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 The Sampling Theorem  

Sampling of the signals is the fundamental operation in signal-processing. A continuous time signal is first 

converted to discrete-time signal by sampling process. The sufficient number of samples of the signal must be 

taken so that the original signal is represented in its samples completely. Also, it should be possible to recover 

or reconstruct the original signal completely from its samples. The number of samples to be taken depends on 

maximum signal frequency present in the signal. Sampling theorem gives the complete idea about the 

sampling of single. Different types of samples are also taken like ideal samples, natural samples and flat-top 

samples. 

 Let us discuss the sampling theorem first and then we shall discuss different types of sampling 

processes. The statement of sampling theorem can be given in two parts as:  

(i) A bandlimited signal of finite energy, which has no frequency-component higher than fm, Hz, is completely 

described by its sample values at uniform intervals less than or equal to 1/2fm second apart. 

 (ii) A bandlimited signal of finite energy, which has no frequency components higher than fm, Hz, may be 

completely recoverd from the knowledge of its samples taken at the rate on 2fm samples per second.  

The first part represents the representation of the signal in its samples and minimum sampling rate required 

to represent a continuous-time signal into its samples.  

The second part of the theorem represents reconstruction of the original signal from its samples. It gives 

sampling rate required for satisfactory reconstruction of signal from its samples.  

Combining the two parts, the sampling theorem may be stated as under:  

"A continuous-time signal may be completely represented in its samples and recovered back if the sampling 

frequency is fs>2fm. Here, f8 is the sampling frequency and fm is the maximum frequency present in the 

signal". 

4.1 Proof of Sampling Theorem  

To prove the sampling theorem, we shall show that a signal whose spectrum is bandlimited to fmHz, can be 

reconstructed exactly without any error from its samples taken uniformly at a rate fs>2fm Hz.  

Let us consider a continuous time signal x(t) whose spectrum is bandlimited to fmHz. This means that the signal 

x(t) has no frequency components beyond fmHz. Therefore, X(w) is zero for | w |>wm, i.e.,  

X(w) = 0 for I w I >wm 

where    wm = 2 � fm 

Figure 4.1 (a) shows this continuous-time signal x(t). Let X(w) represents its Fourier transform or frequency 

spectrum as shown in figure 4.1(b).  

Sampling of x(t) at a rate of fs Hz (fs samples per second) may be achieved by multiplying x(t) by an impulse 

train δTs(t). The impulse train δTs(t) consists of unit impulses repeating periodically every Ts seconds, where Ts 

= 1/fs. 
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Figure 4.1(c) shows this impulse train. This multiplication results in the sampled signal g(t) shown in figure 

4.1(e).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.1.  (a) A continuous-time signal.  

   (b) Spectrum of continuous-time signal.  

   (c) Impulse train as sampling function.  

   (d) Multiplier.  

   (e) Sampled signal.  

   (f) Spectrum of sampled signal.  

This sampled signal consists of impulses spaced every Ts seconds (the sampling interval). The resulting or 

sampled signal may be written as  

g(t) = x(t) δTs(t) 

Again, since the impulse train δTs(t) is a periodic signal of period Ts, it may be expressed as a Fourier series.  
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 The trigonometric Fourier series expansion of impulse-train δTs(t) is expressed as 

 δTs(t) =�  [1 + 2coswst + 2cos2wst + 2cos3wst + ...]  

Here  ws = 2 
��  = 2�fs 

Putting the values of δTs(t) from  (4.2) in  (4.1), the sampled signal is  

g(t) = �  [x(t) + 2x(t) coswst + 2x(t) cos2wst + 2x(t) cos3wst + ...] 

Now, to obtain G(w), the Fourier transformation of g(t), we will have to take the Fourier transform of right 

hand side.  

Fourier transform of x(t) is X(w). 

Fourier transform of 2x(t) cos wst is [X(w – ws) + X(w + ws)].  

Fourier transform of 2x(t) cos 2wst is [X(w – 2ws) + X (w + 2ws)] and so on.  

Therefore, on taking Fourier transformation, the  (4.3) becomes  

 G(w) = �  [X(w) + X(w – ws) + X(w + ws) + X(w – 2ws) + X(w + 2ws)  

  + X(w – 3ws) + X(w + 3ws) + ...] 

or G(w) = � ∑∞=−∞  (w — nws)  

From equations (4.4) and (4.5), it is clear that the spectrum G(w) consists of X(w) repeating periodically with 

period ws = 
�Tsrad/sec. or fs= Ts Hz as shown in figure 4.1 (f).  

Now if have to reconstruct x(t) from g(t), we must be able to recover X(w) from G(w). This is possible if there is 

no overlap between successive cycles of G(w). Figure 4.1 (f) shows that requires  

fs> 2 fm 

But the sampling interval Ts = fs 

Hence,     T <  

Therefore, as long as the sampling frequency fsis greater than twice the maximum signal frequency fm* (signal, 

bandwidth, fm), G(w) will consist of non-overlapping repetitions of X(w). If this is true, figure 4.1 (f) shows that 

x(t) can be recovered from its samples g(t) by passing the sampled g(t) through an ideal law-pass filter of 

bandwidth fm Hz. This proves the sampling theorem. 

4.1.1. Few Points about Sampling Theorem  

(i) Figure 4.1 (f) shows the spectrum of sampled signal. According to the figure, as long as, the signal is 

sampled at rate fs> 2 fm, the spectrum G(w) will repeat periodically without overlapping.  
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(ii) The spectrum of sampled signal extends upto infinity and the ideal bandwidth of signal is infinite. But here 

our purpose is to extract our original spectrum X(w) out of the spectrum G(w).  

