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Abstract. Lognormality of spatial data occurs commonly enough for it to warrant
continued study; contemporary statistical and computational methodologies can
shed new light on the old problem of block kriging for lognormal processes. There
are a number of proposals available for block kriging, many of them discussed in
an unpublished, 43-page, Centre de Morphologie Mathematique “note” written
by Georges Matheron in 1974. Loosely translated, the title of the note is, “The
proportional effect and lognormality or: The return of the sea serpent”. Our paper
is meant to rein in the sea serpent, by comparing an optimal-prediction-based
predictor with a permanence-approximation-based predictor, in the context of
statistics for spatial lognormal data.
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1 Introduction

Lognormal spatial data are common in mining and soil-science applications. Point
kriging results in a map of the region of interest. However, mining and precision
agriculture is carried out selectively and based on block averages of the process on
the original scale. Finding spatial predictions of the blocks assuming a lognormal
spatial process has a long history in geostatistics (Marechal, 1974; Matheron, 1974;
Rendu, 1979; Journel, 1980; Dowd, 1982; Rivoirard, 1990; Roth, 1998). These pa-
pers cover the following topics: determine types of variogram models for lognormal
data; decide whether to do inference on the original scale or the log scale; choose
an optimality criterion for kriging; derive the kriging equations according to the
optimality criterion; consider the cases of known or unknown mean (on the log
scale); and consider whether knowing just the variogram (on the log scale) is
enough to do kriging.

The purpose of this paper is to take a fresh look at two of the many possibilities
for lognormal kriging, based on the following principles: the original scale is for
optimality criteria (including unbiasedness) but the log scale is for linear statistical
analysis; stationarity is needed for estimation of spatial dependence but it is not
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1028 N. CRESSIE AND M. PAVLICOVÁ

needed for spatial prediction (i.e., kriging); kriging is an empirical-Bayes method-
ology that requires efficient estimators of unknown parameters to be “plugged
into” (simple) kriging equations.

A very influential piece of writing on lognormal kriging has been the unpub-
lished 43 page “note” by Matheron (1974). Matheron’s approach is to look at the
problem from all sides, with many calculations drawn from Matheron (1962), but
no definitive conclusions. His writing touches on all the geostatistical themes given
above. At the time it was written, the statistical influences of linear models, effi-
cient parameter estimation, and prediction theory were not yet felt in geostatistics.
Moreover, computing power 30 years ago was a very small fraction of what it is
today, making some forgotten block-kriging predictors feasible in today’s comput-
ing environments. We concentrate on two predictors in this paper, and for each
predictor we derive an analytical expression for its mean squared prediction error
(i.e., kriging variance). Conditional simulation could produce equivalent results but
without the easy interpretations that come with having analytical expressions.

2 Lognormal spatial process

Let the process {Z(s): s ∈ D} denote a lognormal spatial process defined on a
domain D ⊂ R

d. That is,

Y (s) ≡ log Z(s) ; s ∈ D , (1)

is a Gaussian process defined with first two moments, µY (s) ≡ E(Y (s)); s ∈
D, and CY (u,v) ≡ cov(Y (u), Y (v)); u,v ∈ D. Consequently, from (1), Z(s) =
exp{Y (s)} > 0; s ∈ D, and from Aitchison and Brown (1957),

µZ(s) ≡ E(Z(s)) = exp{µY (s) + (1/2)CY (s, s)} ; s ∈ D , (2)

CZ(u,v) ≡ cov(Z(u), Z(v)) = µZ(u)µZ(v)[exp{CY (u,v)} − 1] . (3)

From (2), µZ(s) ≥ exp{µY (s)}, giving rise to a potential source of bias when
transforming back to the original scale. The presence of the mean terms as multi-
pliers in (3) is sometimes called the proportional effect.

