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Unit-II 

2-D Transformation 

In many applications, changes in orientations, size, and shape are accomplished with geometric 

transformations that alter the coordinate descriptions of objects.  

Basic geometric transformations are:  

 Translation  

 Rotation  

 Scaling  

Other transformations:  

 Reflection  

 Shear 

Translation: 

We translate a 2D point by adding translation distances, tx and ty, to the original coordinate position (x,y):  ′ = +   ′ = +  

Alternatively, translation can also be specified by the following transformation matrix: [ ] 

Then we can rewrite the formula as: [ ′′] = [ ] [ ] 

Scaling: 

We scale a 2D point by multiplying scaling factor, Sx and Sy, to the original coordinate position (x,y):  ′ = �   ′ = �  

Alternatively, scaling can also be specified by the following transformation matrix: [� � ] 

Then we can rewrite the formula as: [ ′′] = [� � ] [ ] 
Scaling is performed about the origin (0,0) not about the centre of the line or polygon. 

 Scale > 1 enlarge the object and move it away from the origin 

 Scale = 1 leave the object alone 

 Scale< 1 shrink the object and move it towards the origin. 

Uniform scaling: Sx = Sy 

Differential scaling Sx != Sy -> alters proportions 

 

Rotation: 

To rotate an object about the origin (0,0), we specify the rotation angle. Positive and negative values for the 

rotation angle define counter clockwise and clockwise rotations respectively. The following is the computation 

of this rotation for a point: ′ = cos � − sin � ′ = sin � + cos � 
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Alternatively, this rotation can also be specified by the following transformation matrix: [cos � − sin �sin � cos � ] 

Then we can rewrite the formula as: [ ′′] = [cos � − sin �sin � cos � ] [ ] 

Reflection: 

Reflection about the x axis: ′ =  ′ = −  

 

 

[ ′′] = [ − ] [ ] 

 

Figure 2.1 Reflection about the x axis 

 

Reflection about the y axis: ′ = −  ′ =  

 

[ ′′] = [− ] [ ] 

 

Figure 2.2 Reflection about the y axis 

 

Flipping both x and y coordinates of a point relative to the origin: 

 ′ = −  ′ = −  

 

[ ′′] = [− − ] [ ] 

 

Figure 2.3 Reflection about the origin 
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Reflection about the diagonal line y=x: ′ =  ′ =  

 

[ ′′] = [ ] [ ] 

 

Figure 2.4 Reflection about the line y=x 

Reflection about the diagonal line y=-x: ′ = −  ′ = −  

 

[ ′′] = [ −− ] [ ] 

 

Figure 2.5 Reflection about the y=-x 

Shearing: 

X-direction shear, with a shearing parameter shx, relative to the x-axis:  

 

Figure 2.6 Shearing about the x axis ′ = + . �ℎ  ′ =  [ ′′] = [ �ℎ ] [ ] 

Similarly we can find a y-direction shear, with a shearing parameter shy, relative to the y-axis. 

Inverse Geometric Transformation 

Each geometric transformation has an inverse, which is described by the opposite operation performed by the 

original transformation. Any transformation followed by its inverse transformation keeps an object unchanged 

in position, orientation, size and shape. We will use inverse transformation to nullify the effects of already 

applied transformation. 
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Homogeneous Coordinates in 2 Dimensions 

Scaling and rotations are both handled using matrix multiplication, which can be combined as we will see 

above. The translations cause a difficulty, however, since they use addition instead of multiplication. 

We want to be able to treat all 3 transformations (translation, scaling, and rotation) in the same way - as 

multiplications. 

The solution is to give each point a third coordinate (X, Y, W), which will allow translations to be handled as a 

multiplication also. 

(Note that we are not really moving into the third dimension yet. The third coordinate is being added to the 

mathematics solely in order to combine the addition and multiplication of 2-D coordinates. ) 

Two triples (X,Y,W) and (X',Y',W') represent the same point if they are multiples of each other e.g. (1,2,3) and 

(2,4,6). 

At least one of the three coordinates must be nonzero. 

If W is 0 then the point is at infinity. This situation will rarely occur in practice in computer graphics. 

If W is nonzero we can divide the triple by W to get the Cartesian coordinates of X and Y which will be identical 

for triples representing the same point (X/W, Y/W, 1). This step can be considered as mapping the point from 

3-D space onto the plane W=1. 

