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My research is primarily in the areas of homotopy theory and higher category theory,
with substantial connections to derived algebraic geometry and mathematical approaches
to quantum field theory. Much of my current work concerns the interrelated topics of
extended topological quantum field theories (TQFTs) and higher (alternatively derived or
homotopy-coherent) algebraic and algebro-geometric structures.

In the next section I give some background on extended TQFTs and higher categories,
before discussing four aspects of my work in the subsequent sections.

1. Background: Extended TQFTs and Higher Categories

In physics, TQFTs are a special class of quantum field theories (first considered by
Witten [Wit88]) that only depend on the large-scale topological structure of manifolds,
as opposed to local geometric structures such as metrics. This makes TQFTs far more
tractable than general quantum field theories from a mathematical point of view, to the
extent that it is feasible to give a complete mathematical formalization of their structure,
while they retain enough of the features of general QFTs that one might hope to gain
insights into their mathematical structure by fully understanding TQFTs. From the per-
spective of mathematics TQFTs are also interesting in their own right, since they give rise
to numerical invariants of manifolds.

A mathematical formalization of TQFTs was first attempted by Atiyah [Ati88] back in
1988, building on Segal’s work on conformal field theories [Seg04]. In Atiyah’s definition, a
TQFT of dimension n assigns a vector space to a closed (n−1)-manifold and a number to a
closed n-manifold. These numbers are potentially interesting invariants of n-manifolds, and
can be computed by cutting the manifolds along codimension-1 submanifolds. However,
except in very low dimensions (n ≤ 2), this is not enough to give computable invariants.
This issue led mathematicians to consider extended topological quantum field theories,
which also assign data to lower-dimensional manifolds, and thereby lead to invariants that
can be computed by cutting manifolds in more flexible ways, for example by choosing a
triangulation. (From the viewpoint of physics, including this extra data can be motivated
as describing defects or boundary conditions in TQFTs.)

Baez and Dolan [BD95] (building on earlier work by, among others, Freed [Fre94] and
Lawrence [Law93]) proposed formalizing this notion using the language of n-categories.
Roughly speaking, an n-category is a structure that has objects, morphisms between ob-
jects, 2-morphisms between morphisms, and so on up to n-morphisms. For the definition
of Baez and Dolan we want to consider an n-category Bordn whose objects are compact
0-manifolds, with morphisms given by 1-dimensional cobordisms between 0-manifolds, and
in general i-morphisms for i = 1, . . . , n given by i-dimensional cobordisms with corners.
This n-category should have a tensor product given by disjoint union of manifolds, and an
n-dimensional extended TQFT valued in a symmetric monoidal n-category C would then
be a symmetric monoidal functor Bordn → C. Physically, this complex algebraic structure
encodes the locality of the field theory in all dimensions.
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Baez and Dolan also conjectured that extended TQFTs have a surprisingly simple
(and entirely algebraic) classification, known as the Cobordism Hypothesis: (framed) n-
dimensional extended TQFTs correspond precisely to the n-dualizable (or fully dualizable)
objects in the target. The notion of n-dualizability is an algebraic finiteness condition
generalizing the usual notion of dualizable objects in a symmetric monoidal category.

Unfortunately, the theory of higher categories was not sufficiently developed at the time
to make the ideas of Baez and Dolan precise. This has changed over the past decade,
however, during which higher category theory has been revolutionized by an influx of ideas
from homotopy theory, thanks to work by Barwick, Bergner, Joyal, Lurie, Rezk, and many
others. Unlike earlier approaches to n-categories, the resulting theory of (∞, n)-categories
(or just∞-categories when n = 1) has proven to be very well suited to applications in areas
such as homotopy theory and (derived) algebraic geometry.

In a groundbreaking preprint [Lur09], Lurie proposed generalizing extended TQFTs to
the setting of (∞, n)-categories, and gave a detailed sketch of a proof of the Cobordism
Hypothesis in this context. This has led to renewed interest in the study of extended
TQFTs, and there is a lot of recent and ongoing research in this field.

2. TQFTs and Higher Algebraic Structures

The Cobordism Hypothesis applies with any suitable higher category as target, and so
leaves open the question of what the appropriate targets are for the field theories that arise
in physics and geometry. Motivation from physics (e.g. [Fre94, Kap10]) indicates that a
TQFT analogous to a physical quantum field theory should assign to a closed k-manifold
a “higher” version of a complex vector space, namely a linear (n − k − 1)-category. This
also fits with the key known constructions of 3- and 4-dimensional (non-extended) TQFTs,
due to Turaev–Viro [TV92,Tur10], Barrett–Westbury [BW96], Reshetikhin–Turaev [RT91],
Crane–Yetter [CKY97], Mackaay [Mac99], and others.

