2 4, 3 5, 2 1, 4 2, 4 3, 2
P3 3, 2 2, 3 1, 5 4,3 5, 3
P4 2, 4 1, 5 5, 2 3, 2 4, 4
P5 3, 1 1, 4 2, 1 4, 1 5, 5

Let’s assume that the payoff of being un-matched is zero and use both the algorithm
with puppies proposing, and with humans proposing:

R1 R2 R3

P1 H2 −R H4 −
P2 H2 − −
P3 H5 −R H4 −R H1

P4 H3 − −
P5 H5 − −

R1 R2 R3 R4 R5

H1 P1 −R P4 − − −
H2 P4 −R P5 −R P3 −
H3 P3 − − −R P2

H4 P1 − − − −
H5 P5 − − − −

So one stable pairing has the following pairs:

{(P1, H4), (P2, H2), (P3, H1), (P4, H3), (P5, H5)},

and the other stable matching has three different pairs:

{(P1, H4), (P2, H3), (P3, H2), (P4, H1), (P5, H5)}.

Nash Bargaining

5. * Billie and Jean are in a legal dispute. Billie infringed Jean’s copyrights of a popular
one-hit-wonder song. They anticipate that if they go to court Billie will lose and pay
1 million dollars. However this will be an expensive legal procedure that will cost half
a million to Jean and a quarter of a million to Billie (she has better lawyers). They
can also negotiate and avoid going to court. Billie is a celebrity, so the shame of going
to court gives Jean twice as much bargaining power as Billie.

(a) * What is the Nash bargaining solution in this situation?
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Consider all quantities in thousands of dollars. The threat points are dB = −1250
and dJ = 500, and the value of cooperation is zero, v = 0. The Nash bargain-
ing solution solves the following two equations (given that utility is linear, this
assumption is valid whenever it is not specified, specially if the context is about
money):

xJ − 500

xB + 1250
=

2

1
and xJ + xB = 0 ⇒ xJ = 1, 000, xB = −1, 000

Analogously, cooperation creates a surplus of $750 (the legal fees that each player
do not expend), and since Jean has twice as much bargaining power than Billie,
then Jean should keep twice as much of this surplus, i.e. 2

3
of it. That is, Jean

should get $500 of it, and Billie should get $250 of it. If we add these to their threat
points, we also obtain xJ = dJ + 2

3
(750) = 1, 000 and xB = dB + 1

3
(750) = −1, 000

(b) * How does your answer change if they expect that Billie would have to pay 0.4
million if they go to court?

The surplus is still $750, and the bargaining powers are also the same, but the
threat points have changed, now dJ = −100 and dB = −650, so xJ = −100+500 =
400 and xB = −650 + 250 = −400.

(c) Suppose that Billie and Jean now have to pay their lawyers regardless of whether
they go to court or not. How will your answer change? (you can assume that if
they go to court Billie will have to pay 1 million to Jean).

We have that xJ = 500, xB = −1, 250, The bargaining powers still have a 2 : 1
ratio, but now bargaining has a value of v = −250 − 500 = −750, since lawyers
have to be paid even after reaching a bargaining agreement (for example if the
lawyers do the bargaining process. So the surplus = v− (dJ +dB) = 0. Therefore,
the players have no strict incentive to avoid going to court.

6. * Antoni and Jonathan are two famous celebrities. However, they cannot really make
a show on their own. In contrast, working together they can create a super hit show
that will give them 25 thousand dollars a month. Antoni and Jonathan’s bargaining
power parameters are θA = 2, and θJ = 3 respectively. Finally, each of them has a
utility function over money (in thousands of dollars) equal to u(x) = x2. Find the
Nash bargaining solution to predict if they will do a show together and how will they
split the proceedings of it.

Because the utility is not linear in the amount of money, we cannot use the rules
described above1. Instead we need to choose xJ , xA that solve the following (in each
line a simplify the problem by transforming it into an equivalent problem):

arg max
xJ ,xA

((xJ)2 − (dJ)2)θJ((xA)2 − (dA)2)θA s.t. xJ + xA = 25

arg max
xJ ,xA

((xJ)2)3((xA)2)4 s.t. xJ + xA = 25

1Even though in this particular problem they yield the same response, this is just a coincidence coming
from some assumptions I made to make the algebra nicer, in particular the fact that their threat points are
zero.
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arg max
xJ ,xA

6 log(xJ) + 8 log(xA) s.t. xJ + xA = 25

arg max
xJ

6 log(xJ) + 8 log(25− xJ)

⇒ xJ = 10, xA = 15

That is, they do make a show together and Antoni will keep 10 if the 25 thousand
dollars each month, while Jonathan will keep the rest.

7. Suppose that two firms are looking to hire one CEO each. The intrinsic monetary
payoff each player derives for being paired with each counterpart is represented in the
table below. Suppose that this payoffs are transferable, and the payoff of being un-
matched is normalized to zero. Assume that the bargaining power for each firm is the
same and equal to 1, that is θf1 = θf2 = 1, but the bargaining power of the CEO’s are
θc1 = 2 and θc2 = 1

2
.

c1 c2
f1 10, 2 2, 4
f2 3, 6 3, 3

(a) Build another table that includes the payoffs that will result from each pair after
Nash bargaining the surplus.

For each cell, you want to add the payoffs and then split it between the players
according to the ratios of bargaining powers. For example, the pair (f1, c1) create
a value of 12 and c1 has twice as much bargaining power than f1, so c1 should
keep 2

3
of 12, i.e. 8. The following table calculates the payoffs to each player in

each possible pair after transfers:

c1 c2
f1 4, 8 4, 2
f2 3, 6 4, 2

(b) Characterize the core of this game.

We have found all the transfers and payoffs after each possible pair, so we only
need to find the set of stable pairings. The unique stable matching of this coop-
erative game is {(f1, c1), (f2, c2)}. Note that {(f1, c2), (f2, c1)} cannot be a stable
matching, because f1 and c1 could divorce their partner and form a coalition where
they can get married. This will keep f1 indifferent, but will strictly improve c1,
so it is a profitable deviation2.

2This example illustrates that one must be careful when running the DDA and players are indifferent
among several options.
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