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GENERAL RELATIVITY: Examples 3 Michaelmas 2015

1. Let φ :M→N be a diffeomorphism. Let ∇ be a covariant derivative onM. The push-forward
of ∇ is a covariant derivative ∇̃ on N defined by

∇̃XT = φ∗
(
∇φ∗(X) (φ∗(T ))

)
,

where X is a vector field and T a tensor field on N . (In words: pull-back X and T to M,
evaluate the covariant derivative there and push-forward te result to N .)

(a) Check that this satisfies the properties of a covariant derivative. (b) Show that the Riemann
tensor of ∇̃ is the push-forward of the Riemann tensor of ∇. (c) Let ∇ be the Levi-Civita
connection defined by a metric g onM. Show that ∇̃ is the Levi-Civita connection defined by
the metric φ∗(g) on N .

2. (a) Use the Leibniz rule to derive the formula for the Lie derivative of a covector ω along the
vector X valid in any coordinate basis:

(LXω)µ = Xν∂νωµ + ων∂µX
ν .

(Hint: consider (LXω)(Y ) for a vector field Y .)

(b) Use normal coordinates to argue that one can replace partial derivatives with covariant
derivatives to obtain the basis-independent result (where ∇ is the Levi-Civita connection)

(LXω)a = Xb∇bωa + ωb∇aXb .

(c) Show that the Lie derivative of a metric tensor is given in a coordinate basis by

(LXg)µν = Xρ∂ρgµν + gµρ∂νX
ρ + gρν∂µX

ρ .

(d) Show that this can be written in the basis-independent form

(LXg)ab = ∇aXb +∇bXa .

3. (a) Let X and Y be two vector fields. Show that

LX(LYQ)− LY (LXQ) = L[X,Y ]Q ,

where Q is either a function or a vector field. Deduce that the result holds if Q is a tensor
field.

(b) Demonstrate that if a Riemannian or Lorentzian manifold has two “independent” isometries
then it has a third, and define what is meant by “independent” here.

(c) Consider the unit sphere with metric

ds2 = dθ2 + sin2 θ dφ2 .

Show that
∂

∂φ
and sinφ

∂

∂θ
+ cot θ cosφ

∂

∂φ

are Killing vectors. What is the third? Are there any more?
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4. Let Ka be a Killing vector field and Tab the energy momentum tensor. Let Ja = T abK
b. Show

that ∇aJa = 0; Ja is a conserved current.

5. (a) Show that a Killing vector field Ka satisfies the equation

∇a∇bKc = RcbadK
d .

[Hint: use the identity Ra[bcd] = 0.]

(b) Deduce that in Minkowski spacetime, the components of Killing covectors are linear func-
tions of the coordinates.

6. Consider Minkowski spacetime in an inertial frame, so the metric is ηµν = diag(−1, 1, 1, 1).

(a) Let Ka be a Killing vector field. Write down Killing’s equation in the inertial frame
coordinates.

(b) Using the result of the previous problem, show that the general solution can be written in
terms of a constant antisymmetric matrix aµν and a constant covector bµ.

(c) Identify the isometries corresponding to Killing fields with (i) aµν = 0, (ii) a0i = 0 and
bµ = 0, (iii) aij = 0 and bµ = 0, where i, j take values from 1 to 3.

(d) Identify the conserved quantities along a timelike geodesic corresponding to cases (i) – (iii).

7. Consider the energy-momentum tensor describing a point mass at the origin: in “almost iner-
tial” coordinates it is T00(t,x) = Mδ3(x), T0i = Tij = 0. Determine the linearized gravitational
field produced by this energy momentum tensor, assuming it to be independent of t. For what
values of R = |x| is the linear approximation valid?

