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But we’re using quantum theory.

Big bath

Exchange things

assumed implicitly  
to commute with each other

Undergraduate statistical mechanics

Small system



What if the charges don’t commute with each other?

[Qα, Qα′�] ≠ 0
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HvN(ρ) := − Tr(ρ log ρ)

Tr(ρ) = 1

Tr(Hρ) = E
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ρ = e−β(H−μN)/Z
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Known expectation values:

von Neumann entropy:

• Principle of maximum entropy:
thermal state = the maximum-entropy state that satisfies constraints
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• Silent about thermalization and physical realizations

• Followup: Balian and Balazs, Ann. Phys. 179, 97 (1987).
More physical, though ran into mathematical roadblock

• Maximum entropy works even if observables don’t commute.
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• Looks roughly as we’d expect
Can be a pain in the neck to derive



NYH, Faist, Oppenheim, and Winter, Nat. Comms. 7, 12051 (2016).

Derive the non-Abelian thermal state’s form  
from a microcanonical argument.
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Set-up

Easy case: grand canonical thermalization

• Charges of 2 types exchanged: energy, particles

• Joint Hilbert space:

• System associated with operators

ℋtot = ℋS ⊗ ℋB

• Total energy (Etot) and particle number (Ntot) conserved
HS, NS

• Reference: Landau and Lifshitz, Statistical Physics: Part 1, Ch. III
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Setup

• N copies of small system S:

• Each copy has charges

• Not all the charges commute:

• Joint Hilbert space:

• Example: chain of spins

…

• Ensemble

Q1, Q2, …

[Qα , Qα′�] ≠ 0.

Most copies act like the bath, B.
ℋtot = (ℋS)⊗N
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• Define total charge “densities”

• Think: correspondence principle

• Ogata, Y. J. Funct. Anal. 264, 2005 (2013), Theorem 1.1.
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• Definition: Consider the whole-system states           in which  
measuring any total charge  
has a high probability  
of yielding an outcome close to the “expected value,”

Qtot
α

Analogous to the grand 
canonical problem’s ntot

Ωtot

Every such state has most of its support in ℳ : Tr(ΠℳΩtot) ≥ 1 − ϵ .
Every state in        is such anℳ Ωtot .

• Every total charge has a fairly well-defined value.

Define an approximate microcanonical subspace

Sα .
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• Setup
• Preparation procedure

• Evolution
• Measurement

• Numerical simulations
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Effective bath

• S: system of interest
• Whole system: N copies of S

• Closed quantum many-body system

n qubits

• Example: chain of qubits
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Charges

• Spin components of qubit j:

• System-of-interest charges: σS
α = ∑

j∈S

σ( j)
α

• Global charges: σtot
α =

Nn

∑
j=1
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α
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(i) Preserves each global charge

(ii) Hops local charges between subsystems
[H tot, σtot

α ] = 0 ∀α = x, y, z•  

(iii) Nonintegrable

3 required properties
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• Raising/lowering operator for x-type charge: σ±x = Uσ±zU†
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+xσ( j+1)
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, U =
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• The Hamiltonian hops charges of all types.

σz , σy, σx

Let’s construct a qubit Htot via physical reasoning.

H tot = ∑
α=x,y,z

(σ( j)
+ασ( j+1)

−α + h . c . )∑
j

J = J∑
j

⃗σ ( j) ⋅ ⃗σ ( j+1)

Heisenberg  
interaction
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H tot = J
Nn−1

∑
j=1

⃗σ ( j) ⋅ ⃗σ ( j+1) +
Nn−2

∑
j=1

⃗σ ( j) ⋅ ⃗σ ( j+2)

• Nonintegrable next-nearest neighbors or >1D

σz , σy, σx

Let’s construct a qubit Htot via physical reasoning.

sufficientt ∼ Nn /J• Evolution time:
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Preparation procedure

How do you prepare the global system in an approximate microcanonical subspace?

2 protocols

(1) Prepare a product state.

(2) Use generalized measurements (POVMs).

•  | + x⟩ | + y⟩ | + z⟩ | + x⟩ | + y⟩ | + z⟩…
• Feasible for ultracold atoms with single-site microwave addressing  

and trapped ions
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• Measure local observables O.

S

• E.g., perform quantum state tomography on S.
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5

represents the Hamiltonian as a matrix relative to an
eigenbasis shared with the charges. Such an eigenbasis
does not exist here, due to the charges’ noncommutation.

FIG. 2: Distances from the long-time state to
thermal states: A chain of qubits subject to periodic
boundary conditions was simulated numerically. The first
preparation protocol and the evolution in Sec. I thermalized
a two-qubit system S of interest to a long-time state ⇢S.
Plotted is the relative-entropy distance [Eq. (15)] from ⇢S to
each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical

state / e
��(HS�µz�

S
z ) (green triangles). The NATS theory

predicts ⇢S with greater accuracy, which grows with the
spin-chain size, for finite systems. The dotted line represents
the best fit of the form of the prediction (16). Entropies are
expressed in units of nats (not to be confused with the
NATS: logarithms are base-e).

The final system-of-interest state ⇢S was compared to
the NATS prediction (2), to the canonical prediction (1),

and to a grand canonical state ⇢GC / e��(H
S�µz�

S
z )

that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
canonical and grand canonical predictions in the original
GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1

Figure 2 shows the relative entropies. The blue dots
show D(⇢S||⇢NATS); the red squares, D(⇢S||⇢can); and

1
One exception arises at small system sizes: When Nn = 6, 8,
two small parameters equal 0.667, 0.500 < 1.

the green triangles, D(⇢S||⇢GC). The NATS theory pre-
dicts ⇢S with greater accuracy, which grows with the
spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-

n = 2 qubits in system of interest
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of [7]: Noncommutation can prevent the charges from
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GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1

Figure 2 shows the relative entropies. The blue dots
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FIG. 2. Distances from the long-time state to thermal states: A
chain of qubits subject to periodic boundary conditions was simu-
lated numerically. The first preparation protocol and the evolution in
Sec. II thermalized a two-qubit system S of interest to a long-time
state ρS. Plotted is the relative-entropy distance [Eq. (13)] from ρS

to each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical state ∝
e−β(HS−µzσ

S
z ) (green triangles). The NATS theory predicts ρS with

greater accuracy, which grows with the spin-chain size, for finite
systems. The dashed line represents the best polynomial fit. Entropies
are expressed in units of nats (not to be confused with the NATS:
logarithms are base-e).

dimensionless parameters [Eq. (10)]. The more-precise ver-
sions of inequalities (10) (Appendix F) were satisfied: Each
small parameter was an order of magnitude less than 1.1

Figure 2 shows the relative entropies. The blue dots show
D(ρS||ρNATS); the red squares, D(ρS||ρcan ); and the green
triangles, D(ρS||ρGC). The NATS theory predicts ρS with
greater accuracy, which grows with the spin chain.

The dashed line shows the best polynomial fit, which scales
as approximately N−5/2. This fit merits comparison with the
right-hand side of Eq. (14). As the system size N grows,
the best fit shrinks more quickly than the ∼N−1/2 prediction
in [7]. This contrast suggests two possibilities: (i) A bound
tighter than that in [7] can be proved. (ii) “Transients,” such
as ∼N−5/2, dominate the scaling at small system sizes. The
transients vanish quickly as N grows, and ∼N−1/2 dominates
the scaling at large system sizes.

As the whole system grows, the NATS, grand canonical,
and canonical predictions appear to converge. On the right-
hand side of Fig. 2, the blue circle, green triangle, and red
square clump close together. This convergence is believed
to result from the largeness of T and the smallness of the
µα’s. When the temperature is high, all thermal ensembles
resemble the maximally mixed state, 1/2Nn . The predictions
are expected to separate as T falls and the µα’s grow.

In experiments, a Hamiltonian close to having the Heisen-
berg form

!
α σ

( j)
α σ

( j+1)
α can suffer from anisotropies [49].

Appendix H demonstrates our protocol’s robustness with re-
spect to realistic anisotropies.

1One exception arises at small system sizes: When Nn = 6, 8, two
small parameters equal 0.667, 0.500 < 1.

IV. DISCUSSION

We have formulated and simulated an experimental pro-
tocol for thermalizing a quantum many-body system to the
NATS. The protocol holds promise for ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers, and
NMR. This work initiates a bridge from the abstract, idealized
NATS theory of QI-theoretic thermodynamics to many-body
physics: We introduce noncommutation—a key feature of
nonclassicality—of charges into condensed matter and AMO
physics. Extensions to high-energy physics beg to be realized.
Below, we contrast the NATS with the GGE. Similarly, in
Appendix A, we detail how noncommuting charges invali-
date predictions by the ETH. However, Deutsch’s original
argument for studying the ETH provides extra motivation for
studying the NATS (Appendix I). Then, we present opportu-
nities for future research.

The GGE is an ensemble to which quantum systems
equilibrate if extensively many nontrivial charges are con-
served [14–16]. Our prediction lies outside existing GGE
studies for three reasons. First, GGE studies have not em-
phasized noncommutation (though noncommuting charges
have now appeared in [64]). Second, the GGE was designed
for integrable Hamiltonians. Our Hamiltonian is noninte-
grable because we study thermalization. Third, the charges
conserved in GGE problems tend not to equal the sums
of local charges. Our globally conserved charges do, in
the spirit of the textbook problem reviewed in Sec. I. We
maintain this spirit to emphasize that beginning with a text-
book problem and introducing the minimal noncommutative
tweak unmoors conventional expectations, as explained in the
paragraph above Eq. (2). Our work moors this nonclassical
thermalization to an experimental protocol and numerical
simulations.