The spatial (lognormal) data are defined as the (n×1) vector, Z ≡ (Z(s1), . . . ,
Z(sn))′, where {s1, . . . , sn} are known spatial locations. Then the transformed
data, Y ≡ (Y (s1), . . . , Y (sn))′, are normally distributed and will be used to
estimate unknown parameters in µY (s) and CY (u,v), as well as to predict an
unknown value Z(s0); s0 ∈ D. The prediction problem is sometimes called point
kriging.

Geostatistics can be thought of as an empirical-Bayes methodology, where the
“Bayes” part refers to putting a prior on the mean (e.g., Cressie, 1993, p. 171),
and the “empirical” part refers to estimation of the fixed but unknown spatial
covariance (or variogram) parameters. In Section 2.1, we consider the case of a
singular prior (known mean), and in Section 2.2 we consider the case of a diffuse
prior (generalized-least-squares estimation of the mean).
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2.1 KNOWN MEAN (COVARIANCE FUNCTION ASSUMED KNOWN)

Assume µY (·) is known (and we always assume CY (·, ·) is known, although its un-
known parameters are ultimately estimated). The minimum-mean-squared-predic-
tion-error predictor Y ∗(s0), which in fact is the simple-kriging predictor, is

Y ∗(s0) ≡ E(Y (s0)|Y ) = µY (s0) + cY (s0)′Σ−1
Y (Y − µY ) , (4)

where cY (s0) ≡ (CY (s0, s1), . . . , CY (s0, sn))′, ΣY ≡ var(Y ), and µY ≡ (µY (s1),
. . . , µY (sn))′. Notice that the simple-kriging variance is,

var(Y (s0)|Y ) = CY (s0, s0) − cY (s0)′Σ−1
Y cY (s0) , (5)

which does not depend on Y .
Scientific interest is in the process Z(·); hence, to predict Z(s0) based on data

Z, classical prediction theory says the optimal predictor is obtained by minimizing
the mean squared prediction error, E(Z(s0)−p(Z; s0))2, with respect to predictor
p. The theory further tells us that the best predictor is (e.g., Cressie, 1993, p. 108):

Z∗(s0) ≡ E(Z(s0)|Z) ; s0 ∈ D . (6)

Calculation of (6) is not always possible, which explains why geostatisticians
compromise with the best linear predictor. Because Z(·) is lognormal, it is un-
wise to use such a compromise here; in what follows, we evaluate (6). Since the
conditional distribution of Y (s0)|Y is normal, then from (4) and (5),

Z∗(s0) = exp{E(Y (s0)|Y ) + (1/2)var(Y (s0)|Y )} ,

= exp{Y ∗(s0) + (1/2)CY (s0, s0) − (1/2)cY (s0)′Σ−1
Y cY (s0)}

= exp{Y ∗(s0) + (1/2)var(Y (s0)) − (1/2)var(Y ∗(s0))} . (7)

Clearly, the optimal predictor (7) is loglinear in the data and unbiased.
Recall that eventual interest is in the spatial prediction of block values Z(B).

The mean squared prediction error of a predictor p(Z;B) of Z(B) is E(Z(B) −
p(Z;B))2; B ⊂ D, and its minimization with respect to p yields the optimal predic-
tor, Z∗(B) = E(Z(B)|Z). Thus, Z∗(B) =

∫
B

E(Z(u)|Z)du/|B| =
∫

B
Z∗(u)du/

|B|, where Z∗(·) is given by (6). That is, the optimal block predictor is,

Z∗(B) =
∫

B

exp{Y ∗(u) + (1/2)CY (u,u) − (1/2)cY (u)′Σ−1
Y cY (u)}du/|B| . (8)

The predictor Z∗(B) was not used in the past because of a comment from Matheron
(1974) that it “is too heavy to be used effectively in practice”; Rivoirard (1990)
says it “would be possible but difficult” to compute, but Cressie (1993, p. 136)
proposes it without comment about difficulties. In fact, vast increases in computing
power in recent times has made quadrature of {Z∗(u):u ∈ B} given by (7), an
easy computing exercise.

