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UNIT III  

Information theory and coding- Uncertainty, Unit of Information, entropy, Rate of information, 

Joi t & Co ditio al e tropy, Mutual i for atio , cha el capacity, “ha o ’s  Theore , 
Continuous channel, Capacity of a Gaussian channel: Shannon Hartley Theorem, Bandwidth 

S/N ratio trade off. 

 

Information theory is a mathematical approach to the study of coding of information along With 

the quantification, storage & communication of information. 

 

The information theory is related to the concepts of statistical properties of messages/sources, 

channels, noise interference etc. 

 

The information theory is used for mathematical modeling and analysis of the communication 

system. 

 

Uncertainty  

Consider the source which emits the discrete symbols randomly from the set of fixed alphabet 

i.e. 

 

X = [x 0, x 1, x 2, x 3, - - - - - - - x k-1]                                                     - - - - - - - - - 1 

 

The a ious sy ols i  X  ha e p o a ilities of p 0, p 1, p 2, p 3, - - - - - - - p k-1, which can be written 

as, 

 

P(X = x k) = p k,    k = 0, 1, 2, 3, - - - - - k-1                --------------2 

 

This set of probabilities satisfies the following condition, 

 ∑ p =  −=                                                               ---------------3 

 

Such information source is called discrete information source. This idea of information is related 

to U e tai ty  o  “u p ise . 
 

Consider the emission of the symbol X = x k from the source. 

 

If the probability of x k is p k = 0, then such a symbol is impossible. 

 

Similarly when the probability of x k is p k = 1, then such a symbol is possible (sure). 

 

I  oth the ases the e is o su p ise  o u e tai ty  a d he e o i fo atio  is p odu ed 
when symbol x k is emitted. 

 

As the probability p k is low, there is more surprise or uncertainty.  
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Before the event X = x k is emitted, there is an amount of uncertainty. 

 

When the symbol X = x k occurs, there is an amount of surprise (uncertainty). 

 

After the occurrence of the symbol X = x k, there is the gain in amount of information. 

 

Definition of Information (Measure of information) 

 

Let us consider the communication system which transmits messages m1, m2, m3, ------ with 

probabilities p1, p2, p3, ---------. 

 

The amount of information transmitted through the message m k with probability p k is given as, 

 

The amount of information I K   = ��� ��                 --------------4 

 

Unit of information 

 

In the above equation 4  

 

 log pk  = log pk /log  

 

No ally the u it of i fo atio  is it . 
 

We are using the term bit as an abbreviation for binary digit. Also measure the amount of 

information, I K in bits. 

 

Properties of Information 

 

If there is more uncertainty about the message, information carried is also more. 

 

If receiver knows the message being transmitted, the amount of information carried is zero. 

 

If I1 is the information carried by message m1, and I2 is the information carried by message m2, 

then amount of information carried combine due to m1 and m2 is I1 + I2. 

 

If there are M = 2N equally likely messages, then amount of information carried by each message 

will be N bits. 

 

Conditions of occurrence of Events  

 

If we consider an event, there are three Conditions of occurrence. 

 

If the event has not occurred, there is a condition of uncertainty. 
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If the event has just occurred, there is a condition of surprise. 

 

If the event has occurred, a time back, there is a condition of having some information. 

 

These three events occur at different times. The difference in these conditions helps us gain 

knowledge on the probabilities of the occurrence of events. 

 

Entropy When we observe the possibilities of the occurrence of an event, how surprising or 

uncertain it would be, it means that we are trying to have an idea on the average content of the 

information from the source of the events. 

Entropy can be defined as a measure of the average information content per source symbol.  

Claude Shannon, the fathe  of the I fo atio  Theo y , p o ided a formula for it as, 

 Average information content of symbols in log independent sequences (Entropy) 

Consider that we have M- different messages. 

Let these messages be m1, m2, m3, ------m  with probabilities p1, p2, p3, ------------------- p M. 

 

Then entropy is given as, 

 

 

 Entropy ∶ H = p  log p + p  log p +  − − − − − − − − −  + pM log pM , 

We a  ite a o e e uatio  usi g Ʃ 

H = ∑ p  log p=  

Properties of Entropy 

 

Entropy is zero if the event is sure or impossible. i.e., H = 0, if P k = 0 or 1. 

 

When P k = 1 / M for all the M symbols, then the symbols are equally likely. For such source 

entropy is given as H = log2M. 