This paper opens up several opportunities for future re-
search. In condensed-matter, AMO, and high-energy physics,
toolkits for studying many-body thermalization have recently
emerged: quantum-simulator experiments [32,36,39,42,45],
the ETH [10–12], random unitary circuits [65–68], the GGE
[14,15,46], and out-of-time-ordered correlators [69]. These
toolkits should and can be generalized to accommodate non-
commuting charges, now that such charges have been im-
ported from QI-theoretic thermodynamics into many-body
physics.

Furthermore, these frameworks can be leveraged to explore
noncommutation’s effects on thermalization. Constraining dy-
namics, noncommutation might slow the transport of energy,
information, and/or charges. Hence noncommutation might
enhance storage and memory. Additionally, noncommutation
underlies quantum error correction, quantum cryptography,
and other applications. Noncommutation might advance in-
formation processing in materials. Furthermore, group theory
structures high-energy physics. Non-Abelian groups therein
might give rise to NATS physics.

The thermodynamic limit, too, merits study. We focus on
experimentally realizable systems, of finite size N . Figure 2
suggests that, as the whole system grows, the canonical pre-
diction’s accuracy grows. How much the NATS prediction
outperforms the canonical as N → ∞ remains an open ques-
tion.
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NATS. The protocol holds promise for ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers, and
NMR. This work initiates a bridge from the abstract, idealized
NATS theory of QI-theoretic thermodynamics to many-body
physics: We introduce noncommutation—a key feature of
nonclassicality—of charges into condensed matter and AMO
physics. Extensions to high-energy physics beg to be realized.
Below, we contrast the NATS with the GGE. Similarly, in
Appendix A, we detail how noncommuting charges invali-
date predictions by the ETH. However, Deutsch’s original
argument for studying the ETH provides extra motivation for
studying the NATS (Appendix I). Then, we present opportu-
nities for future research.

The GGE is an ensemble to which quantum systems
equilibrate if extensively many nontrivial charges are con-
served [14–16]. Our prediction lies outside existing GGE
studies for three reasons. First, GGE studies have not em-
phasized noncommutation (though noncommuting charges
have now appeared in [64]). Second, the GGE was designed
for integrable Hamiltonians. Our Hamiltonian is noninte-
grable because we study thermalization. Third, the charges
conserved in GGE problems tend not to equal the sums
of local charges. Our globally conserved charges do, in
the spirit of the textbook problem reviewed in Sec. I. We
maintain this spirit to emphasize that beginning with a text-
book problem and introducing the minimal noncommutative
tweak unmoors conventional expectations, as explained in the
paragraph above Eq. (2). Our work moors this nonclassical
thermalization to an experimental protocol and numerical
simulations.

This paper opens up several opportunities for future re-
search. In condensed-matter, AMO, and high-energy physics,
toolkits for studying many-body thermalization have recently
emerged: quantum-simulator experiments [32,36,39,42,45],
the ETH [10–12], random unitary circuits [65–68], the GGE
[14,15,46], and out-of-time-ordered correlators [69]. These
toolkits should and can be generalized to accommodate non-
commuting charges, now that such charges have been im-
ported from QI-theoretic thermodynamics into many-body
physics.

Furthermore, these frameworks can be leveraged to explore
noncommutation’s effects on thermalization. Constraining dy-
namics, noncommutation might slow the transport of energy,
information, and/or charges. Hence noncommutation might
enhance storage and memory. Additionally, noncommutation
underlies quantum error correction, quantum cryptography,
and other applications. Noncommutation might advance in-
formation processing in materials. Furthermore, group theory
structures high-energy physics. Non-Abelian groups therein
might give rise to NATS physics.

The thermodynamic limit, too, merits study. We focus on
experimentally realizable systems, of finite size N . Figure 2
suggests that, as the whole system grows, the canonical pre-
diction’s accuracy grows. How much the NATS prediction
outperforms the canonical as N → ∞ remains an open ques-
tion.
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FIG. 2: Distances from the long-time state to
thermal states: A chain of qubits subject to periodic
boundary conditions was simulated numerically. The first
preparation protocol and the evolution in Sec. I thermalized
a two-qubit system S of interest to a long-time state ⇢S.
Plotted is the relative-entropy distance [Eq. (15)] from ⇢S to
each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical

state / e
��(HS�µz�

S
z ) (green triangles). The NATS theory

predicts ⇢S with greater accuracy, which grows with the
spin-chain size, for finite systems. The dotted line represents
the best fit of the form of the prediction (16). Entropies are
expressed in units of nats (not to be confused with the
NATS: logarithms are base-e).

The final system-of-interest state ⇢S was compared to
the NATS prediction (2), to the canonical prediction (1),

and to a grand canonical state ⇢GC / e��(H
S�µz�

S
z )

that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
canonical and grand canonical predictions in the original
GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1

Figure 2 shows the relative entropies. The blue dots
show D(⇢S||⇢NATS); the red squares, D(⇢S||⇢can); and

1
One exception arises at small system sizes: When Nn = 6, 8,
two small parameters equal 0.667, 0.500 < 1.

the green triangles, D(⇢S||⇢GC). The NATS theory pre-
dicts ⇢S with greater accuracy, which grows with the
spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-

5

represents the Hamiltonian as a matrix relative to an
eigenbasis shared with the charges. Such an eigenbasis
does not exist here, due to the charges’ noncommutation.

FIG. 2: Distances from the long-time state to
thermal states: A chain of qubits subject to periodic
boundary conditions was simulated numerically. The first
preparation protocol and the evolution in Sec. I thermalized
a two-qubit system S of interest to a long-time state ⇢S.
Plotted is the relative-entropy distance [Eq. (15)] from ⇢S to
each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical

state / e
��(HS�µz�

S
z ) (green triangles). The NATS theory

predicts ⇢S with greater accuracy, which grows with the
spin-chain size, for finite systems. The dotted line represents
the best fit of the form of the prediction (16). Entropies are
expressed in units of nats (not to be confused with the
NATS: logarithms are base-e).

The final system-of-interest state ⇢S was compared to
the NATS prediction (2), to the canonical prediction (1),

and to a grand canonical state ⇢GC / e��(H
S�µz�

S
z )

that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
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spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-

• The non-Abelian-thermal-state prediction is the most accurate.
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FIG. 2. Distances from the long-time state to thermal states: A
chain of qubits subject to periodic boundary conditions was simu-
lated numerically. The first preparation protocol and the evolution in
Sec. II thermalized a two-qubit system S of interest to a long-time
state ρS. Plotted is the relative-entropy distance [Eq. (13)] from ρS

to each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical state ∝
e−β(HS−µzσ

S
z ) (green triangles). The NATS theory predicts ρS with

greater accuracy, which grows with the spin-chain size, for finite
systems. The dashed line represents the best polynomial fit. Entropies
are expressed in units of nats (not to be confused with the NATS:
logarithms are base-e).

dimensionless parameters [Eq. (10)]. The more-precise ver-
sions of inequalities (10) (Appendix F) were satisfied: Each
small parameter was an order of magnitude less than 1.1

Figure 2 shows the relative entropies. The blue dots show
D(ρS||ρNATS); the red squares, D(ρS||ρcan ); and the green
triangles, D(ρS||ρGC). The NATS theory predicts ρS with
greater accuracy, which grows with the spin chain.

The dashed line shows the best polynomial fit, which scales
as approximately N−5/2. This fit merits comparison with the
right-hand side of Eq. (14). As the system size N grows,
the best fit shrinks more quickly than the ∼N−1/2 prediction
in [7]. This contrast suggests two possibilities: (i) A bound
tighter than that in [7] can be proved. (ii) “Transients,” such
as ∼N−5/2, dominate the scaling at small system sizes. The
transients vanish quickly as N grows, and ∼N−1/2 dominates
the scaling at large system sizes.

As the whole system grows, the NATS, grand canonical,
and canonical predictions appear to converge. On the right-
hand side of Fig. 2, the blue circle, green triangle, and red
square clump close together. This convergence is believed
to result from the largeness of T and the smallness of the
µα’s. When the temperature is high, all thermal ensembles
resemble the maximally mixed state, 1/2Nn . The predictions
are expected to separate as T falls and the µα’s grow.

In experiments, a Hamiltonian close to having the Heisen-
berg form

!
α σ

( j)
α σ

( j+1)
α can suffer from anisotropies [49].

Appendix H demonstrates our protocol’s robustness with re-
spect to realistic anisotropies.

1One exception arises at small system sizes: When Nn = 6, 8, two
small parameters equal 0.667, 0.500 < 1.

IV. DISCUSSION

We have formulated and simulated an experimental pro-
tocol for thermalizing a quantum many-body system to the
NATS. The protocol holds promise for ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers, and
NMR. This work initiates a bridge from the abstract, idealized
NATS theory of QI-theoretic thermodynamics to many-body
physics: We introduce noncommutation—a key feature of
nonclassicality—of charges into condensed matter and AMO
physics. Extensions to high-energy physics beg to be realized.
Below, we contrast the NATS with the GGE. Similarly, in
Appendix A, we detail how noncommuting charges invali-
date predictions by the ETH. However, Deutsch’s original
argument for studying the ETH provides extra motivation for
studying the NATS (Appendix I). Then, we present opportu-
nities for future research.

The GGE is an ensemble to which quantum systems
equilibrate if extensively many nontrivial charges are con-
served [14–16]. Our prediction lies outside existing GGE
studies for three reasons. First, GGE studies have not em-
phasized noncommutation (though noncommuting charges
have now appeared in [64]). Second, the GGE was designed
for integrable Hamiltonians. Our Hamiltonian is noninte-
grable because we study thermalization. Third, the charges
conserved in GGE problems tend not to equal the sums
of local charges. Our globally conserved charges do, in
the spirit of the textbook problem reviewed in Sec. I. We
maintain this spirit to emphasize that beginning with a text-
book problem and introducing the minimal noncommutative
tweak unmoors conventional expectations, as explained in the
paragraph above Eq. (2). Our work moors this nonclassical
thermalization to an experimental protocol and numerical
simulations.

