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• This research studies the problem of scheduling surgeries in a hospital 

with limited resources due to the influx of patients suffering from 

COVID-19.

• During the COVID-19 pandemic a lot of hospital beds were used by 

COVID patients limiting the amount of resources available for the 

hospital's normal surgery patients. Although the COVID-19 pandemic 

has seen a lot of relief with people getting vaccinated this research is 

focused for future unexpected circumstances.

• This system can be modeled as a no-wait flow shop model with two 

stages. 

• The first stage would have 𝑚𝑖,1 machines which would represent the 

surgery rooms. The jobs for this part would be the patients' surgeries. 

Each of the surgeries on the first machine would have a different 

duration 𝑝𝑗,1, that is pre-decided by the surgery the patient is having. 

• The second stage will have 𝑚𝑖,2machines which would represent the 

hospital beds. The jobs for the second stage will be the patient 

recovering. This job will have a duration, 𝑝𝑗,2, that is designated by the 

patient and their prior surgery. 

• In this research we will first look at special cases whose optimal 

schedules can be solved, as well as other general cases who are NP-

hard, but the approximations bounds can be found for scheduling. 

• The first base cases that were looked at were cases with unlimited machines and the 

constraints that the processing time on the first machine is smaller than that on the second 

machine. 

• To figure out what scheduling would be best two jobs i and j were observed where  

𝑝𝑖,1< 𝑝𝑗,1 and 𝑝𝑖,2< 𝑝𝑗,2.  Based on these constraints two possible subcases were 

observed. The first being where 𝑝𝑗,1≤ 𝑝𝑖,2 and the other being where 𝑝𝑗,1> 𝑝𝑖,2. 

• The first subcase can be seen modeled below with proof by interchange.

• The next steps in this research would be to analyze more complex 

versions of this scheduling. 

• More special cases still need to be explored but with these base cases it 

will hopefully be possible to model this case further as a two machine 

no wait flow shop model

• The next special case that was observed was that where there are infinite 

machines and the jobs can take certain processing times such as machine 

1 can have jobs of 2 and 4 hours long while machine 2 can have 

processes that are either 2, 4, or 6 hours long. 

• The first special case for this would assume that all of the jobs on the first 

machine are of the same processing type either 4 or 2 hours long in 

duration.  While the processes on the second machine can be any of the 

possible acceptable times.  

• This research focuses on a no wait flow shop model in which idle time can 

be on both the first or the second machine however once a job is completed 

on the first machine it must immediately be scheduled on the second 

machine, as is by definition a no-wait flow shop.

• An example of a basic no wait flow shop model can be seen below with 

two machines M1 and M2 and three different processes, i , j, and k all with 

different process times on the first and second machines. Idle time on each 

machine is displayed as a grey box. 

Methods

• The first steps for analyzing this problem was to look at the most basic 

cases and then build up from there.

• This meant that the first case that was looked at was a simple an unlimited 

number of machines in the second stage and constraints that the process of 

the first machine was longer than that on the second machine for all 

processes. 

• Then using the constrains for each case and subcase they were modeled to 

see if by swapping if SPT or LPT or other scheduling rules would lead to 

achieving the lower bound of the optimal scheduling time. 

• The other base cases were solved using the same steps and the results can be seen below.
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• Some of the basic solvable cases were simplified to be solved by cases 

already known such as: Shortest Processing Time First (SPT) and 

Longest Processing Time First (LPT)

• While others had special scheduling rules created for them that would 

allow for the optimal schedule to be achieved.
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Scheduled First Using LPT :

Switch the Schedule Order of i and j  :

The completion times on both machines can be written as the equations seen below

𝐶𝑖1 = 𝑡 + 𝑝𝑗,1 + 𝑝𝑗,2
𝐶𝑖2 = 𝑡 + 𝑝𝑗,1 + 𝑝𝑗,2+𝑝𝑖,2

The completion times on both machines can be written as the equations seen below

𝐶𝑗1 = 𝑡 + 𝑝𝑖,1 + 𝑝𝑖,2
𝐶𝑗2 = 𝑡 + 𝑝𝑖,1 + 𝑝𝑖,2+𝑝𝑗,2

These equations of completion times were then compared to those before switching 

the order of processes i and j.

