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Abstract

I consider competitions in which, conditional on winning or losing, the effort ex-

erted by a competitor does not necessarily decrease his payoff. This happens, for

example, in competitions for promotions in which workers are intrinsically moti-

vated, and in research and development races in which better performance implies

a higher payoff from winning. I characterize players’ equilibrium payoffs in closed

form, thereby generalizing Siegel’s (2009) payoff result to contests in which players’

payoff functions are non-monotonic.

1 Introduction

In some competitions, better performance is not always associated with higher costs. For

example, individuals who enjoy their work may put in positive effort in a competition for

promotions even if they have no chance of winning. And because certain investments (such

as acquiring technical or managerial skills) are particularly useful to those promoted, even
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individuals for whom better performance is costly may benefit from making such invest-

ments, provided that they win. Similarly, a winning firm in a research and development

race may benefit from having developed a higher-quality product, because this increases

sales. But for a losing firm, which has a smaller market share, the increase in sales as-

sociated with a better product may not be enough to offset the product’s higher cost of

development.

This paper investigates a complete-information contest model that can capture these

phenomena and accommodates many players, multiple identical prizes, general asymme-

tries, and a combination of unconditional and conditional investments. In a contest, each

player chooses a score, and the players with the highest scores win one prize each. Each

player is characterized by two functions of his score, one describing his payoff when he wins

and the other describing his payoff when he loses. These functions need not be monotonic,

so conditional on winning or losing better performance does not necessarily imply a lower

payoff. Moreover, the effect of a higher score when a player wins could differ from the

effect when he loses. For example, a higher score may be beneficial when the player wins

but not when he loses. Players’ payoff functions are commonly known.

The special case in which all players’ payoff functions are weakly decreasing coincides

with Siegel’s (2009) contest model, which corresponds to settings in which better per-

formance is necessarily more costly.1 This happens, for example, when the expenditures

incurred in the course of the competition only determine the winners and do not affect the

value of the prizes. While many real-world competitions share this feature, the examples

above show that this is not always the case. Thus, the model and results presented here

make it possible to study competitions to which Siegel’s (2009) analysis does not apply. His

main result is that each player’s equilibrium payoff is the highest payoff he can guarantee

himself when the other players do not choose scores so high that their payoff is negative

even if they win.

Theorem 1 below shows that a similar result holds even when players’ payoffs are not

monotonic. At first blush, this may seem like a straightforward observation. A player

will never choose a score for which there exists a higher score that delivers a higher pay-

1The assumption of weakly decreasing payoffs is common in the contest literature.
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off. Therefore, if a player’s payoff function is non-monotonic, simply replace it with the

monotonic function that assigns to each score the highest payoff achievable at weakly

higher scores, and apply the aforementioned result to the modified contest with monotonic

payoff functions. Any equilibrium of the original contest would be an equilibrium of the

modified contest, and players’ payoffs in such an equilibrium would be the same in both

contests. One case in which this approach works is when the difference in payoff between

winning and losing is independent of the player’s score. This difference can be thought

of as the player’s valuation for a prize, which is independent of his score, so the player

is characterized by this valuation and a cost function.2 This happens, for example, in a

competition for promotions with intrinsically motivated workers when the value associated

with a promotion is independent of the amount of effort put in by the workers.

The problem with this approach is that the difference in payoff between winning and

losing may depend on the player’s score. This happens, for example, in a competition for

promotions in which the player’s effort increases the benefit he derives from a promotion.