This paper opens up several opportunities for future re-
search. In condensed-matter, AMO, and high-energy physics,
toolkits for studying many-body thermalization have recently
emerged: quantum-simulator experiments [32,36,39,42,45],
the ETH [10–12], random unitary circuits [65–68], the GGE
[14,15,46], and out-of-time-ordered correlators [69]. These
toolkits should and can be generalized to accommodate non-
commuting charges, now that such charges have been im-
ported from QI-theoretic thermodynamics into many-body
physics.

Furthermore, these frameworks can be leveraged to explore
noncommutation’s effects on thermalization. Constraining dy-
namics, noncommutation might slow the transport of energy,
information, and/or charges. Hence noncommutation might
enhance storage and memory. Additionally, noncommutation
underlies quantum error correction, quantum cryptography,
and other applications. Noncommutation might advance in-
formation processing in materials. Furthermore, group theory
structures high-energy physics. Non-Abelian groups therein
might give rise to NATS physics.

The thermodynamic limit, too, merits study. We focus on
experimentally realizable systems, of finite size N . Figure 2
suggests that, as the whole system grows, the canonical pre-
diction’s accuracy grows. How much the NATS prediction
outperforms the canonical as N → ∞ remains an open ques-
tion.

042117-5



Numerical simulations

5

represents the Hamiltonian as a matrix relative to an
eigenbasis shared with the charges. Such an eigenbasis
does not exist here, due to the charges’ noncommutation.
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the NATS prediction (2), to the canonical prediction (1),
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that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
canonical and grand canonical predictions in the original
GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1

Figure 2 shows the relative entropies. The blue dots
show D(⇢S||⇢NATS); the red squares, D(⇢S||⇢can); and

1
One exception arises at small system sizes: When Nn = 6, 8,
two small parameters equal 0.667, 0.500 < 1.

the green triangles, D(⇢S||⇢GC). The NATS theory pre-
dicts ⇢S with greater accuracy, which grows with the
spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
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that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
canonical and grand canonical predictions in the original
GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1
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the green triangles, D(⇢S||⇢GC). The NATS theory pre-
dicts ⇢S with greater accuracy, which grows with the
spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-

• The non-Abelian-thermal-state prediction is the most accurate.
• The accuracy grows with system size.
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FIG. 2. Distances from the long-time state to thermal states: A
chain of qubits subject to periodic boundary conditions was simu-
lated numerically. The first preparation protocol and the evolution in
Sec. II thermalized a two-qubit system S of interest to a long-time
state ρS. Plotted is the relative-entropy distance [Eq. (13)] from ρS

to each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical state ∝
e−β(HS−µzσ

S
z ) (green triangles). The NATS theory predicts ρS with

greater accuracy, which grows with the spin-chain size, for finite
systems. The dashed line represents the best polynomial fit. Entropies
are expressed in units of nats (not to be confused with the NATS:
logarithms are base-e).

dimensionless parameters [Eq. (10)]. The more-precise ver-
sions of inequalities (10) (Appendix F) were satisfied: Each
small parameter was an order of magnitude less than 1.1

Figure 2 shows the relative entropies. The blue dots show
D(ρS||ρNATS); the red squares, D(ρS||ρcan ); and the green
triangles, D(ρS||ρGC). The NATS theory predicts ρS with
greater accuracy, which grows with the spin chain.

The dashed line shows the best polynomial fit, which scales
as approximately N−5/2. This fit merits comparison with the
right-hand side of Eq. (14). As the system size N grows,
the best fit shrinks more quickly than the ∼N−1/2 prediction
in [7]. This contrast suggests two possibilities: (i) A bound
tighter than that in [7] can be proved. (ii) “Transients,” such
as ∼N−5/2, dominate the scaling at small system sizes. The
transients vanish quickly as N grows, and ∼N−1/2 dominates
the scaling at large system sizes.

As the whole system grows, the NATS, grand canonical,
and canonical predictions appear to converge. On the right-
hand side of Fig. 2, the blue circle, green triangle, and red
square clump close together. This convergence is believed
to result from the largeness of T and the smallness of the
µα’s. When the temperature is high, all thermal ensembles
resemble the maximally mixed state, 1/2Nn . The predictions
are expected to separate as T falls and the µα’s grow.

In experiments, a Hamiltonian close to having the Heisen-
berg form

!
α σ

( j)
α σ

( j+1)
α can suffer from anisotropies [49].

Appendix H demonstrates our protocol’s robustness with re-
spect to realistic anisotropies.

1One exception arises at small system sizes: When Nn = 6, 8, two
small parameters equal 0.667, 0.500 < 1.

IV. DISCUSSION

We have formulated and simulated an experimental pro-
tocol for thermalizing a quantum many-body system to the
NATS. The protocol holds promise for ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers, and
NMR. This work initiates a bridge from the abstract, idealized
NATS theory of QI-theoretic thermodynamics to many-body
physics: We introduce noncommutation—a key feature of
nonclassicality—of charges into condensed matter and AMO
physics. Extensions to high-energy physics beg to be realized.
Below, we contrast the NATS with the GGE. Similarly, in
Appendix A, we detail how noncommuting charges invali-
date predictions by the ETH. However, Deutsch’s original
argument for studying the ETH provides extra motivation for
studying the NATS (Appendix I). Then, we present opportu-
nities for future research.

The GGE is an ensemble to which quantum systems
equilibrate if extensively many nontrivial charges are con-
served [14–16]. Our prediction lies outside existing GGE
studies for three reasons. First, GGE studies have not em-
phasized noncommutation (though noncommuting charges
have now appeared in [64]). Second, the GGE was designed
for integrable Hamiltonians. Our Hamiltonian is noninte-
grable because we study thermalization. Third, the charges
conserved in GGE problems tend not to equal the sums
of local charges. Our globally conserved charges do, in
the spirit of the textbook problem reviewed in Sec. I. We
maintain this spirit to emphasize that beginning with a text-
book problem and introducing the minimal noncommutative
tweak unmoors conventional expectations, as explained in the
paragraph above Eq. (2). Our work moors this nonclassical
thermalization to an experimental protocol and numerical
simulations.

This paper opens up several opportunities for future re-
search. In condensed-matter, AMO, and high-energy physics,
toolkits for studying many-body thermalization have recently
emerged: quantum-simulator experiments [32,36,39,42,45],
the ETH [10–12], random unitary circuits [65–68], the GGE
[14,15,46], and out-of-time-ordered correlators [69]. These
toolkits should and can be generalized to accommodate non-
commuting charges, now that such charges have been im-
ported from QI-theoretic thermodynamics into many-body
physics.

Furthermore, these frameworks can be leveraged to explore
noncommutation’s effects on thermalization. Constraining dy-
namics, noncommutation might slow the transport of energy,
information, and/or charges. Hence noncommutation might
enhance storage and memory. Additionally, noncommutation
underlies quantum error correction, quantum cryptography,
and other applications. Noncommutation might advance in-
formation processing in materials. Furthermore, group theory
structures high-energy physics. Non-Abelian groups therein
might give rise to NATS physics.

The thermodynamic limit, too, merits study. We focus on
experimentally realizable systems, of finite size N . Figure 2
suggests that, as the whole system grows, the canonical pre-
diction’s accuracy grows. How much the NATS prediction
outperforms the canonical as N → ∞ remains an open ques-
tion.
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does not exist here, due to the charges’ noncommutation.

FIG. 2: Distances from the long-time state to
thermal states: A chain of qubits subject to periodic
boundary conditions was simulated numerically. The first
preparation protocol and the evolution in Sec. I thermalized
a two-qubit system S of interest to a long-time state ⇢S.
Plotted is the relative-entropy distance [Eq. (15)] from ⇢S to
each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical

state / e
��(HS�µz�

S
z ) (green triangles). The NATS theory

predicts ⇢S with greater accuracy, which grows with the
spin-chain size, for finite systems. The dotted line represents
the best fit of the form of the prediction (16). Entropies are
expressed in units of nats (not to be confused with the
NATS: logarithms are base-e).

The final system-of-interest state ⇢S was compared to
the NATS prediction (2), to the canonical prediction (1),

and to a grand canonical state ⇢GC / e��(H
S�µz�

S
z )

that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
canonical and grand canonical predictions in the original
GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1

Figure 2 shows the relative entropies. The blue dots
show D(⇢S||⇢NATS); the red squares, D(⇢S||⇢can); and

1
One exception arises at small system sizes: When Nn = 6, 8,
two small parameters equal 0.667, 0.500 < 1.

the green triangles, D(⇢S||⇢GC). The NATS theory pre-
dicts ⇢S with greater accuracy, which grows with the
spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-
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spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-
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FIG. 2. Distances from the long-time state to thermal states: A
chain of qubits subject to periodic boundary conditions was simu-
lated numerically. The first preparation protocol and the evolution in
Sec. II thermalized a two-qubit system S of interest to a long-time
state ρS. Plotted is the relative-entropy distance [Eq. (13)] from ρS

to each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical state ∝
e−β(HS−µzσ

S
z ) (green triangles). The NATS theory predicts ρS with

greater accuracy, which grows with the spin-chain size, for finite
systems. The dashed line represents the best polynomial fit. Entropies
are expressed in units of nats (not to be confused with the NATS:
logarithms are base-e).

dimensionless parameters [Eq. (10)]. The more-precise ver-
sions of inequalities (10) (Appendix F) were satisfied: Each
small parameter was an order of magnitude less than 1.1

Figure 2 shows the relative entropies. The blue dots show
D(ρS||ρNATS); the red squares, D(ρS||ρcan ); and the green
triangles, D(ρS||ρGC). The NATS theory predicts ρS with
greater accuracy, which grows with the spin chain.