We now develop a second predictor of Z(B). Suppose for the moment that we
wish to predict Y (B) ≡

∫
B

Y (u)du/|B| based on data (on the log scale) Y . The
optimal spatial predictor is

Y ∗(B) ≡ E(Y (B)|Y ) = µY (B) + cY (B)′Σ−1
Y (Y − µY ) , (9)
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where µY (B) ≡
∫

B
µY (u)du/|B|, cY (B) ≡ (CY (B, s1), . . . , CY (B, sn))′, and

CY (B,v) ≡
∫

B
CY (u,v)du/|B|. One possible ad hoc block predictor is Z+(B) ≡

exp{Y ∗(B) + k+}, where k+ is an adjustment for bias.
It is straightforward to see that exp{Y ∗(B)} is lognormal, and hence

E(exp{Y ∗(B)}) = exp{E(Y ∗(B)) + (1/2)var(Y ∗(B))}

= exp{
∫

B

µY (u)du/|B| + (1/2)cY (B)′Σ−1
Y cY (B)} .

Now, the mean of the predictand Z(B) is,

E(Z(B)) =
∫

B

E(exp{Y (u)})du/|B|

=
∫

B

exp{µY (u) + (1/2)CY (u,u)}du/|B| ,

from which the appropriate bias adjustment can be found. That is, an unbiased
predictor of Z(B) based on Y ∗(B) is:

Z+(B) = exp{Y ∗(B) −
∫

B

µY (u)du/|B| − (1/2)cY (B)′Σ−1
Y cY (B)} (10)

×
∫

exp{µY (u) + (1/2)CY (u,u)}du/|B| .

We now give the block predictor Z@(B) based on a well known permanence
approximation and show that it is very closely related to Z+(B). In its most
general form, Cressie (2004) shows that

Z@(B) = exp{Y ∗(B) + (1/2)
∫

B

CY (u,u)du/|B| (11)

+(1/2)
∫

B

(µY (u) − µY (B))2du/|B| − (1/2)cY (B)′Σ−1
Y cY (B)} .

Comparing the predictors (10) and (11), we see why (11) based on the perma-
nence approximation is only approximately unbiased. In fact,

Z@(B) = Z+(B)[exp{
∫

B

µY (u)du/|B| + (1/2)
∫

B

(µY (u) − µY (B))2du/|B|

+(1/2)
∫

B

CY (u,u)du/|B|}/
∫

B

exp{µY (u) + (1/2)CY (u,u)}du/|B|]

≡ Z+(B)cB .

Now Z+(B) is unbiased for Z(B); hence, when the factor cB is 1, the block
predictor Z@(B) based on the permanence approximation is also unbiased. As
an example, suppose µY (u) ≡ µY , a constant. Then the factor is:

cB = exp{(1/2)
∫

B

CY (u,u)du/|B|}/
∫

exp{(1/2)CY (u,u)}du/|B| ,
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which is always ≤ 1, by Jensen’s inequality. That is, for a constant mean function,
Z@(B) has negative (or zero) bias. Suppose now that µY (u) ≡ µY and CY (u,u) ≡
σ2

Y , which occurs whenever the Y process is second-order stationary. Then cB = 1,
the permanence-approximation-based predictor Z@(B) is equal to Z+(B), and
hence Z@(B) is unbiased.

Although Z@(B) is the lognormal-kriging predictor that has been used tradi-
tionally (Cressie, 2004), it makes perfect sense to use the exactly unbiased predictor
Z+(B) from now on. This can then be compared to the optimal predictor Z∗(B)
given by (8), to gauge how inefficient Z+(B) is. All of this assumes that the mean
function is known; in the next subsection we consider an unknown mean.