Conversely, if the 2-D Cartesian coordinates of a point are known as (X, Y), then the homogenous coordinates 

can be given as ( X, Y, 1 ). 

Homogeneous co-ordinates for Translation 

The homogeneous co-ordinates for translation are given as 

T = [ ] 

Homogeneous co-ordinates for Scaling 

The homogeneous co-ordinates for Scaling are given as 

S = [� � ] 

Homogeneous co-ordinates for Rotation 

The homogeneous co-ordinates for Rotation are given as 

R = [cos � − sin �sin � cos � ] 

Composite Transformation 

There are many situations in which the final transformation of a point is a combination of several (often many) 

individual transformations. 

 

Translations  

By common sense, if we translate a shape with 2 successive translation vectors: (tx1, ty1) and (tx2, ty2), it is 

equal to a single translation of (tx1+ tx2, ty1+ ty2).  

This additive property can be demonstrated by composite transformation matrix: 

 [ ] + [ ] = [ ++ ] 

 

This demonstrates that 2 successive translations are additive. 

 

Downloaded from  be.rgpvnotes.in

Page no: 4 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


Scaling  

By common sense, if we scale a shape with 2 successive scaling factor: (sx1, sy1) and (sx2, sy2), with respect to 

the origin, it is equal to a single scaling of (sx1* sx2, sy1* sy2) with respect to the origin. This multiplicative 

property can be demonstrated by composite transformation matrix: 

 [� � ] * [� � ] = [� . � � . � ] 

 

This demonstrates that 2 successive scaling with respect to the origin are multiplicative. 

 

Rotations  

By common sense, if we rotate a shape with 2 successive rotation angles: θ  and θ , about the origin, it is 

equal to rotating the shape once by an angle θ + θ  about the origin.  

Similarly, this additive property can be demonstrated by composite transformation matrix: 

 [cos � − sin �sin � cos � ] * [cos � − sin �sin � cos � ] = [cos � + � − sin � + �sin � + � cos � + � ] 

 
This demonstrates that 2 successive rotations are additive. 

 

Windowing & Clipping 

The world coordinate system is used to define the position of objects in the natural world. This system does 

not depend on the screen coordinate system, so the interval of number can be anything (positive, negative or 

decimal). Sometimes the complete picture of object in the world coordinate system is too large and 

complicate to clearly show on the screen, and we need to show only some part of the object. The capability 

that show some part of object internal a specify window is called windowing and a rectangular region in a 

world coordinate system is called window. Before going into clipping, you should understand the differences 

between window and a viewport.  

A Window is a rectangular region in the world coordinate system. This is the coordinate system used to locate 

an object in the natural world. The world coordinate system does not depend on a display device, so the units 

of measure can be positive, negative or decimal numbers. 

 
Figure 2.7 Graphical Object in World Coordinate System 

A Viewport is the section of the screen where the images encompassed by the window on the world 

coordinate system will be drawn. A coordinate transformation is required to display the image, encompassed 

by the window, in the viewport. The viewport uses the screen coordinate system so this transformation is from 

the world coordinate system to the screen coordinate system. 
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When a window is "placed" on the world, only certain objects and parts of objects can be seen. Points and 

lines which are outside the window are "cut off" from view. This process of "cutting off" parts of the image of 

the world is called Clipping. In clipping, we examine each line to determine whether or not it is completely 

inside the window, completely outside the window, or crosses a window boundary. If inside the window, the 

line is displayed. If outside the window, the lines and points are not displayed. If a line crosses the boundary, 

we must determine the point of intersection and display only the part which lies inside the window. 

 
Figure 2.8 Picture in Viewing Coordinate System 

Viewing Transformation 

An image representing a view often becomes part of a larger image, like a photo on an album page, which 

odels a o pute  o ito ’s displa  a ea. “i e al u  pages a  a d o ito  sizes diffe  f o  o e s ste  
to another, we want to introduce a device-independent tool to describe the display area. This tool is called the 

normalized device coordinate system (NDCS) in which a unit (1 x 1) square whose lower left corner is at the 

origin of the coordinate system defines the display area of a virtual display device. A rectangular viewport with 

its edges parallel to the axes of the NDCS is used to specify a sub-region of the display area that embodies the 

image. 