The dashed line shows the best polynomial fit, which scales
as approximately N−5/2. This fit merits comparison with the
right-hand side of Eq. (14). As the system size N grows,
the best fit shrinks more quickly than the ∼N−1/2 prediction
in [7]. This contrast suggests two possibilities: (i) A bound
tighter than that in [7] can be proved. (ii) “Transients,” such
as ∼N−5/2, dominate the scaling at small system sizes. The
transients vanish quickly as N grows, and ∼N−1/2 dominates
the scaling at large system sizes.

As the whole system grows, the NATS, grand canonical,
and canonical predictions appear to converge. On the right-
hand side of Fig. 2, the blue circle, green triangle, and red
square clump close together. This convergence is believed
to result from the largeness of T and the smallness of the
µα’s. When the temperature is high, all thermal ensembles
resemble the maximally mixed state, 1/2Nn . The predictions
are expected to separate as T falls and the µα’s grow.

In experiments, a Hamiltonian close to having the Heisen-
berg form
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( j)
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( j+1)
α can suffer from anisotropies [49].

Appendix H demonstrates our protocol’s robustness with re-
spect to realistic anisotropies.

1One exception arises at small system sizes: When Nn = 6, 8, two
small parameters equal 0.667, 0.500 < 1.

IV. DISCUSSION

We have formulated and simulated an experimental pro-
tocol for thermalizing a quantum many-body system to the
NATS. The protocol holds promise for ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers, and
NMR. This work initiates a bridge from the abstract, idealized
NATS theory of QI-theoretic thermodynamics to many-body
physics: We introduce noncommutation—a key feature of
nonclassicality—of charges into condensed matter and AMO
physics. Extensions to high-energy physics beg to be realized.
Below, we contrast the NATS with the GGE. Similarly, in
Appendix A, we detail how noncommuting charges invali-
date predictions by the ETH. However, Deutsch’s original
argument for studying the ETH provides extra motivation for
studying the NATS (Appendix I). Then, we present opportu-
nities for future research.

The GGE is an ensemble to which quantum systems
equilibrate if extensively many nontrivial charges are con-
served [14–16]. Our prediction lies outside existing GGE
studies for three reasons. First, GGE studies have not em-
phasized noncommutation (though noncommuting charges
have now appeared in [64]). Second, the GGE was designed
for integrable Hamiltonians. Our Hamiltonian is noninte-
grable because we study thermalization. Third, the charges
conserved in GGE problems tend not to equal the sums
of local charges. Our globally conserved charges do, in
the spirit of the textbook problem reviewed in Sec. I. We
maintain this spirit to emphasize that beginning with a text-
book problem and introducing the minimal noncommutative
tweak unmoors conventional expectations, as explained in the
paragraph above Eq. (2). Our work moors this nonclassical
thermalization to an experimental protocol and numerical
simulations.

This paper opens up several opportunities for future re-
search. In condensed-matter, AMO, and high-energy physics,
toolkits for studying many-body thermalization have recently
emerged: quantum-simulator experiments [32,36,39,42,45],
the ETH [10–12], random unitary circuits [65–68], the GGE
[14,15,46], and out-of-time-ordered correlators [69]. These
toolkits should and can be generalized to accommodate non-
commuting charges, now that such charges have been im-
ported from QI-theoretic thermodynamics into many-body
physics.

Furthermore, these frameworks can be leveraged to explore
noncommutation’s effects on thermalization. Constraining dy-
namics, noncommutation might slow the transport of energy,
information, and/or charges. Hence noncommutation might
enhance storage and memory. Additionally, noncommutation
underlies quantum error correction, quantum cryptography,
and other applications. Noncommutation might advance in-
formation processing in materials. Furthermore, group theory
structures high-energy physics. Non-Abelian groups therein
might give rise to NATS physics.

The thermodynamic limit, too, merits study. We focus on
experimentally realizable systems, of finite size N . Figure 2
suggests that, as the whole system grows, the canonical pre-
diction’s accuracy grows. How much the NATS prediction
outperforms the canonical as N → ∞ remains an open ques-
tion.
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thermal states: A chain of qubits subject to periodic
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The final system-of-interest state ⇢S was compared to
the NATS prediction (2), to the canonical prediction (1),
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that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
canonical and grand canonical predictions in the original
GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1

Figure 2 shows the relative entropies. The blue dots
show D(⇢S||⇢NATS); the red squares, D(⇢S||⇢can); and

1
One exception arises at small system sizes: When Nn = 6, 8,
two small parameters equal 0.667, 0.500 < 1.

the green triangles, D(⇢S||⇢GC). The NATS theory pre-
dicts ⇢S with greater accuracy, which grows with the
spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics
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studying many-body thermalization: quantum-simulator
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Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
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sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
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dom unitary circuits [57–60], the generalized Gibbs en-
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transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
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cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
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So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
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of [7]: Noncommutation can prevent the charges from
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was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-
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FIG. 2. Distances from the long-time state to thermal states: A
chain of qubits subject to periodic boundary conditions was simu-
lated numerically. The first preparation protocol and the evolution in
Sec. II thermalized a two-qubit system S of interest to a long-time
state ρS. Plotted is the relative-entropy distance [Eq. (13)] from ρS

to each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical state ∝
e−β(HS−µzσ

S
z ) (green triangles). The NATS theory predicts ρS with

greater accuracy, which grows with the spin-chain size, for finite
systems. The dashed line represents the best polynomial fit. Entropies
are expressed in units of nats (not to be confused with the NATS:
logarithms are base-e).

dimensionless parameters [Eq. (10)]. The more-precise ver-
sions of inequalities (10) (Appendix F) were satisfied: Each
small parameter was an order of magnitude less than 1.1

Figure 2 shows the relative entropies. The blue dots show
D(ρS||ρNATS); the red squares, D(ρS||ρcan ); and the green
triangles, D(ρS||ρGC). The NATS theory predicts ρS with
greater accuracy, which grows with the spin chain.

The dashed line shows the best polynomial fit, which scales
as approximately N−5/2. This fit merits comparison with the
right-hand side of Eq. (14). As the system size N grows,
the best fit shrinks more quickly than the ∼N−1/2 prediction
in [7]. This contrast suggests two possibilities: (i) A bound
tighter than that in [7] can be proved. (ii) “Transients,” such
as ∼N−5/2, dominate the scaling at small system sizes. The
transients vanish quickly as N grows, and ∼N−1/2 dominates
the scaling at large system sizes.

As the whole system grows, the NATS, grand canonical,
and canonical predictions appear to converge. On the right-
hand side of Fig. 2, the blue circle, green triangle, and red
square clump close together. This convergence is believed
to result from the largeness of T and the smallness of the
µα’s. When the temperature is high, all thermal ensembles
resemble the maximally mixed state, 1/2Nn . The predictions
are expected to separate as T falls and the µα’s grow.

In experiments, a Hamiltonian close to having the Heisen-
berg form

!
α σ

( j)
α σ

( j+1)
α can suffer from anisotropies [49].

Appendix H demonstrates our protocol’s robustness with re-
spect to realistic anisotropies.

1One exception arises at small system sizes: When Nn = 6, 8, two
small parameters equal 0.667, 0.500 < 1.

IV. DISCUSSION

We have formulated and simulated an experimental pro-
tocol for thermalizing a quantum many-body system to the
NATS. The protocol holds promise for ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers, and
NMR. This work initiates a bridge from the abstract, idealized
NATS theory of QI-theoretic thermodynamics to many-body
physics: We introduce noncommutation—a key feature of
nonclassicality—of charges into condensed matter and AMO
physics. Extensions to high-energy physics beg to be realized.
Below, we contrast the NATS with the GGE. Similarly, in
Appendix A, we detail how noncommuting charges invali-
date predictions by the ETH. However, Deutsch’s original
argument for studying the ETH provides extra motivation for
studying the NATS (Appendix I). Then, we present opportu-
nities for future research.

The GGE is an ensemble to which quantum systems
equilibrate if extensively many nontrivial charges are con-
served [14–16]. Our prediction lies outside existing GGE
studies for three reasons. First, GGE studies have not em-
phasized noncommutation (though noncommuting charges
have now appeared in [64]). Second, the GGE was designed
for integrable Hamiltonians. Our Hamiltonian is noninte-
grable because we study thermalization. Third, the charges
conserved in GGE problems tend not to equal the sums
of local charges. Our globally conserved charges do, in
the spirit of the textbook problem reviewed in Sec. I. We
maintain this spirit to emphasize that beginning with a text-
book problem and introducing the minimal noncommutative
tweak unmoors conventional expectations, as explained in the
paragraph above Eq. (2). Our work moors this nonclassical
thermalization to an experimental protocol and numerical
simulations.

This paper opens up several opportunities for future re-
search. In condensed-matter, AMO, and high-energy physics,
toolkits for studying many-body thermalization have recently
emerged: quantum-simulator experiments [32,36,39,42,45],
the ETH [10–12], random unitary circuits [65–68], the GGE
[14,15,46], and out-of-time-ordered correlators [69]. These
toolkits should and can be generalized to accommodate non-
commuting charges, now that such charges have been im-
ported from QI-theoretic thermodynamics into many-body
physics.