 

Upper bound on entropy is given as, H max = log2M. 
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Rate of information 

 

The information rate is represented by R and it is given as, Information Rate: R = r H. 

Here R is information rate. 

H is entropy or average information and r is rate at which message generated. 

 

Information Rate R is represented in average number of bits of information per second. It is 

calculated as follows: 

 

R = (r in message / second) (H in Information bits / message) 

 

R = Information bits / second. 

 

Joint & Conditional entropy 

 

The joint entropy represents entropy or joint occurrence of two or more events. 

 

The joint entropy is given as, H(X, Y) = H (Y, X) = ∑  ∑ P x, y log p ,  J==   

 

Hence H(X, Y) represents entropy of joint occurrence of X and Y. 

 

Conditional Entropy  

 

The amount of uncertainty remaining about the channel input after observing the channel output 

is called as Conditional Entropy. It is denoted by H(X/Y). The conditional entropy is also called 

equivocation. The conditional entropy H(X/Y) represents uncertainty of X, on average, when Y is 

known .Similarly the conditional entropy H (Y/X) represents uncertainty of Y, on average, when X 

is transmitted. 

 

Thus conditional entropy indicates the information lost across the noisy channel. The 

mathematical equation of H (X / Y) & H ( Y/ X) are as follows 

 H =  ∑  ∑ P x , y log p ,J==   

 H =  ∑  = P x , y log p ,   

 

Mutual information 

 

Let us consider a channel whose output is y & input is x. 

 

Let the entropy for prior uncertainty is x=H(x). 
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(This is assumed before the input is applied) 

 

To know about the uncertainty of the output, after the input is applied, let us consider  

Conditional Entropy, given that Y = ��  

H ( x y ) = ∑ p xy log xy
−
=  

This is a random variable for H x\y = y … … … … . . H x\y = y  

 

With probabilities � � = � … … … … . . � � = y   respectively. 

The mean value of H x\y = y for output alphabet y is- 

H x\y = ∑ H x\y = y p y−
=  

H x\y = ∑  −
= ∑ p(x \y )p y log [ /p x \y−

= ] 
H x\y = ∑  −

= ∑ p(x \y )log [ /p x \y−
= ] 

Now, considering both the uncertainty conditions (before and after applying the inputs), we 

come to know that the difference, i.e. H(x)-H(x/y). 

Now represent the uncertainty about the channel input that is resolved by observing the channel 

output. This is called as Mutual Information of the channel.  

Denoting the Mutual Information as I(x;y), we can write the whole thing in an equation, as 

follows  

I(x;y)= H(x)-H(x/y). 

Hence this equation is the representation of Mutual Information. 

Properties of Mutual Information- following are the Properties of Mutual Information. 

Mutual information of a channel is symmetric. I(x; y) =I(y; x). 
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Mutual information is non-negative. I(x; y   0. 

Mutual information can be expressed in terms of entropy of the channel output. 

I(x;y)=H(y −H(y∣x) 

Where H (y∣x) is conditional entropy 

Mutual information of a channel is related to the joint entropy of the channel input and the 

channel output. 

I(x;y)=H(x)+H(y −H(x,y) 

Where the joint entropy H(x, y) is defined by���  

H x\y = ∑  −
= ∑ p(x \y )log [ /p x \y−

= ] 

Channel Capacity-We have so far discussed mutual information. The maximum average mutual 

information, in an instant of a signaling interval, when transmitted by a discrete memory less 

channel, the probabilities of the rate of maximum reliable transmission of data, can be 

understood as the Channel Capacity. It is denoted by C & its unit is bits /sec. 

“ha o ’s first theore  (noiseless coding theorem): Discrete memory less source - A source 

from which the data is being emitted at successive intervals, which is independent of previous 

values, can be termed as discrete memory less source. This source is discrete as it is not 

considered for a continuous time interval, but at discrete time intervals. This source is memory 

less as it is fresh at each instant of time, without considering the previous values. The Code 

produced by a discrete memory less source, has to be efficiently represented, which is an 

important problem in communications. For this to happen, there are code words, which 

represent these source codes. For example, in telegraphy, we use Morse code, in which the 

alphabets are denoted by Marks and Spaces. If the letter E is considered, which is mostly used, it 

is denoted by .  Whereas the letter Q which is rarely used, is denoted by --.-  

Let us take a look at following is the block diagram- 

 

 

 

 

Discrete memory 

less source  

SK Source 

Encoder 

bK 

Binary Sequence 
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Where Sk is the output of the discrete memory less source and bk is the output of the source 

encoder which is represented by 0s and 1s. The encoded sequence is such that it is conveniently 

decoded at the receiver.  