 

 
 

Figure 2.9 2D Viewing-Transformation Pipeline 
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Figure 2.10 Viewing Transformation 

The process that converts object coordinates in WCS to normalized device coordinate is called window–to– 

viewport mapping or normalization transformation. The process that maps normalized device coordinates to 

Physical Device Co-ordinates (PDC) / image coordinates is called work, station transformation, which is 

essentially a second window-to-viewport mapping, with a workstation window in the normalized device 

coordinate system and a workstation viewport in the device coordinate window in the normalized device 

coordinate system and a workstation viewport in the device coordinate system. Collectively, these two 

coordinate mapping operations are referred to as viewing transformation. 

Workstation transformation is dependent on the resolution of the display device/frame buffer. When 

the whole display area of the virtual device is mapped to a physical device that does not have a 1/1 aspect 

ratio, it may be mapped to a square sub-region so as to avoid introducing unwanted geometric distortion. 

Point Clipping  

Point clipping is essentially the evaluation of the following inequalities:  

 

i     a  a d i     a  

 

Where, xmin, xmax, ymin and ymax define the clipping window. A point (x,y) is considered inside the window 

when the inequalities all evaluate to true. 

 

Line Clipping 

Lines that do not intersect the clipping window are either completely inside the window or completely outside 

the window. On the other hand, a line that intersects the clipping window is divided by the intersection points 

into segments that are either inside or outside the window. The following algorithms provide efficient ways to 

decide the spatial relationship between an arbitrary line and the clipping window and to find intersection 

points. 

 

Cohen-Sutherland Line Clipping 

In this algorithm we divide the line clipping process into two phases: (1) identify those lines which intersect 

the clipping window and so need to be clipped and (2) perform the clipping.  

All lines fall into one of the following clipping categories: 

1. Visible – both endpoints of the line within the window  
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2. Not visible – the line definitely lies outside the window. This will occur if the line from (x1,y1,) to (x2,y2) 

satisfies any one of the following four inequalities:  

x1,x2>xmax y1,y2>ymax 

x1,x2<xmin y1,y2<ymin 

3. Clipping candidate – the line is in neither category 1 and 2  

In fig., line l1 is in category 1 (visible); lines l2 and l3 are in category 2 (not visible); and lines l4 and l5 are in 

category 3 (clipping candidate). 

 
Figure 2.11 Representations of Line codes in Cohen Sutherland Algorithm 

The algorithm employs an efficient procedure for finding the category of a line. It proceeds in two steps: 

1. Assign a 4-bit region code to each endpoint of the line. The code is determined according to which of 

the following nine regions of the plane the endpoint lies in 

 

 
Figure 2.12 Region Code Assignments 

Starting from the leftmost bit, each bit of the code is set to true (1) or false (0) according to the scheme 

 

Bit 1: endpoint is above the window = sign (y – ymax)  

Bit 2: endpoint is below the window = sign (ymin-y)  

Bit 3: endpoint is to the right of the window = sign (x–xmax)  

Bit 4: endpoint is to the left of the window = sign (xmin –x)  
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We use the convention that sign (a) =1 if a is positive, 0 otherwise. Of course, a point with code 0000 is inside 

the window. 

2. The line is visible if both region codes are 0000, and not visible if the bitwise logical AND of the codes is 

not 0000, and a candidate for clipping if the bitwise logical AND of the region codes is 0000.  

 
Figure 2.13 Example of Cohen Sutherland Algorithm 

For a line in category 3 we proceed to find the intersection point of the line with one of the boundaries of the 

clipping window, or to be exact, with the infinite extension of one of the boundaries. We choose an endpoint 

of the line, say (x1, y1), that is outside the window, i.e., whose region code is not 0000. We then select an 

extended boundary line by observing that those boundary lines that are candidates for intersection are of 

o es fo  hi h the hose  e dpoi t ust e pushed a oss  so as to ha ge a  i  its ode to a  see 
Fig. above). This means: 
If bit 1 is 1, intersect with line y = ymax.  

If bit 2 is 1, intersect with line y = ymin.  

If bit 3 is 1, intersect with line x = xmax.  

If bit 4 is 1, intersect with line y = ymin. 

Consider line CD is Fig. If endpoint C is chosen, then the bottom boundary line y=ymin is selected for 

computing intersection. On the other hand, if endpoint D is chosen, then either the top boundary line y=ymax 

or the right boundary line x = xmax is used. The coordinates of the intersection point are 

xi=xmin or xmax // if the boundary line is vertical 

yi=y1+m(xi-x1) 

     or 

     xi=x1+(yi-y1)/m // if the boundary line is horizontal 

yi=ymin or ymax 

 

Where m = (y2 – y1)/(x2 – x1) is the slope of the line. 