(iii) The original or desired spectrum X(w) is centred at w = 0 and is having band maximum frequency equal to 

wm. The desired spectrum may be recovered by passing the sampled signal with spectrum G(w) through a low 

pass filter with cut-off frequencywm. 

This means that since a low-pass filter allows to pass only low frequencies up to cut-off frequency (wm) and 

rejects all other higher frequencies, the original spectrum X(w) extended uptowm will be selected and all other 

successive higher frequency cycles in the sampled. spectrum will be rejected. Therefore, in this way, original 

spectrum X(w) will be extracted out of spectrum G(w). This original spectrum X(w) can now be converted into 

time-domain signal x(t). 

(iv) It may also be observed from figure that for the case fs > 2fm, the successive cycles of G(w) are not 

overlapping each other. Hence in this case, there is no problem in recovering the original spectrum X(w).  

(v) For the case fs = 2fm, although the successive cycles of G(w) are not overlapping each other, but they are 

touching each other. In this case also, the original spectrum X(w) can be recovered from the sampled 

spectrum G(w) using a low-pass filter with cut-off frequency wm. 

(vi) For the case fs< 2 fm, the successive cycles, of the sampled spectrum will overlap each other and hence in 

this case, the original spectrum X(w) cannot be extracted out of the spectrum G(w).  

Hence, For reconstruction without distortion, we must have  

fs 2fm 

4.2.  Nyquist Rate and Nyquist Interval 

When the sampling rate becomes exactly equal to 2 fm. samples per second, then it is called Nyquist rate. 

Nyquist rate is also called the minimum sampling rate. It is given by.  

fs= 2 fm 

Similarly, maximum sampling interval is called Nyquist interval. It is given by  

Nyquist interval Ts =  seconds 

When the continuous-time bandlimited signal is sampled at Nyquist rate (fs = 2 fm), the sampled-spectrum 

G(w) contains non-overlapping G(w) repeating periodically. But the successive cycles of G(w) touch each other 

as shown in figure 4.2. Therefore, the original spectrum X(w) can be recovered from the sampled spectrum by 

using a low pass filter with a cut-off frequency wm. 
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4.2. Effect of Under Sampling: Aliasing  

When a continuous-time bandlimited signal is sampled at a rate lower than Nyquist rate fs< 2fm, then the 

successive cycles of the spectrum as shown in figure 4.7. 

 

 

 

 

 

 

 

 

 

 

Fig. 4.7, Spectruym of the sampled signal for the case fs<2fm. 

Hence, the signal is under-slampled in this case (fs< 2fm) and  some amount of aliasing is produced in this 

under-sampling process. In fact, aliasing is the phenomenon in which a high frequency component in the 

frequency–spectrum of the signal takes identity of a lower-frequency component in the spectrum of the 

sampled signal. 

 

 From figure 4.7, it is obvious that because of te overlap due to aliasing phenomenon, it is not possible to 

recover original x(t) from sampled signal g(t) by low-pass filtering since the spectral components in the 

overlap regions add and hence the signal is distorted. 

Since any information signal contains a large number of frequencies, so, to decide a sampling frequency is 

always a problem. Therefore, a signal is first passed through a low-pass filter. This low-pass filter blocks all the 

frequencies which are above fmHz. 

This process is known as band-limiting of the original signal x(t). This low-pass filter is called prelias filter 

because it is used to prevent aliasing effect. After bendlimiting, it becomes easy to decide sampling frequency 

since the maximum frequency is fixed at fm Hz. 

In short, to avoid aliasing: 

. 

Fig. 4.2.Sampled spectrum at Nyquist rate. 
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(i) Prelias filter must be used to limit band of frequencies of the signal to fmHz. 

(ii) Sampling frequency fs  must be selected such that 

fs> 2fm 

4.3. Sampling Techniques  

In the last article, we discussed how sampling of a continuous-time signal is done. This sampling of a signal is 

done in several ways. Therefore, in this section, we shall discuss different types of 

samplingi.e.,samplingtechniques. 

 Basically, there are three types of sampling techniques as under:  

(i) Instantaneous sampling. 

(ii) Natural sampling. 

(iii)Flat-top sampling.  

Out of these three, instantaneous sampling is called ideal sampling whereas natural sampling and flat-

topsampling are called practical sampling methods. Now, let us discuss three different types of sampling 

techniques in detail.  

4.3.1. Ideal Sampling or Instantaneous Sampling or Impulse Sampling  

 In the proof of sampling theorem, we used ideal or impulse sampling. In this type of sampling, the 

sampling function is a train of impulses. Figure 4.11(b) shows this sampling function.  

 x(t) is the input signal (i.e., signal to be sampled) as shown in figure 4.11(a).  

 Figure 4.11(c) shows a circuit to produce instantaneous or ideal sampling. This circuit is known as the 

switching sampler.  

The working principle of this circuit is quite easy. The circuit simply consists of a switch. Now if we assume 

that the closing time 't' of the switch approaches zero, then the output g(t) of this circuit will contain only 

instantaneous value of the input signal x(t). Since the width of the pulse approaches zero, the instantaneous 

simpling gives a train of impulses of height equal to the instantaneous value of the input signal x(t) at the 

sampling instant. 

 We know that the train of impulses may be represented as 

� =  ∑ � −∞
=−∞  

This is known as sampling function and its waveform is shown in figure 4.11(b).  