In this case, higher effort increases the payoff from winning and decreases the payoff from

losing. Consequently, there are regions of score in which the player’s payoff when he

wins increases, while his payoff when he loses decreases. In the research and development

race described above, the quality of a product affects sales more significantly for a winner

than for a loser, so for some range of scores in the corresponding contest players’ payoffs

increase when they win and decrease when they lose. Consequently, in equilibrium players

may choose scores for which their payoffs in the original and modified contests differ (these

are scores in regions that are “flattened” by the modification process described above). As

a result, an equilibrium of the original contest need not be an equilibrium of the modified

contest. This is what happens in the example of Section 1.1. Therefore, characterizing

players’ payoffs in the modified contest may not characterize players’ payoffs in the original

contest. To circumvent this difficulty, I take another approach and characterize players’

payoffs directly in a contest model that allows for non-monotonic payoffs. I also show that

for two-player contests the payoff characterization holds under somewhat more general

2The contest is then “separable” in the language of Section 2. Siegel (2010, 2013) explores equilibrium

behavior in this case.
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conditions.

This paper contributes to a small literature on contests with non-monotonic payoffs.

Amegashie (2001) and Chowdhury (2010) examine specific non-monotonicities in the con-

text of a two-player all-pay auction. The model of Kaplan, Luski, and Wettstein (2003)

can be interpreted as an all-pay auction with costs of bidding that depend on whether

the player wins or loses. They analyze the symmetric equilibrium with symmetric players

and the equilibria with two asymmetric players whose utility functions can be ranked in a

certain way. In contrast, the current paper focuses only on equilibrium payoffs, and charac-

terizes them for all equilibria and any number of asymmetric players. Cohen, Kaplan, and

Sela (2008) consider a symmetric contest setting with incomplete information, in which

the value of winning may depend on the effort exerted.

1.1 An Example

Consider a two-player symmetric contest in which each player chooses a non-negative score,

and the player with the higher score wins (ties are broken randomly). Winning with a score

of x gives a payoff of (1 + x) /2 if x ≤ 1 and 2 − x if x > 1, and losing with a score of x

gives a payoff of −x. This contest corresponds to the research and development scenario

described above: players’ payoffs from winning first increase and then decrease, but their

payoffs from losing monotonically decrease.

Theorem 1 below shows that in any equilibrium both players’ payoffs are 0. This is

because 0 is what each player can guarantee himself when the other player chooses scores

no higher than 2, which is the highest score that is not strictly dominated.3 It is easy to

verify that each player choosing scores according to the cumulative distribution function

F (x) =

⎧⎨⎩ 2x/ (1 + 3x) x ≤ 1

x/2 x > 1
on [0, 2] is an equilibrium of the contest. This is not an

equilibrium, however, of the contest modified according to the procedure described in the

Introduction, in which each player’s payoff when he wins with a score of x is 1 if x ≤ 1 and

3In the language of Section 2, The Cost Condition holds for both players, and the Power Condition

fails. Theorem 1 nevertheless holds, because Section 3 shows that the Power Condition is not required for

two-player contests.
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2− x if x > 1 (that is, the highest payoff he can obtain in the original contest by winning

with a weakly higher score).

2 Model

A contest is a strategic-form game in which n players compete for m identical prizes,

0 < m < n. The set of players {1, . . . , n} is denoted by N . Every player i chooses a score

si from Si = [ai,∞), where ai ≥ 0. Given scores s = (s1, . . . , sn), player i’s payoff is

ui (s) = Pi (s) vi (si)− (1− Pi (s)) ci (si) ,

where vi : Si → R is player i’s valuation for winning, ci : Si → R is player i’s cost of

losing, and Pi : ×j∈NSj → [0, 1] is player i’s probability of winning, which satisfies

Pi (s) =

⎧⎨⎩ 0 if sj > si for m or more players j 6= i;

1 if sj < si for n−m or more players j 6= i,

and
P

j∈N Pj (s) = m. The primitives of the contest are commonly known. For example,

in Section 1.1 we have a1 = a2 = 0, v1 (x) = v2 (x) =

⎧⎨⎩ (1 + x) /2 x ≤ 1

2− x x > 1
, and c1 (x) =

c2 (x) = x.

I make the following assumptions for every player i.

D1 vi and ci are continuous.

Let li = maxsi≥ai −ci (si) < ∞ be the highest payoff player i can get by losing.4 The

following assumption says that there is a score at which winning gives a payoff higher than

li, but that for sufficiently high scores this is not the case.