 

Now we replace endpoint (x1, y1) with the intersection point (x1, yi) effectively eliminating the portion of the 

original line that is on the outside of the selected window boundary. The new endpoint is then assigned an 

updated region code and the clipped line re-categorized and handled in the same way. This iterative process 
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terminates when we finally reach a clipped line that belongs to either category 1 (visible) or category 2 (not 

visible). 

 

Liang-Barsky Line Clipping 

The ideas for clipping line of Liang-Barsky and Cyrus-Beck are the same. The only difference is Liang-Barsky 

algorithm has been optimized for an upright rectangular clip window. Liang and Barsky have created an 

algorithm that uses floating-point arithmetic but finds the appropriate end points with at most four 

computations. This algorithm uses the parametric equations for a line and solves four inequalities to find the 

range of the parameter for which the line is in the viewport. 

 
Figure 2.14 Example of Liang-Barsky Clipping 

Let P(x1,y1) , Q(x2,y2)be the line which we want to study. The parametric equation of the line segment from 

gives x-values and y-values for every point in terms of a parameter that ranges from 0 to 1. The equations are 

x=x1+(x2-x1)*t=x1+dx*t 

& y=y1+(y2-y1)*t=y1+dy*t 

We can see that when t = 0, the point computed is P(x1,y1); and when t = 1, the point computed is Q(x2,y2). 

 

Algorithm 

1. Set  and  

2. Calculate the values of tL, tR, tT, and tB (tvalues). 

o if  or  ignore it and go to the next edge 

o otherwise classify the tvalue as entering or exiting value (using inner product to classify) 

o if t is entering value set ; if t is exiting value set  

3. If  then draw a line from (x1 + dx*tmin, y1 + dy*tmin) to (x1 + dx*tmax, y1 + dy*tmax) 

4. If the line crosses over the window, you will see (x1 + dx*tmin, y1 + dy*tmin) and (x1 + dx*tmax, y1 + 

dy*tmax) are intersection between line and edge. 

 

Midpoint Subdivision 

An alternative way to process a line in category 3 is based on binary search. The line is divided at its midpoint 

into two shorter line segments. The clipping categories of the two new line segments are then determined by 

their region codes. Each segment in category 3 is divided again into shorter segments and categorized. This 

bisection and categorization process continues until each line segment that spans across a window boundary 

(hence encompasses an intersection point) reaches a threshold for line size and all other segments are either 
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in category 1 (visible) or in category 2 (invisible). The midpoint coordinates (xm,ym) of a line joining (x1,y1) 

and (x2,y2) are given by 

xm=x1+x2/2   ym=y1+y2/2 

 
Figure 2.15 Mid-point Subdivision Algorithm 

The example in above figure illustrates how midpoint subdivision is used to zoom in onto the two intersection 

points and with 10 bisections. The process continues until we reach two line segments that are, say, pixel – 

sized. i.e. mapped to one single pixel each in the image space. If the maximum number of pixels in a line is M, 

this method will yield a pixel-sized line segment in N subdivisions, where 2iI2IN = M or N = log2 M. For 

instance, when M = 1024 we sneed at most N = log2 1024 = 10 subdivisions. 

 

Polygon Clipping 

An algorithm that clips a polygon must deal with many different cases. The case is particularly note worthy in 

that the concave polygon is clipped into two separate polygons. All in all, the task of clipping seems rather 

complex. Each edge of the polygon must be tested against each edge of the clip rectangle; new edges must be 

added, and existing edges must be discarded, retained, or divided. Multiple polygons may result from clipping 

a single polygon. We need an organized way to deal with all these cases. 

Sutherland - Hodgman Polygon Clipping 

Sutherland and Hodgman's polygon-clipping algorithm uses a divide-and-conquer strategy: It solves a series of 

simple and identical problems that, when combined, solve the overall problem. The simple problem is to clip a 

polygon against a single infinite clip edge. Four clip edges, each defining one boundary of the clip rectangle, 

successively clip a polygon against a clip rectangle.  

Note the difference between this strategy for a polygon and the Cohen-Sutherland algorithm for clipping a 

line: The polygon clipper clips against four edges in succession, whereas the line clipper tests the out code to 

see which edge is crossed, and clips only when necessary. 