The sampled signal g(t) is expressed as the multiplication of x(t) ans� .  

Thus, 

g(t) =  x(t) . �  
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= ∑ � −∞
=−∞  

or g t  = ∑ . � −∞
=−∞  

The Fourier transform of the ideally sampled signal given by above  may be expressed as G f  = ∑ −∞
=−∞  

 

Note: This  gives the spectrum of ideally sampled signal. It shows that the spectrum X(f) is periodic in fs and 

weighted by fs. However, it may be noted that ideal or instantaneous sampling is possible only in theory since 

it is impossible to have a pulse whose width approaches zero. Ideal sampling was used in last article to prove 

sampling theorem. Practically flat-top sampling and nature sampling are used.  
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4.3.2. Natural Sampling  

 As discussed in last article, the instantaneous sampling results in the samples whose width t 

approaches zero. Due to this, the power content in the instantaneously sampled pulse is negligible. Thus, this 

method is not suitable for transmission purpose. Naturalsampling is a practical method and will be discussed 

in this section.  

 In natural sampling the pules has a finite width equal to t. 

 Let us consider an analog continuous-time signal x(t) to be sampled at the rate of fs Hz. Here it is 

assumed that fs is higher than Nyquist rate such that simpling theorem is satisfied.  

 Againlet us consider a sampling function c(t) which is a train of periodic pulses of width t and 

frequency equal to fs Hz. 

 Figure 4.12 shows a functional diagram of a natural sampler. With the help of this natural sampler, a 

sampled signal g(t) is obtained by multiplication of sampling function c(t) and input signal x(t).  

 Now, according to figure 4.12, we have  

 when c(t) goes high the switch ' S' is closed.  

 Therefore   g(t) = x(t)  when c(t) = A  

 and   g(t) = 0  when c(t) = 0  

 where A is the amplitude of c(t).  

 The waveforms of signals x(t), c(t) and g(t) have been illustrated in figure 4.13(a), (b) and (c) 

respectively. 
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Now, the sampled signal g(t) may also be described mathematically as  

g(t) = c(t) .x(t) 

Here, c(t) is the periodic train of pulse of width t and frequency fs.  

We know that the Exponential Fourier series for any periodic waveform is expressed as  

= ∑ � � /�0∞
=−∞  

Also, for the periodic pulse train of c(t), we have  

T0 = Ts =  = period of c(t) 

or     fo = fs =�0 = �  = frequency of c(t) 

for periodic pulse train c(t), we have  

= ∑ . �∞
=−∞ � ℎ =  

 

c(t) � 

0 = ⁄  

t 

t 

 

 Fig. 4.11. (a) Continuous time signal x(t). 

 (b) Sampling function waveform i.e. periodic pulse train 

 (c) naturally sampled signal waveform s(t). 
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Now, it may be noted that since c(t) is a rectangular pulse train, therefore Cn for this waveform be expressed 

as 

=  sin .  

here      T = pulse width = t 

and      fn= harmonic frequency 

But here,      fn= nfs or  fs = �0 = nf0 

Hence,     = .�� . � .  

Therefore,  the Fourier series representation for c(t) will be given as 

c t  = ∑ .∞
=−∞ . � . �f .  

Now, substituting the value of c(t) , we get 

=  � . ∑ � . �f .∞
=−∞ .  

This is required time-domain representation for naturally sampled signal g(t).  

Now, to get the frequency-domain representation of the naturally sampled signal g(t), let us its Fourier 

transform as  

 =  [ ]  =  � ∑ sin . [ �f .∞
=−∞ . ] 

Recall the frequency-shifting property of Fourier transform which states that  �f . . ↔  − .  

Therefore, 

= � . ∑ � .� −∞
=−∞  

Now, since fn = fsn = harmonic frequency 

Therefore,  =  ��� . ∑ � . � −∞=−∞  

Hence, we write  

Spectrum of Naturally Sampled signal: 
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=  � . ∑ � .  � −∞
=−∞  

 This  shows that the spectra of x(t) i.e., X(f) are periodic in fs and are weighed by sinc function.  

 Figure 4.14, illustrates some arbitray spectra for x(t) and corresponding spectrum G(f). 

Note: Thus form figure 4.14, it may be noted that unlike the spectrum of instantaneously sampled signal 

shown in figure 4.1(f), the spectrum of a naturally sampled signal is weighted by a sinc function whereas the 

spectrum of an instantaneously sampled signal (figure 4.1(f)) remains constant throughout the frequency 

range. 

 

 

 

 

 

 

 

 

 

 

 

4.3.3. Flat Top Sampling or Rectangular Pulse Sampling 

 Flat top sampling like natural sampling is also a practically possible sampling method. But natural 

sampling is little complex whereas it is quite easy to get flat top samples. 

 In flat-top sampling or rectangular pulse sampling, the top of the samples remains constant and is 

equal to the instantaneous value of the baseband signal x(t) at the start of sampling. The duration or width of 

each sample is �and sampling rate is equal to fs= � .Figure 4.15(a) shows the functional diagram of a sample 

and hold circuit which is used to generate the flat top samples. Figure 4.15(b) shows the general waveform of 

flat top samples.  
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-3fs -2fs -fs -fm 0 3fs 2fs fs Fm  Fig. 4.14. (a) Spectrum of continuous-time signal x(t). 

     (b) Spectrum of naturally sampled signal. 
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 From figure 4.15(b)it may be noted that only starting edge of the pulse represents instantaneous value 

of the baseband signal x(t). Also the flat top pulse of g(t) is mathematically equivalent to the convolution of 

instantaneous sample and a pulse h(t) as depicted in figure 4.16.  