Let us assume that the source has an alphabet with k different symbols and that the kth symbol Sk 

occurs with the probability Pk, where k = , …k-1.  

Let the binary code word assigned to symbol Sk, by the encoder having length lk, measured in 

bits. 

 Hence, we define the average code word length L of the source encoder as 

L⎺ = ∑ p  L−
=  

�⎺  Represents the average number of bits per source of symbol. 

If L  = minimum possible value of �⎺  then coding efficiency can be defined as  Ƞ = L  /L⎺ With L⎺  Lmin we will have Ƞ  

However, the source encoder is considered efficient when η=1. For this, the value L has to be 

determined .Let us refer to the definition, Gi e  a dis ete e o y less sou e of e t opy H 
δ , L⎺ H δ .  

The average code-word length L for any source encoding is bounded as.  

In simpler words, the code word (example: Morse code for the word QUEUE is -.- ..- . ..- . ) is 

always greater than or equal to the source code (QUEUE in example). Which means, the symbols 

in the code word are greater than or equal to the alphabets in the source code? 

Hence with L  H (δ  

The efficiency of the source encoder in terms of Entropy H (δ) may be written as 

 Ƞ =  H δ / L⎺ 

This source coding theorem is called as noiseless coding theorem as it establishes an error-free 

encoding. It is also called as “ha o ’s first theore . 

“ha o ’s Theore s o  Cha el Capacity 

 

Statement of the theorem: 

 

1. Given a source of M equally likely messages, with M >> 1, 

This is generating information at a rate R.  
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Given channel with channel capacity C.  

The  if, ‘  C, 
There exists a coding technique such that the output of the source may be transmitted over 

channel with a probability of error in the received message which may be made arbitrarily small. 

 

This theo e  says that if ‘  C, it is possi le to t a s it i fo atio  ithout a y e o  e e  if 
noise is present. Coding techniques are used to detect & correct the errors. 

 

2. Given a source of M equally likely messages, with M >> 1, 

This is generating information at a rate R.  

Given channel with channel capacity C.  

Then if, R > C, 

The probability of error is close to unity for every possible set of M transmitter signals. 

 

Shannon-Hartley Theorem for Gaussian Channel (Continuous Channel) 

 

Information capacity theorem 

 

Whe  “ha o s theo e  of ha el apa ity is applied specifically to a channel in which the 

noise is Gaussian is known as Shannon-Hartley theorem. It is also called information capacity 

theorem. 

 

Statement of the theorem: 

 

The channel capacity of a Gaussian channel is 

C = B log M       = B log + S
       

Here, B is the channel band width, 

 

S is the signal power, 

 

And N is the total noise power within the channel bandwidth. 

 

We know that signal power is given as, 

 

Power P =  ∫ Power spectral densityB−B  

 

Here, B is the band width. 

 

And power spectral density of white noise is N  / 2. 

 

Hence noise power n becomes, 
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Noise Power N =  ∫  N  / B−B df 
Noise Power N = N0 B. 

 

Tradeoff between Bandwidth & Signal to Noise Ratio 

 

The channel capacity of a Gaussian channel is,  

C = B log M       = B log + S
       

Above equation shows that the channel capacity depends on two factors: 

 

1. Bandwidth (B) of the channel. 

2. Signal to Noise Ratio (S / N). 

 

Noiseless channel has infinity capacity:  

 

If there is no noise in the channel, then  N = 0. 

 

Hence  S / N = ∞, such channel is called noiseless channel. Then capacity of such channel  will be 

  

C = B log M    = Blog + ∞  = ∞ 

 

 Thus noiseless channel has infinite capacity. 

 

Infinite bandwidth channel has limited capacity: 

 

No  if a d idth  B  is i fi ite, the ha el apa ity is li ited. This is ea ause, as a d idth 
increases, noise power (N) also increases. Now power is given by 

 

Noise Power N =N  B. 

 

Due to this incrase in noise power, signal to noise  (S / N) ratio decreases. Hence even if  B 

approaches infinity, capacity doesnot approach infinity. 

 

As B →∞, capacity approaches an upper limit . This upper limit is given as, 

  C∞ =  limB →∞ C = .44 S N  

Where, 

B is bandwidth,  C is channel capacity  

N is the noise power 

S is the signal power 

(S / N) is the signal to Noise Ratio. 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 
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