D2 vi (si) > li for some si, and vi (si) < li for sufficiently high si.

Let ri = max {si ≥ ai|vi (si) = li}, so that winning at a score higher than ri gives a

payoff lower than li, i.e., vi (si) < li if si > ri. The following assumption says that at

4In particular, assume that the maximum is attained at some score.
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scores lower than ri winning is better than losing and that scores higher than ri are strictly

dominated (because both vi and −ci are lower than li).

D3 vi (si) > −ci (si) if si ≤ ri, and −ci (si) < li if si > ri.

The idea behind Assumptions D2 and D3 is, for each player i, to divide the set of scores

into two consecutive intervals, [0, ri] and (ri,∞). On [0, ri] winning is better than losing

and the player can guarantee himself li, the highest possible value from losing. On (ri,∞)

every score is strictly dominated by a score si ≤ ri for which −ci (si) = li, because for any

si > ri, both vi (si) < li and −ci (si) < li. Scores above ri will therefore never be chosen.

Contests that do not satisfy Assumption D2 are not particularly interesting: if the

first part of D2 fails, then winning is never desirable, and if the second part of D2 fails,

then unbounded effort may be exerted. Assumption D3 is only mildly restrictive: given

Assumption D2, Assumption D3 is satisfied whenever winning dominates losing, but does

not require this for scores higher than ri. For example, consider a complete-information

common-value auction for a prize of value V in which the highest bidder wins and every

bidder pays half his bid upfront and the rest only if he wins. Then, li = 0 and ri = V ,

winning is more desirable than losing for bids up to V , but losing is more desirable than

winning for bids higher than 2V . Thus, winning does not dominate losing, but Assumption

D3 holds (as does Assumption D2).

Figure 1 depicts a non-monotonic valuation for winning and cost of losing that satisfy

Assumptions D1-D3.
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Figure 1: A non-monotonic valuation for winning and cost of losing that satisfy

Assumptions D1-D3, with ai = 0.

In a separable contest, vi (si) = Vi− ci (si) for some Vi > 0, so Assumptions D1 and D2

imply Assumption D3.

Let vHi (si) = supx≥si vi (x), and note that v
H
i is finite-valued, weakly decreasing, and

continuous.5

Definitions (i) Player i’s reach is ri = max {si ≥ ai|vi (si) = li}, as define above. This

is the highest score he would possibly choose in equilibrium. Re-index players in (any)

decreasing order of their reach, so r1 ≥ r2 ≥ . . . ≥ rn.

5“Finite valued” is immediate from Assumption D2. “Weakly decreasing” is immediate from the defi-

nition of vHi . For continuity, consider two cases. If v
H
i (x) > vi (x), then continuity of vi implies that for

any x0 close enough to x we have vHi (x
0) = vHi (x). If v

H
i (x) = vi (x), then for any y < x and x0 ∈ (y, x)

we have vHi (x
0) = vHi (z) for some z ∈ [x0, x], so left continuity at x follows from continuity of vi. For

scores x0 > x, vHi (x) = vi (x) implies that vHi (x
0) ∈ [vi (x0) , vi (x)], so right continuity at x follows from

continuity of vi.

7



(ii) Player m+ 1 is the marginal player.

(iii) The threshold T of the contest is the reach of the marginal player: T = rm+1.

(iv) Players i’s power wi is the highest payoff he can obtain by winning at a score no lower

than the threshold. That is, wi = vHi (max {ai, T}). In particular, the marginal player’s

power is vm+1 (rm+1) = lm+1.

For example, in Section 1.1 we have l1 = l2 = 0, and r1 = r2 = T = 2.

Generic Conditions (i) Power Condition - The marginal player is the only player i

for whom wi = li. (ii) Cost Condition - The marginal player’s valuation for winning is

strictly decreasing at the threshold, that is, for some ε > 0 and every x ∈ (T − ε, T ),

vm+1 (x) > vm+1 (T ) = lm+1.