 This means that the width of the pulse in g(t) is determined by the width of h(t) and the sampling 

instant is determined by delta function.  

 

 

 

 

 

 

 

 

 

 

Fig. 4.16. Convolution of any function with delta function is equal to that function. 
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Fig. 4.15.(a) A sample and hold circuit to generate flat top samples.  

 (b) A general waveform of flat top sampling.  
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In figure 4.15(b), the starting edge of the pulse represents the points where baseband signal is sampled and 

width is determined by function h(t). Therefore g(t) will be expressed as  

g(t) = s(t) * h(t) 

This  has been explained in figure 4.17.  

Now, from the property of delta function, we know that for any function f(t) 

f(t) * �(t) = f(t) 

 This property is used to obtain flat top samples. It may be noted that to obtain flat top sampling, we 

are not applying the  directly here i.e., we are applying a modified form. Thus, in this modified equation, we 

are taking s(t) in place of delta function �(t). Observe that �(t) is a constant amplitude delta function whereas 

s(t) is a varying amplitude train of impulses. This means that we are taking s(t) which is an istantaneously 

sampled signal and this is convolved function h(t) . 

Therefore, on convolution of s(t) and h(t), we get a pulse whose duration is equal to h(t) only but amplitude is 

defined by s(t).  

Now, we know that the train of impulses may be represented mathematically as  

� =  ∑ � −∞
=−∞  

The signal s(t) is obtained by multiplication of baseband signal x(t) and ��  

Thus,  

   s(t)  = x(t) .��  

  

= ∑ � −∞
=−∞ =  ∑ . � −∞

=−∞  

Now, sampled signal g(t) is given as  (4.34) 

g(t) = s(t) * h(t) 

g = ∫ � ℎ − � �∞
−∞  

g = ∫ ∑ . � � −∞
=−∞ ℎ − � �∞

−∞ = ∑∞
=−∞ ∫ � � − ℎ − � �∞

−∞  

According to shifting property of delta function, we know that  

∫ � � − =∞
−∞  
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we get  

 

g = ∑∞
=−∞ ℎ −  

This  represents value of g(t) in terms of sampled value x(nTs) and function h(t - nTs) for flat top sampled 

signal.  

Now, again  

g(t) = s(t) * h(t) 

Taking Fourier transform of both sides of above equation, we get  

G(f) = S(f) H(f) 

We know that S(f) is given as  

= ∑ −∞
=−∞  

Therefore,   

= ∑ − .∞
=−∞  

Thus, spectrum of flat top sampled signal: = ∑ −  ∞=−∞  
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  Fig. 4.17. (a) Baseband signal x(t) (b) Instantaneously sample single s(t)  

     (c) Constant pulse width function h(t)  

  (d) Flat top sampled signal g(t) obtained through convolution of h(t) and s(t)  

 

4.4. Aperture Effect 

The spectrum of flat top sampled signal is expressed as  

= ∑ − .∞
=−∞  

This  shows that the signal g(t) is obtained by passing the signal s(t) through as filter having transfer function 

H(f). The corresponding impulse response h(t)  in time-domain has been shown in figure 4.18(a). This is one 

pulse of rectangular pulse train shown in figure 4.17(c). Each sample of x(t) [i.e., s(t)] is convolved with this 

pulse.  (4.52) represents that the spectrum of this rectangular pulse is multiplied with that of s(t).  

Figure 4.18(b) shows the spectrum of one rectangular pulse of h(t).  

 

 

 

 

 

 

 

h(t) 

= ⊗ ℎ  

0 

0 
t 

t 

h(t) 

A 

| H(f) | 

Downloaded from  be.rgpvnotes.in

Page no: 15 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

Prepared by: Harish Prajapati;  Asst. Prof. Electronics & Communication Dept. ;   CDGI, INDORE 

 

 

 

Fig. 4.18. (a) One pulse of rectangular pulse train(b) Spectrum of the pulse shown in figure (a). 

 

We know that the spectrum of a rectangular pulse is expressed as  

H(f) = �.sin c(f . t) − � � [ = ] 

 Hence, from figure 4.18(b), it may be observed that by using flat top samples an amplitude distortion is 

introduced in the reconstructed signal x(t) from g(t). In fact, the high frequency roll-off of H(f) acts like a low-

pass filter and thus attenuates the upper portion of message signal spectrum These high frequencies of x(t) 

are affected. This type of effect is known as aperture effect. 

 Now, as the duration �' of the pulse increases, the aperture effect is more prominent.Hence, during 

reconstruction an equalizer is needed to compensate for this effect. As depicted in figure 4.14, the receiver 

contains a low-pass reconstruction filter with cutoff frequency slightly higher than the maximum frequency 

present in the message signal .The equalizerCompenssates for theaperture effect compensates for the 

attenuation by a low-pass reconstruction filter.  

It may be noted that the sample function h(t) acts like a low-pass filter where Fourier transform as expressed 

as   =  �. �  . �  − � �
 

This spectrum has been plotted in figure 4.18.  

Equalizer used in cascade with the reconstruction filter has the effect of decreasing the inband loss of the 

reconstruction filter as the frequency increases in such a way as to compensate for the aperture effect. 

 Also, the transfer function of the equalizer is expressed as 

� = �. − �
 

Here td   is known as the delay introduced by low-pass filter which is equal to �/ . Therefore,  

� = �. − � �� � � − � � 

Or       � = �� � �  

which is the transfer function of an equalizer.  