2.2 UNKNOWN MEAN (COVARIANCE FUNCTION ASSUMED KNOWN)

In this section, and thereafter, we assume µY (·) ≡ µY , a constant independent of
location. Generalizaton to µY (·) = x(·)′β can be achieved in a manner similar to
that of Cressie (2004). We return to the problem of predicting Z(s0) and note that
Z∗(s0) given by (7) depends on µY through Y ∗(s0) = µY +cY (s0)′Σ−1

Y (Y −µY 1) ,
where 1 ≡ (1, . . . , 1)′ is an (n × 1) vector of 1s. The simple-kriging predictor
Y ∗(s0) becomes an ordinary-kriging predictor when the generalized least squares
estimator for µ, µ̂Y ≡ (1′Σ−1

Y 1)−11′Σ−1
Y Y , is plugged in for the unknown µY

(Cressie, 1993, p. 173). That is, Ŷ (s0) = µ̂Y + cY (s0)′Σ−1
Y (Y − µ̂Y 1). Following

the principal that the predictor should be unbiased on the original scale, we obtain
the unbiased predictor (Matheron, 1974; Journel, 1980; Rivoirard, 1990; Cressie,
1993, p. 135),

Ž(s0) ≡ exp{Ŷ (s0) + (1/2)var(Y (s0)) − (1/2)var(Ŷ (s0))}
= exp{Ŷ (s0) + (1/2)σ2

Y,k(s0) − m(s0)} , (12)

where Ŷ (s0) ≡ Σn
i=1λi(s0)Y (s0) is the ordinary-kriging predictor; λ(s0) ≡

(λ1(s0), . . . , λn(s0))′ and m(s0) solve the ordinary-kriging equations,

ΣY λ(s0) = cY (s0) + 1m(s0) , 1′λ(s0) = 1 ;

and the kriging variance is σ2
Y,k(s0) = CY (s0, s0) − λ(s0)′cY (s0) + m(s0).

We define the optimal-prediction-based (o-p-b) predictor to be:

Ž(B) ≡
∫

B

Ž(u)du/|B| , (13)

where Ž(·) is given by (12). This will be compared with a (bias-adjusted) perma-
nence-approximation-based (p-a-b) predictor, which we now derive.

The optimal block-kriging predictor of Y (B) when µY is known is given by
(9). By substituting in the generalized least squares estimator, µ̂Y = (1′Σ−1

Y 1)−1

(1′Σ−1
Y Y ), we obtain the ordinary-block-kriging predictor, Ŷ (B) = µ̂Y +cY (B)′Σ−1

Y

(Y − µ̂Y 1) ≡ λ(B)′Y . Since Ŷ (B) is normal, then

E(exp{Ŷ (B)}) = exp{E(Ŷ (B)) + (1/2)var(Ŷ (B))}
= exp{µY + (1/2)λ(B)′ΣY λ(B)} ,
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and hence the analogous expression to (10) yields the p-a-b predictor:

Ẑ(B) = exp{Ŷ (B) − (1/2)λ(B)′ΣY λ(B)} ×
∫

exp{(1/2)CY (u,u)}du/|B|

= exp{Ŷ (B) − (1/2)
∫

B

∫

B

CY (u,v)dudv/|B|2 + (1/2)σ2
Y,k(B) − m(B)}

×
∫

exp{(1/2)CY (u,u)}du/|B| (14)

≡ exp{Ŷ (B) + k̂} ,

where λ(B) and m(B) solve the ordinary-block-kriging equations,

ΣY λ(B) = cY (B) + 1m(B) , 1′λ(B) = 1 ;

and the kriging variance is σ2
Y,k(B) =

∫
B

∫
B

C(u,v)dudv/|B|2 − λ(B)′cY (B) +
m(B). A proof of the equality that results in (14) is given in Cressie (2004).

In the next section, we compare the o-p-b predictor (13) with the p-a-b predic-
tor (14). Both are unbiased and hence the comparison is through mean squared
prediction errors.

3 Comparison of predictors

The comparison of Ž(B) given by (13) and Ẑ(B) given by (14), via mean squared
prediction errors, has a theoretical component and a simulation component.