I refer to a contest that meets the Generic Conditions as a generic contest. In a generic

contest, for every player i < m + 1 we have wi > li, and for every player i > m + 1 we

have wi < li.6 Let NW = {1, . . .m} and NL = {m+ 1, . . . , n}. Contests that do not meet

the Generic Conditions can be perturbed slightly to meet them. Perturbing the marginal

player’s valuation for winning around the threshold leads to a contest that meets the Cost

Condition. A similar perturbation for every player i for whom wi = li generates a contest

that meets the Power Condition.

An equilibrium is a profile of strategies (probability distributions), one for each player,

such that each player’s strategy assigns probability 1 to the player’s set of best responses

to the other players’ strategies.7

Theorem 1 In any equilibrium of a generic contest, every player i’s expected payoff is the

maximum of his power and li.

The proof of Theorem 1 is comprised of four lemmas, which generalize the ones used

in the proof of Siegel’s (2009) Theorem 1.

6If i < m + 1, then ri ≥ T , so vHi (max {ai, T}) ≥ vHi (ri) = li. If i > m + 1, then ri ≤ T ,

so vHi (max {ai, T}) ≤ vHi (max {ai, ri}) = vHi (ri) = li. The Power Condition guarantees that

vHi (max {ai, T}) 6= li for i 6= m+ 1.

7The proof of Corollary 1 in Siegel (2009), which applies here, shows that an equilibrium exists.
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Proof of Theorem 1. Choose a generic contest and an equilibrium G = (G1, . . . , Gn)

of the contest, where Gi (x) is the probability that player i chooses a score no higher than

x. With a slight abuse of notation, denote by Pi (x) the probability that player i wins a

prize when the other players employ their equilibrium strategies.

Least Lemma Every player i’s expected payoff in G is at least the maximum of his

power and li.

Proof. Every player i can guarantee himself a payoff of at least li by choosing a score si

for which −ci (si) = li.8 It therefore suffices to consider players i for whom wi > li, all of

whom are in NW . In equilibrium, no player i chooses scores higher than ri with a strictly

positive probability, since choosing such scores leads to a payoff lower than li.9 Therefore,

for any ε > 0 the n −m players in NL choose scores lower than T + ε with certainty, so

any other player i can win with certainty by choosing max {ai, T + ε}. This implies, by

continuity of vHi , that the payoff of every player i in NW is no less than

vHi (max {ai, T + ε}) →
ε→0

vHi (max {ai, T}) = wi.

Tie Lemma Suppose that in G two or more players have an atom at a score x, i.e.,

choose x with strictly positive probability. Then players who have an atom at x either all

win with certainty or all lose with certainty when choosing x.

Proof. Denote by N 0 the set of players who have an atom at x, with |N 0| ≥ 2 (where

|I| denotes the cardinality of a set I). Denote by E the strictly positive-probability event

that all players in N 0 choose x. Denote by D ⊆ E the event in which a relevant tie occurs

at x, i.e., the event in which m0 prizes are divided among the |N 0| players in N 0, with

1 ≤ m0 < |N 0|. Suppose D has strictly positive probability. Then, conditional on D, at

8Assumption D2 guarantees that such a score si exists, and assumption D3 shows that vHi (si) ≥ li,

and therefore vi (si) > −ci (si) = li.

9For any x > ri we have vi (x) < li, so by Assumption D3 we have −ci (x) < li as well.
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least one player i in N 0 can strictly increase his probability of winning to 1 by choosing

a score slightly higher than x, regardless of the tie-breaking rule. Since i chooses x with

strictly positive probability, x ≤ ri. Therefore, vHi (x) ≥ li (by definition of vHi and ri),

which implies that vi (x) > −ci (x) (by Assumption D3). Thus, by continuity of vi and ci,

player i would be strictly better off by choosing a score slightly higher than x. This implies

that P (E) = P
¡
EL
¢
+ P

¡
EW

¢
, where EL ⊆ E is the event that at least m players in

N\N 0 choose scores strictly higher than x, EW ⊆ E is the event that at most m − |N 0|

players in N\N 0 choose scores strictly higher than x, and P (A) denotes the probability

of event A. By independence of players’ strategies, either EL or EW have probability

0, otherwise D would have strictly positive probability. Suppose that P (E) = P
¡
EL
¢
.