4.5. Analog Pulse Modulation Methods  

We know that in analog modulation systems, some parameter of a sinusoidal carrier is varied according to the 

instantaneous value of the modulating signal. In  pulse modulation methods, the carrier is no longer a 

continuous signal but consists of a pulse train. Some parameter of which is according to the instantaneous 

value of the modulating signal. There are two types of modulation systems as under: 

0 � 

t f -f 

 

− �⁄ − �⁄       − �⁄  �⁄ �⁄ �⁄  
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(i) Pulse Amplitude Modulation (PAM) 

(ii) Pulse Time Modulation (PTM) 

In pulse amplitude (PAM), the amplitude of the pulses of the carrier pulse train is varied in accordance with 

the modulating signal whereas in pulse time modulation (PTM). The timing of the pulses of the carrier pulse 

train is varied 

They are two types of PTM as under:  

(i)  Pulse width modulation (PWM)* 

(ii) Pulse position modulation (PPM)  

In Pulse width modulation, the width of the pulses of the carrier pulse train is varied in accordance with the 

modulating signal whereas in Pulse position modulation (PPM), the position of the carrier pulse train is varied. 

Figure 4.21 shows three types of pulse analog modulation methods. 

According to the sampling theorem, if a modulating signal is bandlimited to fm Hz,** the sampling frequency 

must be at least 2fm Hz and, hence the frequency of the carrier pulse train also be least 2fm Hz.  

At this point, it may be noted that all the above pulse modulation methods (i.e.. PAM, PWM, PPM) are called 

analog Pulse modulation methods because the modulating signal is analog in PAM, PWM and PPM.  
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Fig. 4.21 Different types of pulse analog modulation methods. 
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4.6. Pulse Amplitude Modulation (PAM) 

Pulse amplitude modulation may be defined as that type of modulation in which the amplitudes of regularly 

spaced rectangular pulses vary according to instantaneous value of the or message signal. In fact, the pulses in 

a PAM signal may be of fiat top type or natural ideal type>Actually all the sampling methods which have been 

discussed in last s basically pulse amplitude modulation methods.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Out of these three pulse amplitude modulation methods, the Flat top PAM is most popular and is widely used. 

The reason for using flat top PAM is that during the transmission, the noise interferes with the top of the 

transmitted pulse and this noise can be easily removed if the PAM pulse has flat top. 

However, in case of natural samples PAM signal, the pulse has varying top in accordance with the signal 

variation. Now, when such type of pulse is received at the receiver, it is always contaminated by noise. Then it 

becomes quite difficult to determine the shape of the tap of the pulse and thus amplitude detection of the 

pulse is not exact. Due to this, errors are introduced in the received signal.  Therefore, flat top sampled 

PAM is widely used.  

 Figure 4.22 shows the sample and hold circuit to produce flat top sampled PAM and the waveform for 

flat top sampled PAM.  

Working Principle 

A sample and hold circuit shown in figure 4.22 is used to produce flat top sampled PAM. The working principle 

of this circuit is quite easy. The sample and hold (S/H) circuit consists of two field. 

 

Sampling 

switch 

Discharge 

switch 

x(t) g(t) 
G1 G2 

C 

(a) 

x(t) 

g(t) 

Flat top samples 

Ts=1/fs 
� 

(b) 

Fig. 4.22(a) Sample and hold circuit generating flat top sampled PAM 

(b) Waveforms of flat top sampled PAM 
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effecttransistors (FET) switches and a capacitor. The sampling switch is closed for a short duration by a short 

pulse applied to the gate G1 of the transistor. During this period, the capacitor C  is quickly charged upto a 

voltage equal to the instantaneous samples value of the incoming signal x(t). Now, the sampling switch is 

opened and the capacitor C  holds the charge. The discharge switch is then closed by a pulse applied to gate 

G2 of the other transistor. Due to this, the capacitor C  is discharged to zero volts. The discharges switch is 

then opened and thus capacitor has no voltage. 

 Hence, the output of the sample and hold circuit consists of a sequence of Flat top as shown in figure 

4.23.  

Mathematical Analysis 

x(t) 

0 
t 

t 

t 

t 

0 

0 

0 

= ⊗ ℎ  

h(t) 

s(t) 
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In a Flat top PAM, the top of the samples remains constant and is equal to the instantaneous value of the 

baseband signal x(t) at the start of sampling. The duration or width of each sample is � and sampling rate is 

equal to f = � . From figure 4.22 (b), it may be noted that only starting edge of the pulse represents 

instantaneous value of the baseband signal x(t). Also, the flat top pulse of g(t) is mathematically equivalent to 

the convolution of instantaneous sample and a h(t) as depicted in figure 4.24.  

 This means that the width of the pulse in g(t) is determined by the width of h(t) sampling instant is 

determined by the delta function.  

 

 

 

 

 

 

In figure 4.22 (b), the starting edge of the pulse represents the point where baseband is sampled and width is 

determined by function h(t).  

Therefore, g(t) will be expressed as  

g(t) = s(t) ⨂ h(t) 

This  has been explained in figure 4.23.  

Now, from the property of delta function, we know that for any function f(t) 

f(t) ⨂ s(t) = f(t) 

This property is used to obtain flat top samples. It may be noted that to obtain flat top sampling, we are not 

applying the  (4.54) directly here i.e., we are applying a modified.   

