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Discussion 4
Bayesian Games: Uncertainty and signaling

1 Key Concepts

• This week we study a mayor component of Game Theory: imperfect information1.

• Harsanyi’s genius insight was to capture the notion of uncertainty via states of na-
ture, and player’s information about it via types. That way we can reason the
strategic implications of being in each possible state of the world and discipline how
much players learn about the state of the world through the game.

• As with sequential games, Bayesian games can be translated into their normal form
and we can define a Nash equilibrium (now Bayesian Nash equilibrium). Likewise,
they also admit an extensive form and so we can define a SPE. However, often these
two solution concepts will yield many predictions, some of which imply non-credible
threats. Thus, we develop the notion of weak sequential equilibria. Many empirical
work has shown the predictive power of this solution concept.

• Definition: A weak sequential equilibrium2 is a profile of strategies and a profile of
beliefs for each information set such that:

1. The strategies define a Nash equilibrium after every information set given the
beliefs of each player. We say that strategies are sequentially rational.

2. If an information set is reached in the equilibrium path, the beliefs on that infor-
mation set are Bayesian given the profile of strategies3.

• Signaling Game: In many real world situations one player has relevant information
that cannot be verified except by making costly decisions. These are signaling games.
Michael Spence won the Nobel prize in 2001 (along with George Akerlof and Joseph
Stiglitz) for showing the economic implications of this information asymmetry. In
Spence’s provocative example, he showed how even if education did not make you a
better worker, people might still decide to get educated just to credibly signal that
they are high quality workers and get better paid.

1In 1995 John Nash was awarded the Nobel prize along with John Harsanyi and Reinhard Selten. Harsanyi
developed and justified the use of Bayesian games as a framework to capture most strategic situations with
uncertainty. With this innovation Game theory proved very useful for studying real world problems and
make sharp, relevant predictions; for example in auction theory.

2The adjective “weak” comes from the fact that we do not impose any restrictions on the beliefs of
information sets outside of the equilibrium path. Stronger requirements on beliefs can be studied in an
advance course in game theory. The games we study here are, for the most part, robust to further refinements.

3This is the part that captures that players learn in the course of the game.
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2 Practice Problems

information sets and Bayesian beliefs

1. * Consider a game with perfect information and simultaneous moves between 2 players
with 2 actions each. Represent it as a sequential game with uncertainty4.

2. *Consider the following Bayesian game:

(a) * What is the source of uncertainty in this game? Describe the strategies available
to each player.

(b) *How many subgames are there in this game and how many information sets?

4This shows that in reality, all games are Bayesian games. However, the term is usually used exclusively
for games where one player knows more than the other player, or for games where there was a move by
nature.
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(c) *Show the game in its normal form and find all its NE. Show there is at least one
NE that involves non-credible threats.

(d) *Find the unique SPNE and the weak sequential equilibrium (WSE) that is ”al-
most” equivalent to it.

(e) * Is all the uncertainty resolved in the equilibrium you found above?

(f) (Challenge) Find another WSE that is not SPNE.

3. Moheeb is playing a game with Andy, each can choose between two actions, A and B.
Moheeb does not know if the game is a prisoner’s dilemma or a coordination game.
His prior belief is that it is a coordination game with 80% probability. In contrast,
Andy knows what game is being played and Moheeb’s prior beliefs. The payoffs for
each of the possible games are:

Moheeb

Andy
A B

A 5, 5 0, 6
B 6, 0 1, 1

(0.2)

Moheeb

Andy
A B

A 5, 5 0, 0
B 0, 0 1, 1

(0.8)

(a) Find the two Bayesian Nash equilibria in pure strategies.
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(b) Represent this simultaneous game as a sequential game with a hidden move by
nature and hidden moves by one of the players.

(c) Is there any scope for Moheeb to resolve some uncertainty before making his
decision?

4. * Suppose that you are bidding in a first price seal-bid auction along with Brian, for an
original bracelet wore by Freddie Mercury in the legendary Wimbledon concert. You
know that you value the bracelet at 1.5 Million Dollars. Your belief is that Brian could
value the bracelet either at 2 Million or at 1 Million with equal probability.

(a) *Draw the extensive form of this game. Hint: it is convenient to make the order
of moves to be Nature first, then you, then Brian.

(b) * What are the two different sources of uncertainty in this game?

Suppose that when two bids are the same, the player with the highest valuation
gets the good. Show it is a weakly dominant strategy for Brian to bet 1.5M when
his valuation is 2M and to bet 1M otherwise.

(c) What would be your best response to Brian’s strategy above?
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(d) Is there an equilibrium where there is a positive probability for the bracelet to be
sold for 2M? What about for 1.5M?

(e) Suppose now there is a third bidder, Roger, who is believed to value the good
either at 1.2 Million with probability 2/3 or at 0.9 Million with complimentary
probability. Show that it is a Bayes Nash equilibrium for every bidder to choose
the smallest bid that guarantees them to win whenever they have the highest
valuation, and to bid their valuation otherwise.

Signaling: Markets with Asymmetric information

5. Suppose you are new in an office and want to be friends with this group of people who
buy cool snacks to share among themselves. They are very strict on who they let in
the group because snacks are expensive and they like people who are into sharing and
will not take advantage of them. You know that it is commonly believed that only 40%
of new workers are of the sharing type. For workers who like sharing, getting into the
group has a value of 4 because they not only enjoy the snacks (with a value of 2), but
they also enjoy hanging out with like-minded people (with a value of 2). In contrast,
workers that are not of the sharing type only enjoy the snacks. You are deciding to
buy them a treat at a cost of 3x, where x is the number of snacks (an integer), to signal
your type and get into the group. As for the group, they enjoy the treats regardless
of whether they accept the person into the group or not and regardless of its type,
deriving a utility of αx. However, if the person is of the sharing type and is accepted
they get an additional payoff of 1. If the person is greedy and is accepted they get a
payoff of -1. Finally, if the person is rejected they get no additional payoff.

(a) * Draw the extensive form of this game. Be careful as to how you draw the
non-trivial information sets.
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(b) * Even though you know you are of the sharing type why do we need to solve for
the best response of the greedy type?

(c) * Is there any pooling WSE?

(d) * As the sharing type, how many snacks will you buy? Characterize the separating
WSE.

(e) * Suppose that this group doesn’t even like the treats (i.e. α = 0). Is the
equilibrium found above efficient?

(f) How will your results change if:

(explore each of these scenarios separately with respect to the benchmark case
described at the beginning)

i. The treat to you bought them was free?

ii. If there was recent influx of generous co-workers so that people believed greedy
types are now in the minority?

iii. If the group changed its policy to be more strict and only allow a person in
if they are 99% sure they are of the sharing type?
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6. Consider Spence’s job-market signaling model where the education is productive for
firms. There are 2 equally likely types of workers. Highly productive workers have a
productivity of 6e while mildly productive workers have a productivity of 2e, where
e is their level of education (a real number). Getting education is equally hard for
both types of workers, it costs e2. The job market is competitive so workers are paid
their expected productivity. Worker’s utility is their payment minus the cost of their
education.

(a) * As a benchmark, characterize the efficient levels of education, wages and utility
if types were observable.

(b) * Verify that if types are private information the levels of education found above
are not part of a WSE

(c) * Is there an equilibrium where both types choose the same level of education
(called a pooling equilibrium). If so characterize it, otherwise show no such equi-
librium exists.

(d) * Characterize the set of WSE where types choose different levels of education
(called separating equilibrium)

(e) What is the dead weight loss that arises from this asymmetry of information
(provide a lower and an upper bound).
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