Furthermore, these frameworks can be leveraged to explore
noncommutation’s effects on thermalization. Constraining dy-
namics, noncommutation might slow the transport of energy,
information, and/or charges. Hence noncommutation might
enhance storage and memory. Additionally, noncommutation
underlies quantum error correction, quantum cryptography,
and other applications. Noncommutation might advance in-
formation processing in materials. Furthermore, group theory
structures high-energy physics. Non-Abelian groups therein
might give rise to NATS physics.

The thermodynamic limit, too, merits study. We focus on
experimentally realizable systems, of finite size N . Figure 2
suggests that, as the whole system grows, the canonical pre-
diction’s accuracy grows. How much the NATS prediction
outperforms the canonical as N → ∞ remains an open ques-
tion.
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FIG. 2: Distances from the long-time state to
thermal states: A chain of qubits subject to periodic
boundary conditions was simulated numerically. The first
preparation protocol and the evolution in Sec. I thermalized
a two-qubit system S of interest to a long-time state ⇢S.
Plotted is the relative-entropy distance [Eq. (15)] from ⇢S to
each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical

state / e
��(HS�µz�

S
z ) (green triangles). The NATS theory

predicts ⇢S with greater accuracy, which grows with the
spin-chain size, for finite systems. The dotted line represents
the best fit of the form of the prediction (16). Entropies are
expressed in units of nats (not to be confused with the
NATS: logarithms are base-e).

The final system-of-interest state ⇢S was compared to
the NATS prediction (2), to the canonical prediction (1),

and to a grand canonical state ⇢GC / e��(H
S�µz�

S
z )

that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
canonical and grand canonical predictions in the original
GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1

Figure 2 shows the relative entropies. The blue dots
show D(⇢S||⇢NATS); the red squares, D(⇢S||⇢can); and

1
One exception arises at small system sizes: When Nn = 6, 8,
two small parameters equal 0.667, 0.500 < 1.

the green triangles, D(⇢S||⇢GC). The NATS theory pre-
dicts ⇢S with greater accuracy, which grows with the
spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.

III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-
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III. DISCUSSION

We have formulated and simulated an experimental
protocol for thermalizing a quantum many-body sys-
tem to the NATS. The protocol suits ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers,
and perhaps NMR. This work initiates a bridge from
the abstract, idealized NATS theory of QI-theoretic
thermodynamics to many-body physics: We introduce
noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-
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FIG. 2. Distances from the long-time state to thermal states: A
chain of qubits subject to periodic boundary conditions was simu-
lated numerically. The first preparation protocol and the evolution in
Sec. II thermalized a two-qubit system S of interest to a long-time
state ρS. Plotted is the relative-entropy distance [Eq. (13)] from ρS

to each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical state ∝
e−β(HS−µzσ

S
z ) (green triangles). The NATS theory predicts ρS with

greater accuracy, which grows with the spin-chain size, for finite
systems. The dashed line represents the best polynomial fit. Entropies
are expressed in units of nats (not to be confused with the NATS:
logarithms are base-e).

dimensionless parameters [Eq. (10)]. The more-precise ver-
sions of inequalities (10) (Appendix F) were satisfied: Each
small parameter was an order of magnitude less than 1.1

Figure 2 shows the relative entropies. The blue dots show
D(ρS||ρNATS); the red squares, D(ρS||ρcan ); and the green
triangles, D(ρS||ρGC). The NATS theory predicts ρS with
greater accuracy, which grows with the spin chain.

The dashed line shows the best polynomial fit, which scales
as approximately N−5/2. This fit merits comparison with the
right-hand side of Eq. (14). As the system size N grows,
the best fit shrinks more quickly than the ∼N−1/2 prediction
in [7]. This contrast suggests two possibilities: (i) A bound
tighter than that in [7] can be proved. (ii) “Transients,” such
as ∼N−5/2, dominate the scaling at small system sizes. The
transients vanish quickly as N grows, and ∼N−1/2 dominates
the scaling at large system sizes.

As the whole system grows, the NATS, grand canonical,
and canonical predictions appear to converge. On the right-
hand side of Fig. 2, the blue circle, green triangle, and red
square clump close together. This convergence is believed
to result from the largeness of T and the smallness of the
µα’s. When the temperature is high, all thermal ensembles
resemble the maximally mixed state, 1/2Nn . The predictions
are expected to separate as T falls and the µα’s grow.

In experiments, a Hamiltonian close to having the Heisen-
berg form
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α can suffer from anisotropies [49].

Appendix H demonstrates our protocol’s robustness with re-
spect to realistic anisotropies.

1One exception arises at small system sizes: When Nn = 6, 8, two
small parameters equal 0.667, 0.500 < 1.

IV. DISCUSSION

We have formulated and simulated an experimental pro-
tocol for thermalizing a quantum many-body system to the
NATS. The protocol holds promise for ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers, and
NMR. This work initiates a bridge from the abstract, idealized
NATS theory of QI-theoretic thermodynamics to many-body
physics: We introduce noncommutation—a key feature of
nonclassicality—of charges into condensed matter and AMO
physics. Extensions to high-energy physics beg to be realized.
Below, we contrast the NATS with the GGE. Similarly, in
Appendix A, we detail how noncommuting charges invali-
date predictions by the ETH. However, Deutsch’s original
argument for studying the ETH provides extra motivation for
studying the NATS (Appendix I). Then, we present opportu-
nities for future research.

The GGE is an ensemble to which quantum systems
equilibrate if extensively many nontrivial charges are con-
served [14–16]. Our prediction lies outside existing GGE
studies for three reasons. First, GGE studies have not em-
phasized noncommutation (though noncommuting charges
have now appeared in [64]). Second, the GGE was designed
for integrable Hamiltonians. Our Hamiltonian is noninte-
grable because we study thermalization. Third, the charges
conserved in GGE problems tend not to equal the sums
of local charges. Our globally conserved charges do, in
the spirit of the textbook problem reviewed in Sec. I. We
maintain this spirit to emphasize that beginning with a text-
book problem and introducing the minimal noncommutative
tweak unmoors conventional expectations, as explained in the
paragraph above Eq. (2). Our work moors this nonclassical
thermalization to an experimental protocol and numerical
simulations.

This paper opens up several opportunities for future re-
search. In condensed-matter, AMO, and high-energy physics,
toolkits for studying many-body thermalization have recently
emerged: quantum-simulator experiments [32,36,39,42,45],
the ETH [10–12], random unitary circuits [65–68], the GGE
[14,15,46], and out-of-time-ordered correlators [69]. These
toolkits should and can be generalized to accommodate non-
commuting charges, now that such charges have been im-
ported from QI-theoretic thermodynamics into many-body
physics.

Furthermore, these frameworks can be leveraged to explore
noncommutation’s effects on thermalization. Constraining dy-
namics, noncommutation might slow the transport of energy,
information, and/or charges. Hence noncommutation might
enhance storage and memory. Additionally, noncommutation
underlies quantum error correction, quantum cryptography,
and other applications. Noncommutation might advance in-
formation processing in materials. Furthermore, group theory
structures high-energy physics. Non-Abelian groups therein
might give rise to NATS physics.

The thermodynamic limit, too, merits study. We focus on
experimentally realizable systems, of finite size N . Figure 2
suggests that, as the whole system grows, the canonical pre-
diction’s accuracy grows. How much the NATS prediction
outperforms the canonical as N → ∞ remains an open ques-
tion.
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expressed in units of nats (not to be confused with the
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the NATS prediction (2), to the canonical prediction (1),
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that follows from ignoring the conservation of two non-
commuting charges. The canonical and grand canonical
comparisons were modeled on the comparison to micro-
canonical and grand canonical predictions in the original
GGE papers [55, 56]. Calculating the NATS’s � and µ↵’s
from Eqs. (6) and (7) numerically would cost consider-
able computation. Hence the parameters were calculated
from analogs of Eqs. (13) and (14) that follow from peri-
odic boundary conditions (App. E). The canonical state’s
� equals the NATS’s to first order. The more-precise ver-
sions of inequalities (12) (App. E) were satisfied: Each
small parameter was of the order of magnitude 0.1 ⌧ 1.1

Figure 2 shows the relative entropies. The blue dots
show D(⇢S||⇢NATS); the red squares, D(⇢S||⇢can); and
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One exception arises at small system sizes: When Nn = 6, 8,
two small parameters equal 0.667, 0.500 < 1.

the green triangles, D(⇢S||⇢GC). The NATS theory pre-
dicts ⇢S with greater accuracy, which grows with the
spin chain. The dotted lines show the best fit to any
function of the form of the right-hand side of Eq. (16),
�0.128+0.336N�1/2. This function fits with a standard
deviation of 0.010 and an error of 0.022. In App. G,
we study robustness with respect to experimental errors
caused by anisotropic couplings.
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noncommutation—a basic feature of nonclassicality—of
charges into condensed-matter and AMO physics. Ex-
tensions to high-energy physics beg to be realized.
Condensed-matter, AMO, and high-energy physics

have recently witnessed the development of toolkits for
studying many-body thermalization: quantum-simulator
experiments [25, 29, 32, 35, 37], the ETH [38–40], ran-
dom unitary circuits [57–60], the generalized Gibbs en-
semble (GGE) [41, 55, 56], and out-of-time-ordered cor-
relators [61]. These frameworks can now be leveraged
to explore noncommutation’s e↵ects on thermalization.
Constraining dynamics, noncommutation might slow the
transport of energy, information, and/or charges. Hence
noncommutation might enhance storage and memory.
Additionally, noncommutation underlies quantum error
correction, quantum cryptography, and other applica-
tions. Noncommutation might advance information pro-
cessing in materials. Furthermore, group theory struc-
tures high-energy physics. Particle physics and string
theory might involve non-Abelian groups that give rise
to NATS physics.
The thermodynamic limit, too, merits study. We fo-

cus on the finite system sizes N realizable experimen-
tally. But Fig. 2 shows that, as the whole system grows,
the canonical prediction’s accuracy grows. Whether the
NATS prediction outperforms the canonical in the limit
as N ! 1 o↵ers a theoretical opportunity for investiga-
tion.
So do degeneracies. The ETH describes nondegen-

erate Hamiltonians. Conserved charges introduce de-
generacies, which can a↵ect thermodynamic ensembles.
We address degeneracy through the microcanonical lens
of [7]: Noncommutation can prevent the charges from
sharing an eigenspace. No degenerate microcanonical
subspace necessarily exists. The microcanonical subspace
was therefore generalized to the a.m.c. subspace in [7].
We have proposed protocols for preparing a global system
in an a.m.c. state. This QI-thermodynamic approach to
degeneracy should be complemented with a many-body-