Thus, in this modified equation, we are taking s(t) in place of delta functions � . Observe that �  is a 

constant amplitude delta function whereas s(t) is a varying amplitude train of impulse. This means that we are 

taking s(t) which is an instantaneously sampled signal and this is convolved with function h(t) as in  (4.58).  

 Therefore, on convolution of s(t) and h(t), we get a pulse whose duration is equal to h(t) only but 

amplitude is defined by s(t).  

 Now, we know that the train of impulses may be represented mathematically as  

�� =  ∑ � −∞
=−∞  

The signal s(t) is obtained by multiplication of baseband signal x(t) and �� . Thus,   

   =   . ��  

�  ⊗ 

ℎ  
ℎ  

= 

� � 0 0 0 

t t t 
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Or  =  ∑ � −∞
=−∞ = ∑ . � −∞

=−∞  

Now, sampled signal g(t) is given as  

g(t) = s(t) ⨂ h(t) 

g = ∫ � ℎ − � �∞
−∞  

g = ∫ ∑ . � −∞
=−∞ ℎ − � �∞

−∞  

g = ∑∞
=−∞ ∫ � − ℎ − � �∞

−∞  

According to shifting property of delta function we know that 

∫ � − =∞
−∞  

g = ∑∞
=−∞ ℎ −  

This  represents value of g(t) in terms of sampled value x(nTs) and function h(t-nTs) for flat top sampled signal. 

g(t) = s(t) ⨂ h(t) 

Taking Fourier transform of both sides of above equation, we get  

G(f) = S(f) H(f) 

We know that S(f) is given as 

= ∑ −∞
=−∞  

= ∑ −∞
=−∞  

Thus, spectrum of flat top PAM signal: 

= ∑ −∞
=−∞  
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Here is the Fourier transform of the rectangular pulse. The spectrum of this rectangular pulse is shown in 

figure 4.18(b). Let the spectrum of s(t) be the rectangular pulse train as shown in figure 4.25(a) and the 

spectrum of h(t) i.e., H(f) is shown in figure 4.25(b). 

By  (4.67), we know that  

G(f) = S(f) . H(f) 

Thus, according to above equation, we can plot the spectrum G(f) as shown in figure 4.25(b). 

Note: It may be observed in figure 4.25(b) that higher frequencies in S(f) are attenuated roll-off characteristics 

of the 'sinc' pulse. This effect is popularly known as aperture effect.  

An equalizer is needed to overcame this effect.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.6.1. Naturally Sampled Pulse Amplitude Modulated (PAM) Signal  

This natural sampling is basically pulse amplitude modulation (PAM). Therefore, it is called naturally sampled 

PAM signal.  

 Thus, time-domain representation of a naturally-sampled PAM signal will be given as  

= ∑ −∞
=−∞  

0 −  −    

G(f) = � � �  

−  −    

Attention of higher frequencies  

due to roll off characteristics of 

H(f).(Aperture effect) 

Fig.4.25. (a) Spectrum of some arbitrary signal. The signal is samled at fs 

And maximum frequency in the signal is fm, 

(b) Spectrum of flat top signal. The dotted curve is  = � � �  
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= � ∑ �∞
=−∞ �  �  

and the frequency-domain representation, i.e. frequency-spectrum of a naturally-sampled PAM signal will be 

given as  

= � ∑ �∞
=−∞ � . −  

4.6.2. Instantaneous or Idealy Sampled Pulse Amplitude Modulated (PAM) Signal  

 This instantaneous sampling is basically pulse amplitude modulation (PAM). Therefore, it is called 

ideally or instantaneously sampled PAM signal.  

 Thus, time-domain representation of a ideally or instantaneously sampled PAM signal will be given as 

g = ∑∞
=−∞ . � −  

and the frequency-domain representation i.e., frequency-spectrum of a ideally or instantaneously sampled 

PAM sinal will be given as 

 G = ∑ −∞
=−∞  

4.6.3 Transmission Bandwidth in Pulse Amplitude Modulation (PAM) 

In a pulse amplitude modulated (PAM) signal the pulse duration is considered to be vary sum small in 

comparison to time period (i.e., sampling period) Ts between any two samples i.e.. � ≪  

Now, if the maximum frequency in the modulating signal x(t) is fm, then according to sampling theorem, the 

sampling frequency fs must be equal to or higher than the Nyquist rate, i.e.  

or 

 

                         =  

 

But according to  (4.75), we have � ≪  
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therefore              � ≪   

Now, if the 'ON' and 'OFF' time of the pulse amplitude modulated (PAM) pulse is same as shown in figure 

4.26(a) then maximum frequency of the PAM pulse will be  

�� = � + � = � 

 

 

 

 

 

Therefore, the bandwidth required for the transmission of a PAM signal would be equal to the maximum 

frequency ��given   

Thus, we have  

Transmission bandwidth 

    ��  

But     �� = � 

Hence   � 

Again, since                  � <<  

Therefore   �  

or   >  

4.13.4. Demodulation of PAM Signals 

As discussed earlier, demodulation is the reverse process of modulation in which the modulating signal is 

recovered back from a modulated signal. For pulse-amplitude modulated (PAM) signals, the demodulation is 

done using a holding circuit. Figure 4.26(b) shows the block diagram of a PAM demodulator.  