In forthcoming work (which I expect to finish writing up within the next 6 months), I
give a rigorous definition of such linear (∞, n)-categories (and enriched (∞, n)-categories
in general) and prove:

Theorem (H., [Hau19b]). There is a symmetric monoidal (∞, n + 1)-category of linear
(∞, n)-categories, and more generally of (∞, n)-categories enriched in any nice symmetric
monoidal (∞, 1)-category.

These higher categories should be the appropriate targets for extended versions of the 3-
and 4-dimensional TQFTs mentioned above, as well as higher-dimensional generalizations
thereof.

Previously, I have constructed the analogous structure in the simpler special case of En-
algebras. En-algebras originated in the study of iterated loop spaces in algebraic topology
in the 1970s, and can be viewed as the simplest sort of enriched (∞, n)-category. In [Hau17]
I constructed a “higher Morita category” of these objects:

Theorem (H., [Hau17]). There is a symmetric monoidal (∞, n+1)-category of En-algebras
in any nice symmetric monoidal (∞, 1)-category.

In the case n = 1 this is (a derived version of) the usual Morita category of algebras and
bimodules, with bimodule homomorphisms added as 2-morphisms.

These constructions lead naturally to the open questions of classifying the objects that
lead to TQFTs and of giving explicit constructions of these field theories. More precisely,
in future work I intend to obtain the following classification:
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Goal. Classify the n- and (n + 1)-dualizable En-algebras and enriched (∞, n)-categories,
as follows:

• All En-algebras are n-dualizable (and thus give rise to n-dimensional TQFTs).
• The (n + 1)-dualizable En-algebras are those satisfying certain finiteness hypotheses

(for n = 1, these are the smooth and proper associative algebras).
• The n-dualizable enriched (∞, n)-categories are those where all i-morphisms have ad-

joints for i < n.
• The (n + 1)-dualizable enriched (∞, n)-categories are characterized by finiteness hy-

potheses generalizing those appearing in the classical constructions of (non-extended)
TQFTs.

In low dimensions, this description of the (n+1)-dualizable enriched (∞, n)-categories is
confirmed by work in progress by Douglas–Schommer-Pries–Snyder and Brochier–Jordan–
Snyder.

Geometrically, the n-dimensional field theories corresponding to En-algebras are expected
to be given by factorization homology, an invariant of manifolds originally introduced by
Lurie [Lur17] as a topological version of the chiral algebras of Beilinson and Drinfeld [BD04].
Indeed, work in progress by Calaque and Scheimbauer gives an explicit construction of
n-dimensional TQFTs using factorization homology. Their work uses a purpose-built geo-
metric analogue of the higher Morita category as the target, so the only remaining issue in
constructing these TQFTs is to prove that the two versions of the higher Morita category are
equivalent. This is work in progress; the first step, which is nearing completion, amounts
to describing the “symmetrization” of certain generalized ∞-operads. As an interesting
special case, this yields a new proof of the additivity theorem for En-algebras.

The classical examples of TQFTs are defined by a two-step “state-sum” construction,
where one first does a construction for labelled triangulated manifolds, then sums over
labellings, and finally proves that the resulting construction is independent of triangula-
tions. This ought to generalize to higher dimensions, and recent work by Ayala–Francis–
Rozenblyum [AFR18] on factorization homology for higher categories seems to provide
precisely the right geometric input for such a construction:

Goal. Construct extended TQFTs of arbitary dimension from enriched (∞, n)-categories
by a “state-sum” construction.

3. Classical TQFTs, Derived Symplectic Geometry, and Quantization

The formalism of TQFTs can also be used to describe topological classical field theories.
Such a theory assigns to a cobordism X a space F(X) of “fields” on X (which might be
some kind of (derived) stack); we can restrict these fields to the boundary of X, so if X is
a cobordism from M to M ′ we should have a span

F(M)← F(X)→ F(M ′).

Moreover, the fields should be local on X, which we can interpret as assigning to a composite
cobordism a composite of spans given by taking a pullback. For extended classical TQFTs
the appropriate target is a higher category of iterated spans. I constructed these in [Hau18]:

Theorem (H., [Hau18]). If C is an (∞, 1)-category with finite limits, then there exists a
symmetric monoidal (∞, n)-category of iterated spans in C. All its objects are fully dualiz-
able.
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In classical physics the spaces of fields usually carry symplectic structures, so to get
a more sophisticated TQFT version of classical field theories we should endow our ob-
jects with symplectic structures and enhance the spans between them to Lagrangian cor-
respondences, which are often, following Weinstein [Wei82], considered the natural mor-
phisms in symplectic geometry. A theory of (shifted) symplectic and Lagrangian struc-
tures on derived algebraic stacks has been developed by Pantev, Toën, Vaquié, and Vez-
zosi [?PTVVShiftedSympl], and Calaque [Cal15] extended this to a definition of iterated
Lagrangian correspondences. In forthcoming joint work with Calaque and Scheimbauer,
which I expect will be completed in early 2018, we use these to construct higher categories
of symplectic derived stacks:

Theorem (Calaque–H.–Scheimbauer, [CHS21]). There is a symmetric monoidal (∞, n)-
category of s-shifted symplectic derived stacks and iterated Lagrangian correspondences. All
its objects are fully dualizable.