This shows that the optimal scheduling method for this case is by Shortest 

Processing Time First (SPT) with proof by interchange.
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Case 1:

Constraints:

𝑝𝑖,1 > 𝑝𝑖,2 and 𝑝𝑗,1> 𝑝𝑗,2
𝑝𝑖,1 = 𝑝𝑗,1 and 𝑝𝑖,2< 𝑝𝑗,2
Subcase a:

𝑝𝑖,1> 𝑝𝑗,2
Optimal Scheduling Algorithm: Order does not matter as long as the 

last job scheduled is  the one with the smallest processing time on the 

second machine. Completion time would be  N(𝑝𝑖,1)+min{ 𝑝𝑖,2} 

where N is an integer

Subcase b:

𝑝𝑖,1< 𝑝𝑗,2
Optimal Scheduling Algorithm: SPT2 achieves optimal schedule of 

lower bound 1

Case 2:

Constraints:

𝑝𝑖,1 > 𝑝𝑖,2 and 𝑝𝑗,1> 𝑝𝑗,2
𝑝𝑖,1 < 𝑝𝑗,1 and 𝑝𝑖,2< 𝑝𝑗,2
Subcase a:
𝑝𝑗,1 ≤ 𝑝𝑖,2
Optimal Scheduling Algorithm: 

approximation using SPT ≤2*optimal 

schedule 

Subcase b:
𝑝𝑗,1 > 𝑝𝑖,2
Optimal Scheduling Algorithm: LPT

Case 3:

Constraints:

𝑝𝑖,1 < 𝑝𝑖,2 and 𝑝𝑗,1< 𝑝𝑗,2
𝑝𝑖,1 < 𝑝𝑗,1 and 𝑝𝑖,2< 𝑝𝑗,2
Subcase a:
𝑝𝑖,2 − 𝑝𝑗,2 ≤ 𝑝𝑗,1 − 𝑝𝑖,1
Optimal Scheduling Algorithm: SPT1

Subcase b:
𝑝𝑖,2 − 𝑝𝑗,2 > 𝑝𝑗,1 − 𝑝𝑖,1
Optimal Scheduling Algorithm: SPT proof by 

comparing to lower bound

Case 4:

Constraints:

𝑝𝑖,1 > 𝑝𝑖,2 and 𝑝𝑗,1> 𝑝𝑗,2
𝑝𝑖,1 < 𝑝𝑗,1 and 𝑝𝑖,2< 𝑝𝑗,2
𝑝𝑖,1 > 𝑝𝑗,2
Optimal Scheduling Algorithm: SPT1

Case 1:

Constraints:

𝑝𝑖,1 < 𝑝𝑖,2 and 𝑝𝑗,1< 𝑝𝑗,2
𝑝𝑖,1 < 𝑝𝑗,1 and 𝑝𝑖,2< 𝑝𝑗,2
Subcase b:

𝑝𝑗,1> 𝑝𝑖,2
Optimal Scheduling Algorithm: SPT

Case 2:

Constraints:

𝑝𝑖,1 > 𝑝𝑖,2 and 𝑝𝑗,1> 𝑝𝑗,2
𝑝𝑖,1 < 𝑝𝑗,1 and 𝑝𝑖,2< 𝑝𝑗,2
Subcase a:

𝑝𝑗,1> 𝑝𝑖,2
Optimal Scheduling Algorithm: Leave the process with the smallest 

processing time on the second machine for last

• The next special case for this would assume that the jobs on the first 

machine are of the either processing type either 4 or 2 hours long in 

duration.  While the processes on the second machine can be any of the 

possible acceptable times.  

Case 3:

Constraints:

𝑝𝑖,1 < 𝑝𝑖,2 and 𝑝𝑗,1< 𝑝𝑗,2
𝑝𝑖,1 < 𝑝𝑗,1 and 𝑝𝑖,2< 𝑝𝑗,2
Subcase a:

𝑝𝑗,1> 𝑝𝑖,2
Optimal Scheduling Algorithm: Since machine 2 is compact so schedule the 

first job to be scheduled should be of the type with a small processing time on 

the first machine.