3.1 THEORETICAL EXPRESSIONS

Cressie (2004) derived the mean squared prediction error of Ž(B) through:

E(Z(B) − Ž(B))2 =
∫

B

∫

B

cov(Z(u) − Ž(u), Z(v) − Ž(v))dudv/|B|2 , (15)

where the integrand of (15) is given by

(exp{µY + (1/2)CY (u,u)})(exp{µY + (1/2)CY (v,v)})(a − b − c + d) ,

and

a = exp{CY (u,v)} ,

b = exp{(cY (u) + 1m(u))′Σ−1
Y cY (v)} ,

c = exp{(cY (v) + 1m(v))′Σ−1
Y cY (u)} ,

d = exp{(cY (u) + 1m(u))′Σ−1
Y (cY (v) + 1m(v))} .

In practice, the double integral in (15) is approximated with a double summation.
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Using a similar derivation to the one found in Cressie (2004), the mean squared
prediction error of (14) is seen to be

E(Z(B) − Ẑ(B))2 =
∫

B

∫

B

cov(exp{Y (u)}, exp{Y (v)})dudv/|B|2

+ var(Ẑ(B)) − 2
∫

B

cov(exp{Y (u)}, Ẑ(B))du/|B|

≡ (
∫

B

∫

B

f dudv/|B|2) + g − 2(
∫

B

h du/|B|) , (16)

where

f = (exp{µY + (1/2)CY (u,u)})(exp{µY + (1/2)CY (v,v)})(exp{CY (u,v)} − 1)

g = (exp{2k̂})(exp{2µY + λ(B)′ΣY λ(B)})(exp{λ(B)′ΣY λ(B)} − 1)

h = (exp{k̂})(exp{µY + (1/2)CY (u,u)})(exp{µY + (1/2)λ(B)′ΣY λ(B)})
· (exp{λ(B)′cY (u)} − 1) ,

and exp(k̂) = exp{−(1/2)λ(B)′ΣY λ(B)} ×
∫

B
exp{(1/2)CY (u,u)}du/|B|.

3.2 EMPIRICAL COMPARISON VIA SIMULATION

A simulation experiment was conducted in order to compare the two lognormal
kriging predictors, Ž(B) given by (13) and Ẑ(B) given by (14). We expect (13) to
have better performance than (14), since it is developed from the optimal predictor.
Still, the question remains as to how close the two predictors are in practice, since
the permanence approximation has been used a lot in past applications.

We generated a spatially dependent Gaussian process Y (·) on a 32× 32 square
with 33 × 33 nodes, each one unit apart; see Figure 1. The Gaussian process had
µY = 0, and an isotropic covariance function CY (u,v) = C

(0)
Y (‖u−v‖) ≥ 0, given

by the spatial moving average described in Cressie and Pavlicová (2002). Different
parameters were varied.
• Sill: C

(0)
Y (0) ≡ σ2

Y ∈ {0.1, 0.7, 2.5}.
• Nugget effect: limh→0{C(0)

Y (0)−C
(0)
Y (h)}/C

(0)
Y (0) ≡ ν ∈ {0%, 10%, 30%, 50%}.

• Range: R ≡ arg inf{h:CY (h′) = 0, h′ ≥ h} ∈ {8, 16, 32, 64}.
The sill values σ2

Y were chosen to give a representative range of coefficients of
variation, CV ≡ (exp{σ2

Y } − 1)1/2 ∈ {.32, 1.01, 3.34}. The nugget effect ν is
anywhere up to 50% of the sill, and the linear dimension of the 32 × 32 square
is anywhere between four times (weak spatial dependence) and half (very strong
spatial dependence) the range R. Although observations on Y (·) were simulated
at each grid node {ui: i = 1, . . . , 33 × 33}, only a subset {si: i = 1, . . . , n} were
used to generate data for the experiment.
• Data: Z(si) ≡ exp{Y (si)}; i = 1, . . . , n, where n ∈ {4, 25, 81} and the data

were nested according to Figure 1. For n = 4, the data are 16 units apart; for
n = 25, the data are 8 units apart; for n = 81, the data are 4 units apart.