For n = 2 a bicategorical version of this higher category has also been constructed by
Amorim and Ben-Bassat [ABB17].

We also give an explicit construction of extended TQFTs with this target:

Theorem (Calaque–H.–Scheimbauer, [CHS21]). If X is an s-shifted symplectic derived
stack then there is an extended TQFT taking a closed d-manifold M to the mapping stack
XM with (s− d)-shifted sympletic structure given by the AKSZ construction.

This uses the so-called AKSZ construction (after Alexandrov, Kontsevich, Schwarz, and
Zaboronsky [AKSZ97]), which is a construction of shifted symplectic structures on mapping
stacks. In physics, the AKSZ construction has been used to construct classical field theories
with important quantizations, including those appearing in mirror symmetry as well as
Chern–Simons theory.

In a joint project with Owen Gwilliam, we intend to investigate to what extent one can
obtain quantizations of these AKSZ theories in the framework of extended TQFTs. In
previous joint work we constructed a functor of “linear Batalin–Vilkovisky (BV) quantiza-
tion”:

Theorem (Gwilliam–H., [GH18]). If A is a commutative dg-algebra over a field of charac-
teristic 0, there is a symmetric monoidal functor that assigns an En-algebra over A to an
A-module equipped with a (1− n)-shifted symmetric bilinear form.

This can be viewed as a derived and shifted version of the Weyl quantization of symplectic
vector spaces. We expect that this should readily lead to quantizations for linear targets:

Goal. Use linear BV-quantization to construct quantizations of AKSZ TQFTs in the linear
case (where the target is a symplectic chain complex rather than a derived stack).

In the longer term, we intend to extend this to more general targets:

Goal. Construct quantizations of AKSZ-type TQFTs for general derived symplectic stacks.

On a fixed manifold (or cobordism) such quantizations have been studied by Cattaneo–
Mnev–Reshetikhin [CMR14]. In general there are most likely obstructions to the existence
of these quantized theories; we expect that formal derived geometry (as developed by
Calaque–Pantev–Toën–Vaquié–Vezzosi [CPT+17]) together with ideas from perturbation
theory in physics can be used to construct interesting examples, including versions of Chern–
Simons theory, as deformations of the linear (or free) theories.
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4. En-Algebras, Higher Brauer Groups, and Étale Cohomology

If X is a reasonable space (such as a compact manifold) it is a classical fact that the
cohomology group H1(X;C×) ∼= H2(X;Z) classifies (topological) complex line bundles,
thereby describing a structure of great geometric interest in terms of a computationally
tractable algebraic invariant. This identification has an analogue in algebraic geometry: if
X is a scheme, algebraic line bundles (which form the Picard group Pic(X)) are classified
by the étale cohomology group H1

ét(X;Gm) (where Gm is the multiplicative group, i.e. the
affine line minus the origin). In other words,

H1
ét(X;Gm) ∼= Pic(X).

In the topological case, the higher cohomology groups Hn(X;C×) have a similar inter-
pretation: they classify so-called (topological) complex n-gerbes. A natural question to ask
is then whether this generalization also has an algebro-geometric analogue:

Question. Do the étale cohomology groups Hn
ét(X;Gm) also classify geometric structures

on X?

In the case n = 2, we can relate the group H2
ét(X;Gm) to the Brauer group of X. In

the affine case, where X is the spectrum of a commutative ring R, this group consists of
Azumaya algebras over R (which generalize the central simple algebras over a field); more
generally, its elements are bundles of Azumaya algebras. However, this relationship turns
out to be much nicer if we consider derived Azumaya algebras (i.e. associative algebras in
chain complexes that behave like Azumaya algebras), which form the derived Brauer group
Br(X). For a nice (possibly derived) scheme X, it is known (a theorem of Toën [Toë12] in
characteristic 0 and of Antieau–Gepner [AG14] in general) that we have a natural isomor-
phism between the derived Brauer group and the abelian group H2

ét(X;Gm) ×H1
ét(X;Z).

(The second factor here is relatively uninteresting — it arises from degree-shifting of chain
complexes.)

If R is a commutative ring, the Brauer group of R can be extracted from the Morita cat-
egory of algebras and bimodules over R: The Azumaya algebras are precisely the invertible
objects of this category, i.e. the algebras that have an inverse (up to Morita equivalence)
under the tensor product of R-modules. Similarly, the derived Azumaya algebras can be
identified with the E1-algebras that are invertible in the higher Morita category, which can
also be identified with the invertible R-linear ∞-categories up to Morita equivalence.