In this method, the received PAM signal is allowed to pass through a holding circuit and a pass filter (LPF) as 

shown in above figure. Now, figure 4.27(a) illustrates a very simple holding circuit. Here the switch 'S' is closed 

after the arrival of the pulse and it is opened at the end of pulse. In this way, the capacitor C is charged to the 

pulse amplitude value and it holds this during the interval between the two pulses. Hence, the sampled values 

are held as shown in 4.27(c). After this the holding circuit output is smothened in Low Pass filter as shown in 

4.27(c). It may be observed that some kind of distortion is introduced due to the holding circuit.ln fact the 

� � 
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circuit of figure 4.27(b) is known as zero-order holding circuit. This zero-order holding circuit considers only 

the previous sample to decide the value between the two pulses.  

Note: It may be noted the first order hold circuit considers the previous two samples whereas a second order 

holding circuit considers the previous three samples and so on. However, as the order of the holding circuit 

increases, the distortion decreases at the cost of the circuit complexity. In fact, the amount of permissible 

distortion decides the order of the holding circuit. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.13.5. Transmission of PAM Signals 

If the PAM signals are to be transmitted directly i.e., over a pair of wires then no further signal processing is 

necessary. However, if they are to be transmitted through the space using an antenna, they must first be 

amplitude or frequency or phase modulated by a high frequency and only then they can be transmitted. Thus, 

the overall system will be then known as PAM-AM or PAM-FM or PAM-PM respectively. At the receiving end, 

AM or FM or PM detection is first employed to get the PAM signal and then the message signal is recovered 

from it. 

Example 4.8. For a pulse-amplitude modulated (PAM) transmission of voice signal having maximum frequency 

equal to fm= 3 kHz, calculate the transmission bandwidth. It is given the sampling frequency fs= 8 kHz and the 

pulse duration� = . . 

S 

PAM 

input 

C         Output 

x(t) 

Samples held 

Holding circuit output 

LPF output 

Fig.4.27. (a) A Zero-order holding circuit (b) The output of holding circuit 

(c) The output of a low pass filter (LPF) 
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Solution:We know that the sampling period Ts is expressed as 

   = = 8×  seconds 

   = . × − seconds =  � seconds 

Also, � is given that 

    � = .   

Using (i), we get  

   � = . × = .  �seconds 

Now, we know that the transmission bandwidth for PAM signal is expressed as    � 

Using  (ii), we get 

   × .5× −6 × 65  

    � 

4.13.6 Drawbacks of Pulse-Amplitude Modulated (PAM) Signal 

 Following are the drawbacks of a PAM signal:  

(i) The bandwidth required for the transmission of a PAM signal is very very large in comparison to the 

maximum frequency present in the modulating signal. 

(ii) Since the amplitude of the PAM pulses varies in accordance with the modulating signal therefore the 

interference of noise is maximum in a PAM signal. This noise cannot be removed easily. 

(iii)Since the amplitude of the PAM signal varies, therefore, this also varies the peak power required by 

the transmitter with modulating signal.  

4.14. Pulse Time Modulation 

In pulse time modulation, the signal to be transmitted is sampled as in pulse amplitude modulation(PAM).In 

pulse time modulation, amplitude of pulse is held constant, whereas position of pulse of pulse is made 

proportional to the amplitude of signal at the sampling instant. There are two types of pulse time modulation, 

viz. Pulse Width Modulation (PWM) and Pulse Position Modulation (PPM). Because in both PWM and PPM, 

amplitude is held constant and does not carry any information, therefore amplitude limiters can be used. The 

amplitude limiters, similar to those used in FM, will clip off the portion of the signal corrupted by noise and 

hence provide a good degree of noise immunity. 

4.14.1. Pulse Width Modulation 

Let us first discuss Pulse Width Modulation (PWM). This is also known as Pulse Duration Modulation (PDM). 

Three variations of pulse width modulation are possible. In one variation, the leading edge of the pulse is held 

constant and change in pulse width with signal is measured with respect to the leading edge. In other 

variation, the tail edge is held constant and with it, pulse width is measured. In the third variation, centre of 
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the pulse is held constant and width changes on either side of the centre of the pulse. This has been 

illustrated in figure 4.28.  

 

 

 

 

 

 

 

 

 

 

 

 

 

The modulating signal is at its positive peak at point (A) and at its negative peak at (B). In figure 4.28 (a), the 

leading edge of pulse is kept constant and pulse width is measured from lead edge. As shown, pulse width is 

maximum corresponding to point (A), while it is minimum point (B). In figure 4.28 (b), the tail edge of the 

pulse is kept constant and pulse width is measured the tail end of the pulse. As before, pulse width is 

maximum corresponding to positive peak of modulating signal and minimum at the negative peak. As shown 

in figure 4.28 (c), the center of the pulse is kept constant and pulse extends either side of the center of the 

pulse, depending upon the modulating signal. 

4.14.2. Frequency Spectrum for PWM Wave 

 With a sinusoidal modulating signal at frequency fm, the spectrum of PWM signal consists the 

modulating signal frequency fm along with several harmonics. This is shown in figure 4.24. 

To have a better separation with respect to frequency, between highest frequency of baseband signal [in Fig. 

4.24, fm] and lower sidebands of fs (sampling frequency), a higher sampling frequency-which is more than 

Nyquist rate is used; and pulse width deviation is kept small. 