Lognormal kriging is carried out on blocks of varying supports since the perma-
nence approximation is likely to be better for smaller blocks.
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Figure 1. Grid upon which data are simulated; locations of data are shown:
(a) 4 observed locations; (b) 25 observed locations; (c) 81 observed locations. The
broken lines show 3 different block sizes (small, medium, large).

• Support: Predict Z(B) on blocks B ∈ {2×2, 4×4, 6×6, . . . , 32×32}, centered
on the center of the 33×33 grid {ui} and nested. Small support (6×6), medium
support (16 × 16), and large support (30 × 30) are featured; see Figure 1.

Finally, the responses of the experiment are based on the two fundamental
properties of a predictor: bias and mean squared prediction error. For both pre-
dictors, Ž(B) given by (13) and Ẑ(B) given by (14), theory tells us that the bias
should be zero. However, the predictors should differ in mean squared prediction
error, where that for Ž(B) is expected to be smaller.

Let Z(	)(·) denote the �-th simulation of the log Gaussian process with specified
σ2

Y , ν, and R; � = 1, . . . , L, and assume Z†(B) is a generic predictor of Z(B). Then
define the mean squared prediction error of Z†(B) as:

MPSE ≡ (1/L)
L∑

	=1

{Z†(B) − Z(B)}2 , (17)

where any integrals in Z†(B) or Z(B) are approximated as sums based on the finest
grid spacing. The value L = 6400 was chosen to guarantee accuracy of results to
the second decimal place, where that digit is conservatively plus or minus 2; see
Aldworth and Cressie (1999) for the relevant calculations that determine L.

From the simulation experiment we conclude that:
• The average observed biases are extremely close to 0.
• The theoretical mean squared prediction errors and their empirical counter-

parts (MSPEs defined in (17)) are approximately equal; see Figure 2.
• The MSPE for Ž(B) is smaller than (and occasionally equal to, up to sampling

error) the MSPE for Ẑ(B). That is, the spatial predictor Ž(B) is dominant
over Ẑ(B); see Figure 3(a).

It is this latter result that we would like to explore at greater depth, since
the improvement in efficiency obtained by using Ž(B) is not uniform over all
combinations of the factors of the simulation experiment. The efficiency of the
p-a-b predictor Ẑ(B) relative to the o-p-b predictor Ž(B) is defined as E ≡
M̌SPE/M̂SPE , where M̌SPE (M̂SPE) is given by (17) with Z† ≡ Ž (Z† ≡ Ẑ).

Figure 3(a) shows E for all combinations of factor levels and the dominance of
Ž(B) over Ẑ(B) is striking. Figure 3(b) shows that the efficiency of Ẑ(B) decreases
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Figure 2. Comparison of theoretical mean squared prediction errors and MSPEs
given by (17), for the optimal-prediction-based (o-p-b) predictor Ẑ(B) and the
permanence-approximation-based (p-a-b) predictor Ẑ(B). Shown is the ratio of
theoretical over MSPE, minus 1, displayed over all combinations of factor levels.

as the sill σ2
Y increases; that is, the more skewed the lognormal distribution, the

greater are the potential gains in efficiency using Ž(B). Figure 3(c) shows that the
efficiency of Ẑ(B) increases as the nugget effect ν increases; that is, as the spatial
dependence gets weaker, Ž(B) is not as dominant over Ẑ(B). A plot of E broken
down by range (not shown here) reinforces this observation; for small R (weaker
spatial dependence), Ž(B) is not as dominant over Ẑ(B). From Figure 3(d), we
see that Ž(B) dominates over Ẑ(B) when data are closer together (in units of
range) and is less dominant when they are far apart. That is, the more nearby the
spatial data are, the better Ž(B) is able to use that information.

4 Conclusion

We recommend unequivocably that for lognormal kriging, the optimal-prediction-
based predictor Ž(B) given by (13) be used. It is unbiased with mean squared
prediction error (i.e., kriging variance) given by (15).
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