 
Figure 2.16 Clipping Using Sutherland-Hodgeman Polygon Clipping 
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This figure represents a polygon (the large, solid, upward pointing arrow) before clipping has occurred.  

The following figures show how this algorithm works at each edge, clipping the polygon. 

 
Figure 2.17 Clipping Using Sutherland-Hodgeman Polygon Clipping 

 
a. Clipping against the left side of the clip window.  

b. Clipping against the top side of the clip window.  

c. Clipping against the right side of the clip window.  

d. Clipping against the bottom side of the clip window.  

 

Four Types of Edges  

As the algorithm goes around the edges of the window, clipping the polygon, it encounters four types of 

edges. All four edge types are illustrated by the polygon in the following figure. For each edge type, zero, one, 

or two vertices are added to the output list of vertices that define the clipped polygon. 

 
Figure 2.18 Concept of Sutherland-Hodgeman Polygon Clipping 

The four types of edges are:  

1. Edges that are totally inside the clip window. - add the second inside vertex point  

2. Edges that are leaving the clip window. - add the intersection point as a vertex  

3. Edges that are entirely outside the clip window. - add nothing to the vertex output list  

4. Edges that are entering the clip window. - save the intersection and inside points as vertices  

 

How to Calculate Intersections  

Assu e that e' e lippi g a pol go ’s edge ith e ti es at ,  a d ,  agai st a lip i do  ith 
vertices at (xmin, ymin) and (xmax,ymax).  

The location (IX, IY) of the intersection of the edge with the left side of the window is:  

i. IX = xmin  

ii. IY = slope*(xmin-x1) + y1, where the slope = (y2-y1)/(x2-x1)  
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The location of the intersection of the edge with the right side of the window is:  

i. IX = xmax  

ii. IY = slope*(xmax-x1) + y1, where the slope = (y2-y1)/(x2-x1)  

 

The intersection of the polygon's edge with the top side of the window is:  

i. IX = x1 + (ymax - y1) / slope  

ii. IY = ymax  

 

Finally, the intersection of the edge with the bottom side of the window is: 

i. IX = x1 + (ymin - y1) / slope  

ii. IY = ymin  

 

Weiler-Atherton Algorithm 

• Ge e al lippi g algo ith  fo  o a e pol go s ith holes 

• P odu es ultiple pol go s ith holes  

• Make li ked list data structure 

• T a e se to ake e  pol go s 

 

 

 

 

 

 

 

 

 

Figure 2.19 Clipping Using Weiler-Atherton Polygon Clipping 

• Given polygons A and B as linked list of vertices (counter-clockwise order) 

• Find all edge intersections & place in list 

• I se t as i te se tio  odes 

• Nodes point to A & B 

• Determine in/out status of vertices 

 
Figure 2.19 Example of Weiler-Atherton Polygon Clipping 

• If i te se ti g  edges a e pa allel, ig o e 

• Intersection point is a vertex 
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– Vertex of A lies on a vertex or edge of B 

– Edge of A runs through a vertex of B 

– Replace vertex with an intersection node 

Weiler-Atherton Algorithm: Union 

• Find a vertex of A outside of B 

• Traverse linked list 

• At each intersection point switch to other polygon 

• Do until return to starting vertex 

• All isited e ti es a d odes defi e u io ’ed pol go  

Weiler-Atherton Algorithm: Intersection 

• Start at intersection point 

– If o e ted to a  i side  e te , go the e 

– Else step to an intersection point 

– If neither, stop 

• Traverse linked list 

• At each intersection point switch to other polygon and remove intersection point from list 

• Do until return to starting intersection point 

• If intersection list not empty, pick another one 

• All visited vertices and nodes defi e a d’ed pol go  

If pol go s do ’t i te se t 

– Union  

• If one inside the other, return polygon that surrounds the other 

• Else, return both polygons 

– Intersection 

• If one inside the other, return polygon inside the other  

Else, return no polygons 

Point P Inside a Polygon? 

• Connect P with another point P` that you know is outside polygon 

• Intersect segment PP` with polygon edges 

• Watch out for vertices! 

• If # intersections is even (or 0) : Outside 

• If odd : Inside 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 

 

 

https://qp.rgpvnotes.in/
mailto:rgpvnotes.in@gmail.com