• NYH, Faist, Oppenheim, and Winter, Nat. Comms. 7, 12051 (2016).
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FIG. 2. Distances from the long-time state to thermal states: A
chain of qubits subject to periodic boundary conditions was simu-
lated numerically. The first preparation protocol and the evolution in
Sec. II thermalized a two-qubit system S of interest to a long-time
state ρS. Plotted is the relative-entropy distance [Eq. (13)] from ρS

to each of three thermal states: the NATS [Eq. (2)] (blue dots),
the canonical state (red squares), and a grand canonical state ∝
e−β(HS−µzσ

S
z ) (green triangles). The NATS theory predicts ρS with

greater accuracy, which grows with the spin-chain size, for finite
systems. The dashed line represents the best polynomial fit. Entropies
are expressed in units of nats (not to be confused with the NATS:
logarithms are base-e).

dimensionless parameters [Eq. (10)]. The more-precise ver-
sions of inequalities (10) (Appendix F) were satisfied: Each
small parameter was an order of magnitude less than 1.1

Figure 2 shows the relative entropies. The blue dots show
D(ρS||ρNATS); the red squares, D(ρS||ρcan ); and the green
triangles, D(ρS||ρGC). The NATS theory predicts ρS with
greater accuracy, which grows with the spin chain.

The dashed line shows the best polynomial fit, which scales
as approximately N−5/2. This fit merits comparison with the
right-hand side of Eq. (14). As the system size N grows,
the best fit shrinks more quickly than the ∼N−1/2 prediction
in [7]. This contrast suggests two possibilities: (i) A bound
tighter than that in [7] can be proved. (ii) “Transients,” such
as ∼N−5/2, dominate the scaling at small system sizes. The
transients vanish quickly as N grows, and ∼N−1/2 dominates
the scaling at large system sizes.

As the whole system grows, the NATS, grand canonical,
and canonical predictions appear to converge. On the right-
hand side of Fig. 2, the blue circle, green triangle, and red
square clump close together. This convergence is believed
to result from the largeness of T and the smallness of the
µα’s. When the temperature is high, all thermal ensembles
resemble the maximally mixed state, 1/2Nn . The predictions
are expected to separate as T falls and the µα’s grow.

In experiments, a Hamiltonian close to having the Heisen-
berg form

!
α σ

( j)
α σ

( j+1)
α can suffer from anisotropies [49].

Appendix H demonstrates our protocol’s robustness with re-
spect to realistic anisotropies.

1One exception arises at small system sizes: When Nn = 6, 8, two
small parameters equal 0.667, 0.500 < 1.

IV. DISCUSSION

We have formulated and simulated an experimental pro-
tocol for thermalizing a quantum many-body system to the
NATS. The protocol holds promise for ultracold atoms,
trapped ions, quantum dots, nitrogen-vacancy centers, and
NMR. This work initiates a bridge from the abstract, idealized
NATS theory of QI-theoretic thermodynamics to many-body
physics: We introduce noncommutation—a key feature of
nonclassicality—of charges into condensed matter and AMO
physics. Extensions to high-energy physics beg to be realized.
Below, we contrast the NATS with the GGE. Similarly, in
Appendix A, we detail how noncommuting charges invali-
date predictions by the ETH. However, Deutsch’s original
argument for studying the ETH provides extra motivation for
studying the NATS (Appendix I). Then, we present opportu-
nities for future research.

The GGE is an ensemble to which quantum systems
equilibrate if extensively many nontrivial charges are con-
served [14–16]. Our prediction lies outside existing GGE
studies for three reasons. First, GGE studies have not em-
phasized noncommutation (though noncommuting charges
have now appeared in [64]). Second, the GGE was designed
for integrable Hamiltonians. Our Hamiltonian is noninte-
grable because we study thermalization. Third, the charges
conserved in GGE problems tend not to equal the sums
of local charges. Our globally conserved charges do, in
the spirit of the textbook problem reviewed in Sec. I. We
maintain this spirit to emphasize that beginning with a text-
book problem and introducing the minimal noncommutative
tweak unmoors conventional expectations, as explained in the
paragraph above Eq. (2). Our work moors this nonclassical
thermalization to an experimental protocol and numerical
simulations.

This paper opens up several opportunities for future re-
search. In condensed-matter, AMO, and high-energy physics,
toolkits for studying many-body thermalization have recently
emerged: quantum-simulator experiments [32,36,39,42,45],
the ETH [10–12], random unitary circuits [65–68], the GGE
[14,15,46], and out-of-time-ordered correlators [69]. These
toolkits should and can be generalized to accommodate non-
commuting charges, now that such charges have been im-
ported from QI-theoretic thermodynamics into many-body
physics.

Furthermore, these frameworks can be leveraged to explore
noncommutation’s effects on thermalization. Constraining dy-
namics, noncommutation might slow the transport of energy,
information, and/or charges. Hence noncommutation might
enhance storage and memory. Additionally, noncommutation
underlies quantum error correction, quantum cryptography,
and other applications. Noncommutation might advance in-
formation processing in materials. Furthermore, group theory
structures high-energy physics. Non-Abelian groups therein
might give rise to NATS physics.

The thermodynamic limit, too, merits study. We focus on
experimentally realizable systems, of finite size N . Figure 2
suggests that, as the whole system grows, the canonical pre-
diction’s accuracy grows. How much the NATS prediction
outperforms the canonical as N → ∞ remains an open ques-
tion.

042117-5

Best polynomial-in-N fit

Compare with theory

D (ρS | |e−β(HS−∑α μαQS
α)/Z)
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Opportunities

• Quantum-simulator experiments
• Ultracold atoms, trapped ions, quantum dots, nitrogen-vacancy centers, …

• Charge noncommutation may block thermalization.

• Alternative to disorder, garden-variety integrability, prethermalization, 
and many-body scars

Quantum memories

• Does thermalization with noncommuting charges happen naturally, 
e.g., in high-energy systems?

• Generalize many-body thermalization tools to accommodate noncommutation.
• Out-of-time-ordered correlators, random unitary circuits, 

generalized Gibbs ensemble, …

• How do noncommuting charges affect transport, storage, etc. 
of charge, energy, etc.?



Recap



Recap

• Earliest history



Recap

• Earliest history

• Quantum-information-theoretic thermodynamics



Recap

• Earliest history

• Non-Abelian thermal state

• Quantum-information-theoretic thermodynamics



Recap

• Earliest history

• Non-Abelian thermal state
• Microcanonical derivation

• Quantum-information-theoretic thermodynamics



Recap

• Experimental protocol

• Earliest history

• Non-Abelian thermal state
• Microcanonical derivation

• Quantum-information-theoretic thermodynamics



Recap

• Experimental protocol

• Earliest history

• Example: chain of qubits

• Non-Abelian thermal state
• Microcanonical derivation

• Quantum-information-theoretic thermodynamics



Recap

• Experimental protocol
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• Earliest history

• Example: chain of qubits

• Non-Abelian thermal state
• Microcanonical derivation

• Quantum-information-theoretic thermodynamics



Thanks for your time!

NYH, Beverland, and Kalev, Phys. Rev. E 101, 042117 (2020).
NYH, Faist, Oppenheim, and Winter, Nat. Comms. 7, 12051 (2016).
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(ii) because every h�tot

↵
i has a subextensive standard de-

viation in every short-range-correlated state (App. B).
Second, spin-coherent states are known to satisfy prop-
erties (i) and (ii) [51].

To motivate the third protocol, we return to the grand
canonical problem. One can fix Etot and N tot by mea-
suring the total energy, then the total particle number.
One could analogously, in the noncommuting problem,
measure Htot, then �tot

x
, then �tot

y
, then �tot

z
. But the y

and z measurements would disturb the x and y compo-
nents. The projective measurements must be “softened.”
We define a soft measurement as having two properties,
(a) peaking and (b) mild disturbance: (a) Suppose that
�tot

↵
is measured softly, yielding outcome S̃↵. Suppose

that �tot

↵
is then measured strongly. The outcome must

have a high probability of lying close to S̃↵. (b) Sup-
pose that �tot

↵
is measured strongly, then some other �tot

↵0

is measured softly, and then �tot

↵
is measured strongly

again. The final measurement must have a high proba-
bility of yielding the first measurement’s outcome. The
soft measurement must scarcely disturb �tot

↵
.

We formalize soft measurements in App. C, using a
positive operator-valued measure (a mathematical model
for a generalized measurement [52]) with a binomial enve-
lope. Similar measurements have been implemented via
weak coupling of system and detector [53, Eq. (22)]. Ap-
pendix D reconciles Ineq. (11) with the a.m.c. subspace’s
original definition [7].