4.14.3. Modulation of PWM Signal or PWM Generation 

Figure 4.30 shows pulse width modulator. It is basically a monostablemultivibrator with a modulating input 

signal applied at the control voltage input. Internally, the control voltage is adjusted to the 2/3 VCC. Externally 

applied modulating signal changes the control voltage, and hence the threshold voltage level. As a result, the 

Modulating 

    Signal 
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time period required to charge the capacitor up to threshold voltage level changes, giving pulse modulated 

signal at the output, as shown in the figure 4.30 (b). 
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Fig.4.24. Spectrum of PWM signal 
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 The stable state for above circuit is achieved when T1 is OFF and T2 is ON. The positive going trigger 

pulse at B1 switches T1 ON. Because of this, the voltage at C1 falls as T1 now begins to draw the collector 

current. As a result, voltage at B2 also falls and T2 is switched OFF. C to charge up to the collector supply 

voltage (VCC) through resistor R. After a time determinedbythe supply voltage and the RC time constant of the 

charging network, the base of the T2becomes sufficiently positive to switch T2 ON. The transistor T1 is 

simultaneously switched regenerative action and stays OFF until the arrival of the next trigger pulse. To make 

T2 ON, the base of the T2 must be slightly more positive than the voltage across resistor RE. This voltage 

depends on the emitter curent IE which is controlled by the signal voltage applied at the transistor T1. 

Therefore, the changing voltage necessary to turn OFF transistor T2 is decided by the signal voltage. If signal 

voltage is maximum, the voltage that capacitor should charge to ON T2 is also maximum. Therefore, at 

maximum signal voltage, capacitor has to charge to voltage requiring maximum time to charge. This gives us 

maximum pulse width at maximum input signal voltage. At minimum signal voltage, capacitor has to charge 

for minimum and we get minimum pulse width at the output. With this discussion, it can be noted that width 

is controlled by the input signal voltage, and we get pulse width modulated waveform at the output.  

4.7.4. Demodulation of PWM Signal 

 Figure 4.32 (a) shows the block diagram of PWM detector. As shown in the figure 4.32 (a), the received 

PWM signal is applied to the Schmitt trigger circuit.This Schmitt trigger circuit removes the noise in the 

PWMwaveform. The regenerated PWM is then applied to the ramp generator and the synchronization pulse 

detector. The ramp generator produces ramps for the duration pulses such that height of ramps are 

proportional to the widths of PWM pulse. The ramp voltage is retained till the next pulse. On the other hand, 

synchronous pulse detector produces reference pulses with constant amplitude and pulse width. These pulses 

are delayed by amount of delay as shown in the figure 4.32 (b). The delayed reference pulses and the output 

of ramp generator is added with the help of adder. The output of adder is given to the level shifter. Here, 

negative offset shifts the waveform as shown in the figure 4.32 (b). Then the negative part of the waveform is 

clipped by rectifier. Finally, the output of rectifier is passed through low. pass filter to recover the modulating 

signal, as shown in the figure 4.32 (b).  

Fig. 4.32. (b) Waveforms for PWM detection circuit 

4.7.5 Advantages of PWM 

(i) Unlike, PAM, noise is less, since in PWM, amplitude is held constant. 

(ii) Signal and noise separation is very easy, as shown in figure 4.32 (b) 

(iii)PWM communication does not require synchronization between transmitter and receiver. 

4.14.6 Disadvantages of PWM 

(i) In PWM, pulses are varying in width and therefore their power contents are variable. This requires that 

the transmitter must be able to handle the power contents of the pulse having maximum pulse width. 

(ii) Large bandwidth is required for the PWM communication as compared to PAM.  

4.14.7. Pulse Position Modulation 

Fig.4.30. 
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In this system, the amplitude and width of the pulses are kept constant, while the position of each pulse, with 

reference to the position of a reference pulse, is changed according to the instantaneous sampled value of the 

modulating signal. Thus, the transmitter has to send synchronizing pulses to keep the transmitter and receiver 

in synchronism.As the amplitude and width of the pulse are constant, the transmitter handles constant power 

output, a definite adavantage over the PWM. But the disadvantage of the PPM system is the need for 

transmitter-receiver synchronization. Pulse position modulation is obtained from pulse width 

modulation,shown in the figure 4.33. Each trailing edge of the PWM pulse is a starting point of the pulse in the 

PPM. Therefore, position of the pulse is 1:1 proportional to the width of pulse in PWM and hence it is 

proportional to the instantaneous amplitude of the sampled modulating signal. 

4.7.8. Generation of PPM Signal 

 Figure 4.34 (a) shows the PPM generator. It consists of differentiator and a monostable 

multivibrator.The input to the differentiator is a PWM waveform. The differentiator generates positive and 

negative spikes corresponding to leading and trailing edges of the PWM waveform. Diode D1 is used to bypass 

positive spikes. The negative spikes are used to the trigger monostable multivibrator. The monostable vibrator 

then generates the pulses of same width and amplitude with reference to trigger to give pulse position 

modulated waveform, as shown in figure 4.34 (b). 

 

4.7.4. Demodulation of PPM 

In case of pulse-position modulation, it is customary to convert the received pulses that vary in position to 

pulses that vary in length. One way to achieve this is illustrated in figure 4.35. As shown in figure 4.35, flip-flop 

circuit is set or turned 'ON' (giving high output) when the reference pulse arrives. This reference pulse is 

generated by reference pulse generator of the receiver with the synchronization signal from the transmitter. 

The flip-flop circuit is reset or turned OFF (giving low output) at the leading edge of the position modulated 

pulse. This repeats and we get PWM pulses at the output of the flip-flop. 

 The PWM pulses are then demodulated by PWM demodulator to get orginal modulating signal. 

 

4.7.10. Advantage of PPM 

Like PWM, in PPM, amplitude is held constant thus less noise interference. 

Like PPM, signal and noise separation is very easy. 
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