Independence of players’ strategies now implies that, without conditioning on E, at least

m players in N\N 0 choose scores strictly higher than x with probability 1, so Pi (x) = 0

for every player i in N 0. Similarly, if P (E) = P
¡
EW

¢
then Pi (x) = 1 for every player i in

N 0.

Zero Lemma In G, at least n−m players have best responses with which they win with

probability 0 or arbitrarily close to 0. Therefore, each such player i has an expected payoff

of at most li.

Proof. Identical to that of the Zero Lemma in Siegel (2009).

The Least Lemma, the Tie Lemma, and the Zero Lemma do not rely on the Generic

Conditions. The Least Lemma and the Power Condition show that the expected payoff of

every player i in NW is strictly higher than li. Since there are m players in NW , the Least

Lemma and the Zero Lemma imply that under the Power Condition the expected payoff

of every player i in NL is precisely li. Using this fact, I show that players in NW obtain at

most their power.

Threshold Lemma The players in NW have best responses that approach or exceed the

threshold, and therefore have an expected payoff of at most their power.
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Proof. By the Power Condition, wi < li for every player i in NL\ {m+ 1}. The reaches

of the players in NL\ {m+ 1}, and therefore the supremum of their best responses, are

strictly below the threshold. Consequently, there is some ssup < T such that Gi (x) = 1 for

every player i in NL\ {m+ 1} and every score x > ssup. This implies that every player i

in NW chooses scores that approach or exceed the threshold, i.e., has Gi (x) < 1 for every

x < T . Otherwise, for some s in (ssup, T ), Gi (s) = 1 for all but at most m− 1 players in

N\ {m+ 1}. But then the marginal player could win with certainty by choosing any score

in (max {am+1, s} , T ) (note that am+1 < T ); because of the Cost Condition, this would

give him a payoff strictly above lm+1, a contradiction (recall that the marginal player is in

NL and therefore has an expected payoff of lm+1).

Now take a player i in NW . Because Gi (x) < 1 for every x < T , there exists a sequence

{xn}∞n=1 of best responses for player i that approach some zi ≥ T . Since xn is a best

response for player i, whose payoff is strictly above li by the Least Lemma and the Power

Condition, Assumption D3 shows that vi (xn) > −ci (xn). By continuity of vi, player i’s

payoff is

Pi (xn) vi (xn)−(1− Pi (xn)) ci (xn) ≤ vi (xn) →
xn→zi

vi (zi) ≤ vHi (zi) ≤ vHi (max {ai, T}) = wi

(1)

so every player in NW obtains at most his power.

The Least Lemma and the Threshold Lemma show that players in NW have expected

payoffs equal to their power. We have seen that every player i in NL has an expected payoff

of li. Since NL ∪ NW = N , the expected payoff of every player i equals the maximum of

his power and li.

3 Contests with Two Players

In a two-player contest, Theorem 1 holds even if the Power Condition fails, as long as the

Cost Condition holds for every player i with wi = li (this is the case in Section 1.1). To

see this, suppose that the Power Condition does not hold, which implies that the Cost

Condition holds for both players. Recall that the Least Lemma, the Tie Lemma, and the
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Zero Lemma do not rely on the Generic Conditions. By the Zero Lemma, some player j

has a payoff of lj. This implies that the other player i 6= j has best responses {xn}∞n=1 that

approach or exceed the threshold. Otherwise, as in the proof of the Threshold Lemma,

player j could win by choosing a score slightly below the threshold, which, by the Cost

Condition, would give him a payoff higher than lj. The Least Lemma and (1) now imply

that player i has a payoff of wi = li.
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