Evolution: The whole system has been prepared in
some state in an a.m.c. subspace M. The chain is now
evolved under Htot. Numerical simulations imply that
a time ⇠ Nn/J su�ces for distinguishing the NATS
from the canonical prediction. The interaction hops spin
quanta between sites. The evolution is intended to pre-
pare the chain in an a.m.c. ensemble, the noncommuting
analog of the microcanonical ensemble: Let PM denote
the projector onto M. The a.m.c. ensemble is defined as
PM/Tr(PM) [7]. Tracing out the bath from PM/Tr(PM)
was proved analytically to yield a system-of-interest state
close to the NATS [7].

Readout: We aim to test that analytical prediction
experimentally. Let ⇢S denote the long-time state of S.
We posit that most local observables O end with expec-
tation values given by the NATS prediction (5), rather
than the ETH prediction (3). Equations (6) and (7) de-
termine � and the µ↵’s.

We calculate � and the µ↵’s analytically for the spin
chain in App. E. We assume that the system is hot
and the e↵ective chemical potentials are small. Loosely
speaking,

p
Nn |�|J,

s
Nn

X

↵

µ2
↵

|�|,
|�|

P
↵
µ2

↵

J
⌧ 1. (12)

More-precise forms for the constraints depend on bound-
ary conditions and appear in App. E. The inverse tem-

perature evaluates to

� =
�Etot

3(2Nn � 3)J2
+O2 . (13)

O2 stands for “terms of second order in the small param-
eters in (12).” The e↵ective chemical potentials evaluate
to

µ↵ = �3(2Nn � 3)

Nn

S↵J2

Etot
+O2 . (14)

In the thermodynamic limit, H int drops out of the pre-
diction (5), as discussed in the introduction. If all S ob-
servables O have NATS expectation values, S thermalizes
to the NATS state (2). Outside the thermodynamic limit,
noncommutation may prevent ⇢S from reaching ⇢NATS

precisely [7]. The distance between the states was quan-
tified with the relative entropy,

D(⇢S||⇢NATS) = log(⇢S[log ⇢S � log ⇢NATS]). (15)

Logarithms are base-e throughout this paper. The rel-
ative entropy quantifies the accuracy with which ⇢S can
be distinguished from ⇢NATS, on average, in a binary hy-
pothesis test [52]. The relative entropy (15) was pre-
dicted to decline as the number N of systems grows [7]:

D (⇢S||⇢NATS)  const.p
N

+ const. (16)

This scaling can be checked with quantum state tomog-
raphy [54] in the finite-size experiments feasible today.
We detail the tomographic process in App. F. Numeri-
cal simulations point to a scaling close to (16) (Sec. II).
The constant term in (16) comes from the charges’ non-
commutation. The constant depends on the parameters
that quantify how much the definition of “microcanonical
subspace” is relaxed to include M. The larger the whole
system, the better the (Qtot

↵
/N)’s commute, so the less

the definition needs relaxing, so the greater the probabil-
ity that some M corresponds to a smaller constant.

II. NUMERICAL SIMULATIONS

We numerically simulated the experimental protocol
via direct calculation. The spin chain’s length varied
from Nn = 6 to 14 qubits. The first two qubits served
as S, without loss of generality due to periodic boundary
conditions.
We followed the first state preparation protocol

in Sec. I: The first six qubits were prepared in
|x+i|z+i|x�i|z�i|x�i|z+i; and the rest of the qubits,
in copies of |z�i|z+i. Hence the total charges had the
expectation values Sx = �1, Sy = 0, and Sz = 1.
The state evolved under the Hamiltonian (10) for a

time t = 2Nn, wherein J = 1. The exponential time
sharpens the distinction between the NATS and canon-
ical predictions. However, a time t ⇠ Nn su�ces. Usu-
ally, when simulating charge-conserving evolution, one

Small parameters
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Distinctions from the generalized Gibbs ensemble

(2) Our Hamiltonian is nonintegrable. 

(1) GGE charges tend not to equal sums of local charges.

Motivation: Study undergrad stat mech 
+ minimal noncommutative tweak.

(3) GGE studies tend not to focus on noncommutation.

• Though see Fagotti, J. Stat. Mech. 2014, 3 (2014).
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State preparation via generalized measurements

• Inspiration from grand-canonical case

• Problem: Later projective measurements disturb charges measured earlier.

• Measure σtot
x , then σtot

y , σtot
z ?then

• Needed: soft measurements
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Soft-measurement preparation procedure

2 defining properties of soft measurements

(1) Peaking

(2) Mild disturbance

• Measure          softly.σtot
α S̃α

• Measure           strongly.σtot
α

Outcome must have a high probability of lying close to S̃α

• Measure           strongly.σtot
α

• Measure another          softly.σtot
α′�

• Measure           strongly again.σtot
α

Outcome must have a high probability of equaling the first measurement’s
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Soft-measurement preparation procedure

Positive operator-valued measure (POVM)

•  {M†
ℓMℓ > 0}

• Completeness: ∑
ℓ

M†
ℓMℓ = 1

• Probability of outcome ℓ : Tr(M†
ℓMℓρ)

• Generalization of projective measurement

• Familiar example: projectors: M†
ℓMℓ = Πℓ

• State update: ρ ↦ MℓρM†
ℓ /Tr(numerator)

Kraus 
operator
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The second term has significant contributions only from subterms in which j0 lies within ⇠ of j. Hence the e�|j�j
0|/⇠ ⇠

e�⇠/⇠ = const. A constant number of such subterms exist. Hence the right-hand side of Eq. (B5) can be approximated
with

X

j 6=j0

D
�(j)

↵
�(j

0
)

↵

E
⇠
X

j 6=k

D
�(j)

↵

ED
�(j

0
)

↵

E
+Nn. (B6)

Substituting from Eqs. (B4) and (B6) into the right-hand side of Eq. (B3) yields

⌦
(�tot

↵
)2
↵

⇠ Nn+
X

j 6=j0

D
�(j)

↵

ED
�(j

0
)

↵

E
. (B7)

Let us estimate the second term in (B2):

⌦
�tot

↵

↵2
=

*
NnX

j=1

�(j)

↵

+2

=

0

@
NnX

j=1

D
�(j)

↵

E
1

A
2

=

0

@
NnX

j=1

D
�(j)

↵

E
1

A

0

@
NnX

j0=1

D
�(j

0
)

↵

E
1

A (B8)

=
NnX

j=1

D
�(j)

↵

E2
+
X

j 6=j0

D
�(j)

↵

ED
�(j

0
)

↵

E
(B9)

⇠ Nn+
X

j 6=j0

D
�(j)

↵

ED
�(j

0
)

↵

E
. (B10)

We have approximated the first term with (number of terms)(operator norm of �(j)

↵ ). Let us substitute from Eqs. (B7)
and (B10) into Eq. (B2). The

P
j 6=k

terms cancel exactly, leaving

q
h(�tot

↵
)2i � h�tot

↵
i2 ⇠

p
Nn. (B11)

Appendix C SOFT MEASUREMENT

This appendix details the soft measurements introduced in Sec. I. We formalize soft measurements in App. C 1.
Appendix C 2 provides physical intuition about the preparation procedure that relies on soft measurements.

C 1 Formalization of soft measurements

We formalize soft measurements with a positive operator-valued measure (POVM). POVMs model generalized
measurements in QI theory [52]. A POVM consists of positive operators M` > 0, called Kraus operators. They satisfy
the completeness relation

P
`
M†

`
M` = . Measuring the {M`} of a state ⇢ has a probability Tr(M†

`
M`⇢) of yielding

outcome `. The measurement updates ⇢ to M`⇢M
†
`
/Tr(M†

`
M`⇢). Let PS↵

↵
denote the projector onto the eigenvalue-S↵

eigenspace of �tot

↵
. A soft �tot

↵
measurement has the form {MS↵

↵
}. The outcome S↵ labels the Kraus operators,

MS↵
↵

=
X

S̃↵=�Nn,�Nn+2,...,Nn�2,Nn

q
fNn(S↵, S̃↵) P

S̃↵
↵

. (C1)

Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
The binomial distribution suggests itself. We present the distribution, then derive and analyze it:

fNn(S↵, S̃↵) =

✓
Nn

1

2
(Nn+ S↵)

◆"
1

2

 
1 +

S̃↵

Nn

!# 1
2 (Nn+S↵) "

1

2

 
1 � S̃↵

Nn

!# 1
2 (Nn�S↵)

. (C2)

We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.
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The second term has significant contributions only from subterms in which j0 lies within ⇠ of j. Hence the e�|j�j
0|/⇠ ⇠

e�⇠/⇠ = const. A constant number of such subterms exist. Hence the right-hand side of Eq. (B5) can be approximated
with
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We have approximated the first term with (number of terms)(operator norm of �(j)

↵ ). Let us substitute from Eqs. (B7)
and (B10) into Eq. (B2). The

P
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terms cancel exactly, leaving
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Appendix C SOFT MEASUREMENT

This appendix details the soft measurements introduced in Sec. I. We formalize soft measurements in App. C 1.
Appendix C 2 provides physical intuition about the preparation procedure that relies on soft measurements.

C 1 Formalization of soft measurements

We formalize soft measurements with a positive operator-valued measure (POVM). POVMs model generalized
measurements in QI theory [52]. A POVM consists of positive operators M` > 0, called Kraus operators. They satisfy
the completeness relation

P
`
M†

`
M` = . Measuring the {M`} of a state ⇢ has a probability Tr(M†

`
M`⇢) of yielding

outcome `. The measurement updates ⇢ to M`⇢M
†
`
/Tr(M†

`
M`⇢). Let PS↵

↵
denote the projector onto the eigenvalue-S↵

eigenspace of �tot

↵
. A soft �tot

↵
measurement has the form {MS↵

↵
}. The outcome S↵ labels the Kraus operators,

MS↵
↵

=
X

S̃↵=�Nn,�Nn+2,...,Nn�2,Nn

q
fNn(S↵, S̃↵) P

S̃↵
↵

. (C1)

Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
The binomial distribution suggests itself. We present the distribution, then derive and analyze it:
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. (C2)

We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.
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The second term has significant contributions only from subterms in which j0 lies within ⇠ of j. Hence the e�|j�j
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e�⇠/⇠ = const. A constant number of such subterms exist. Hence the right-hand side of Eq. (B5) can be approximated
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We have approximated the first term with (number of terms)(operator norm of �(j)

↵ ). Let us substitute from Eqs. (B7)
and (B10) into Eq. (B2). The
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terms cancel exactly, leaving
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Appendix C SOFT MEASUREMENT

This appendix details the soft measurements introduced in Sec. I. We formalize soft measurements in App. C 1.
Appendix C 2 provides physical intuition about the preparation procedure that relies on soft measurements.