8. (a) In “almost inertial” coordinates the energy momentum tensor of a straight cosmic string
aligned along the z-axis is

Tµν = µ δ(x) δ(y) diag(1, 0, 0, −1) ,

where µ is a small positive constant. Terms of order µ2 are to be ignored. Look for a time-
independent solution of the linearized Einstein equation, finding h11 = h22 = −λ as the only
non-zero components of the metric perturbation tensor, where λ ≡ 8µ log(r/r0), r =

√
x2 + y2,

and r0 is an arbitrary length.

(b) Show that the perturbed metric can be written in cylindrical polar coordinates as

ds2 = −dt2 + dz2 + (1− λ)(dr2 + r2dφ2) .

(c) Perform a change of radial coordinate given by (1− λ)r2 = (1− 8µ)r̄2 to obtain

ds2 = −dt2 + dz2 + dr̄2 + (1− 8µ)r̄2dφ2 ,

and change the angular coordinate to obtain

ds2 = −dt2 + dz2 + dr̄2 + r̄2dφ̄2 .

Is this Minkowski spacetime? Show intuitively how a distant object may give rise to double
images.
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9. Consider a large thin shell of mass M and radius R which rotates slowly about the z axis (in
“almost inertial” coordinates) with angular velocity Ω, so that terms of order O(R2Ω2) can be
neglected. Introduce a shell density ρ = M δ(r − R)/(4πR2), where r2 = x2 + y2 + z2, and a
4-velocity uµ = (1, −Ω y, Ωx, 0). The energy momentum tensor has components Tµν = ρuµuν .
We can regard this source as a superposition of two sources, one for which only T00 is nonzero,
and one for which only T0i is nonzero.

(a) Solve the linearized Einstein equations sourced by T00. Show that the result agrees with
Newtonian theory.

(b) Consider the perturbations sourced by T0i. Argue that the only non-vanishing components
are h0i, which satisfy ∇2h0i = −16πT0i. Consider the combination h01 + ih02 and work in
spherical polar coordinates. You should find that the RHS of the linearized Einstein equation
is proportional to sin θ eiφ, i.e., to a spherical harmonic with l = m = 1. Since a general solution
to the Laplace equation can be expanded as a sum over spherical harmonics, this implies that
the solution must be of the form h01 + ih02 = f(r) sin θ eiφ. Hence obtain the solution

h0i =

{
ω (y, −x, 0) r < R

ωR
3

r3
(y, −x, 0) r > R

where ω = 4MΩ/(3R). Note that this decays as 1/r2 at large r. This is a general result:
rotation of the source affects hµν at O(1/r2), subleading compared to the O(1/r) contribution
arising from the energy density.

10. Let A = (aij) be an n× n matrix, detA its determinant and ε̂i1i2...in the Levi-Civita or totally
antisymmetric symbol defined by

ε̂i1...in =

{
0 if ≥ 2 of the indices i1, . . . , in are equal

(−1)p p = number of exchanges of indices in (1, 2, . . . , n)↔ (i1, i2, . . . , in)

(a) Show that

detA =

∣∣∣∣∣∣∣∣∣
a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann

∣∣∣∣∣∣∣∣∣ = ε̂i1i2...ina1i1a2i2 . . . anin , (∗)

where we sum over the repeated indices i1, . . . in on the right hand side.

(b) Conclude that

detA =
1

n!
ε̂j1j2...jn ε̂i1i2...in aj1i1 aj2i2 . . . ajnin ,

and
ε̂j1j2...jn detA = ε̂i1i2...in aj1i1 aj2i2 . . . ajnin .
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11. Let M be an n-dimensional manifold with metric gµν and fµ denote a dual basis. The Levi-
Civita tensor ε on M is given in terms of the Levi-Civita symbol ε̂ defined in the previous
exercise by

εµ1...µn =
√
|g|ε̂µ1...µn ,

where g = det gµν is the determinant of the metric onM. Show that (unlike ε̂), the Levi-Civita
tensor ε transforms like a tensor under a change of basis

fµ → f̄ ᾱ = Aᾱµf
µ .