In general, the R-linear (∞, n)-categories1 that are invertible in the higher Morita cate-
gory form abelian groups that might be called higher Brauer groups. In fact, one naturally
gets not just groups, but higher Brauer spaces Brn(R) whose components are the nth higher
Brauer group. I have shown that these naturally assemble into a non-connective spectrum
(in the sense of stable homotopy theory):

Theorem (H., [Hau19b]). The Brauer spaces Brn(R) satisfy ΩBrn(R) ' Brn−1(R), and
thus give a sequence of deloopings starting with the Picard and Brauer spaces of R.

It is tempting to make the conjecture that we have

π0Brn(X) ∼= Hn+1
ét (X;Gm)×Hn

ét(X;Z).

In a joint project with Benjamin Antieau and David Gepner, we intend to attack this
question:

1One can also consider only the invertible En-algebras (or “Azumaya En-algebras”) but computational
evidence suggests that these do not suffice to describe étale cohomology.
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Goal. Show that for a reasonable (derived) scheme X the higher Brauer group π0Brn(R)
is given by an étale cohomology group.

5. ∞-Operads and Koszul Duality

The classical notion of Koszul duality (as formulated by Beilinson, Ginzburg, and So-
ergel [BGS96]) relates an associative algebra A to a Koszul dual algebra A!: The derived
categories of A- and A!-modules satisfying certain finiteness conditions are equivalent. In
the canonical example A is the symmetric algebra on a vector space V and A! is the exterior
algebra on V .

This idea was extended to operads, which are objects that parametrize algebraic struc-
tures, by Ginzburg and Kapranov [GK94]: if O is a nice operad, it has a Koszul dual
operad O!, and there is an equivalence between O-algebras (in chain complexes over a field
of characteristic 0) and O!-algebras satisfying finiteness hypotheses. Here the key special
case is the relation between Lie algebras and cocommutative coalgebras that goes back to
Quillen’s work on rational homotopy theory [Qui69].

Koszul duality is well-understood (using the formalism of model categories) over a field
of characteristic 0 (see for example [LV12,Val20]), where it is closely related to deformation
theory [Lur11]. It has also been considered by Ching [Chi05] in the setting of spectra, where
it has interesting connections to Goodwillie calculus, but here the theory of coalgebras is
not well-behaved enough on the model category level to get a full-fledged theory. Indeed,
even for chain complexes in positive characteristic the model-categorical homotopy theory
of operad algebras seems too badly behaved to get a full understanding of Koszul duality
phenomena.

To extend Koszul duality beyond characteristic zero it therefore seems necessary to work
with a homotopy-coherent notion of operads, i.e. ∞-operads enriched in chain complexes
or other stable ∞-categories such as spectra. In joint work with Hongyi Chu [CH20] we
have recently given the first definition of such enriched ∞-operads and shown that several
reasonable models are equivalent:

Theorem (Chu–H., [CH20]). If V is a presentably symmetric monoidal ∞-category, then
there are equivalent homotopy theories of V-enriched ∞-operads generalizing the Segal op-
erads of Barwick [Bar18] and the dendroidal Segal spaces of Cisinski–Moerdijk [CM13].
If V arises from a nice symmetric monoidal model category V, then these are moreover
equivalent to the homotopy theory of operads strictly enriched in V.

This comparison builds on the unenriched comparison between Segal operads and den-
droidal Segal spaces we proved together with Gijs Heuts [CHH18].

The modern perspective on Koszul duality of algebras is that it arises from bar–cobar
duality, an adjunction that relates associative algebras and coassociative coalgebras in a
symmetric monoidal category; Lurie has constructed this in a very general setting. Koszul
duality for operads is expected to arise as a special case of this, by viewing operads as
associative algebras in symmetric sequences under the “composition product”. (More pre-
cisely, this gives operads with one object, but there are natural variants for many-object
operads.) To define Koszul duality for ∞-operads it therefore seems necessary to extend
to ∞-categories this description of operads, which I have recently done:

Theorem (H., [Hau19a]). If V is a presentably symmetric monoidal∞-category, then there
is a monoidal structure on the ∞-category Fun(

∐
nBΣn,V) of symmetric sequences in V

such that associative algebras are equivalent to one-object ∞-operads enriched in V.
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More generally, there is a version of this result for ∞-operads with any fixed space of
objects. The construction extends to∞-categories a description of the composition product
on symmetric sequences as a Day convolution due to Dwyer–Hess [DH14].

In future work I intend to build on this construction to develop foundations for an
∞-categorical theory of Koszul duality. This would make precise the ideas of Francis–
Gaitsgory [FG12], who gave a detailed proposal for how this theory should work:

Goal. Define and study Koszul duality for enriched ∞-operads.
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