C 1 Formalization of soft measurements

We formalize soft measurements with a positive operator-valued measure (POVM). POVMs model generalized
measurements in QI theory [52]. A POVM consists of positive operators M` > 0, called Kraus operators. They satisfy
the completeness relation

P
`
M†

`
M` = . Measuring the {M`} of a state ⇢ has a probability Tr(M†

`
M`⇢) of yielding

outcome `. The measurement updates ⇢ to M`⇢M
†
`
/Tr(M†

`
M`⇢). Let PS↵

↵
denote the projector onto the eigenvalue-S↵

eigenspace of �tot

↵
. A soft �tot

↵
measurement has the form {MS↵

↵
}. The outcome S↵ labels the Kraus operators,

MS↵
↵

=
X

S̃↵=�Nn,�Nn+2,...,Nn�2,Nn

q
fNn(S↵, S̃↵) P

S̃↵
↵

. (C1)

Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
The binomial distribution suggests itself. We present the distribution, then derive and analyze it:
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We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.
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The second term has significant contributions only from subterms in which j0 lies within ⇠ of j. Hence the e�|j�j
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e�⇠/⇠ = const. A constant number of such subterms exist. Hence the right-hand side of Eq. (B5) can be approximated
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Substituting from Eqs. (B4) and (B6) into the right-hand side of Eq. (B3) yields
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We have approximated the first term with (number of terms)(operator norm of �(j)

↵ ). Let us substitute from Eqs. (B7)
and (B10) into Eq. (B2). The
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terms cancel exactly, leaving
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Appendix C SOFT MEASUREMENT

This appendix details the soft measurements introduced in Sec. I. We formalize soft measurements in App. C 1.
Appendix C 2 provides physical intuition about the preparation procedure that relies on soft measurements.

C 1 Formalization of soft measurements

We formalize soft measurements with a positive operator-valued measure (POVM). POVMs model generalized
measurements in QI theory [52]. A POVM consists of positive operators M` > 0, called Kraus operators. They satisfy
the completeness relation

P
`
M†

`
M` = . Measuring the {M`} of a state ⇢ has a probability Tr(M†

`
M`⇢) of yielding

outcome `. The measurement updates ⇢ to M`⇢M
†
`
/Tr(M†

`
M`⇢). Let PS↵

↵
denote the projector onto the eigenvalue-S↵

eigenspace of �tot

↵
. A soft �tot

↵
measurement has the form {MS↵

↵
}. The outcome S↵ labels the Kraus operators,

MS↵
↵

=
X

S̃↵=�Nn,�Nn+2,...,Nn�2,Nn

q
fNn(S↵, S̃↵) P

S̃↵
↵

. (C1)

Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
The binomial distribution suggests itself. We present the distribution, then derive and analyze it:
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. (C2)

We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.

Projector onto eigenvalue- S̃α
eigenspace of σtot

α

• Projects a little onto every eigenspace, in superposition,
with an amplitude given by
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The second term has significant contributions only from subterms in which j0 lies within ⇠ of j. Hence the e�|j�j
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e�⇠/⇠ = const. A constant number of such subterms exist. Hence the right-hand side of Eq. (B5) can be approximated
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We have approximated the first term with (number of terms)(operator norm of �(j)

↵ ). Let us substitute from Eqs. (B7)
and (B10) into Eq. (B2). The
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terms cancel exactly, leaving
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Appendix C SOFT MEASUREMENT

This appendix details the soft measurements introduced in Sec. I. We formalize soft measurements in App. C 1.
Appendix C 2 provides physical intuition about the preparation procedure that relies on soft measurements.

C 1 Formalization of soft measurements

We formalize soft measurements with a positive operator-valued measure (POVM). POVMs model generalized
measurements in QI theory [52]. A POVM consists of positive operators M` > 0, called Kraus operators. They satisfy
the completeness relation

P
`
M†

`
M` = . Measuring the {M`} of a state ⇢ has a probability Tr(M†

`
M`⇢) of yielding

outcome `. The measurement updates ⇢ to M`⇢M
†
`
/Tr(M†

`
M`⇢). Let PS↵

↵
denote the projector onto the eigenvalue-S↵

eigenspace of �tot

↵
. A soft �tot

↵
measurement has the form {MS↵

↵
}. The outcome S↵ labels the Kraus operators,

MS↵
↵

=
X

S̃↵=�Nn,�Nn+2,...,Nn�2,Nn

q
fNn(S↵, S̃↵) P

S̃↵
↵

. (C1)

Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
The binomial distribution suggests itself. We present the distribution, then derive and analyze it:
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We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.

• Discrete spins binary distribution

•  
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We have approximated the first term with (number of terms)(operator norm of �(j)

↵ ). Let us substitute from Eqs. (B7)
and (B10) into Eq. (B2). The
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Appendix C SOFT MEASUREMENT

This appendix details the soft measurements introduced in Sec. I. We formalize soft measurements in App. C 1.
Appendix C 2 provides physical intuition about the preparation procedure that relies on soft measurements.

C 1 Formalization of soft measurements

We formalize soft measurements with a positive operator-valued measure (POVM). POVMs model generalized
measurements in QI theory [52]. A POVM consists of positive operators M` > 0, called Kraus operators. They satisfy
the completeness relation

P
`
M†

`
M` = . Measuring the {M`} of a state ⇢ has a probability Tr(M†

`
M`⇢) of yielding

outcome `. The measurement updates ⇢ to M`⇢M
†
`
/Tr(M†

`
M`⇢). Let PS↵

↵
denote the projector onto the eigenvalue-S↵

eigenspace of �tot

↵
. A soft �tot

↵
measurement has the form {MS↵

↵
}. The outcome S↵ labels the Kraus operators,

MS↵
↵

=
X

S̃↵=�Nn,�Nn+2,...,Nn�2,Nn

q
fNn(S↵, S̃↵) P

S̃↵
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. (C1)

Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
The binomial distribution suggests itself. We present the distribution, then derive and analyze it:
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We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.

• Discrete spins binary distribution
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This appendix details the soft measurements introduced in Sec. I. We formalize soft measurements in App. C 1.
Appendix C 2 provides physical intuition about the preparation procedure that relies on soft measurements.

C 1 Formalization of soft measurements

We formalize soft measurements with a positive operator-valued measure (POVM). POVMs model generalized
measurements in QI theory [52]. A POVM consists of positive operators M` > 0, called Kraus operators. They satisfy
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P
`
M†

`
M` = . Measuring the {M`} of a state ⇢ has a probability Tr(M†

`
M`⇢) of yielding

outcome `. The measurement updates ⇢ to M`⇢M
†
`
/Tr(M†

`
M`⇢). Let PS↵

↵
denote the projector onto the eigenvalue-S↵

eigenspace of �tot

↵
. A soft �tot

↵
measurement has the form {MS↵
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Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
The binomial distribution suggests itself. We present the distribution, then derive and analyze it:
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We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.
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The second term has significant contributions only from subterms in which j0 lies within ⇠ of j. Hence the e�|j�j
0|/⇠ ⇠

e�⇠/⇠ = const. A constant number of such subterms exist. Hence the right-hand side of Eq. (B5) can be approximated
with

X

j 6=j0

D
�(j)

↵
�(j

0
)

↵

E
⇠
X

j 6=k

D
�(j)

↵

ED
�(j

0
)

↵

E
+Nn. (B6)

Substituting from Eqs. (B4) and (B6) into the right-hand side of Eq. (B3) yields

⌦
(�tot

↵
)2
↵

⇠ Nn+
X

j 6=j0

D
�(j)

↵

ED
�(j

0
)

↵

E
. (B7)

Let us estimate the second term in (B2):

⌦
�tot

↵

↵2
=

*
NnX

j=1

�(j)

↵

+2

=

0

@
NnX

j=1

D
�(j)

↵

E
1

A
2

=

0

@
NnX

j=1

D
�(j)

↵

E
1

A

0

@
NnX

j0=1

D
�(j

0
)

↵

E
1

A (B8)

=
NnX

j=1

D
�(j)

↵

E2
+
X

j 6=j0

D
�(j)

↵

ED
�(j

0
)

↵

E
(B9)

⇠ Nn+
X

j 6=j0

D
�(j)

↵

ED
�(j

0
)

↵

E
. (B10)
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Appendix C SOFT MEASUREMENT

This appendix details the soft measurements introduced in Sec. I. We formalize soft measurements in App. C 1.
Appendix C 2 provides physical intuition about the preparation procedure that relies on soft measurements.
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Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
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We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.
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Outputting S↵, the measurement projects the state a little onto each of the eigenspaces in superposition. How much
does the measurement project onto the eigenspace associated with some eigenvalue S̃↵? The amount depends on the
amplitude fNn(S↵, S̃↵). The amplitude must maximize where S↵ = S̃↵, to satisfy the peaking requirement (Sec. I).
The binomial distribution suggests itself. We present the distribution, then derive and analyze it:
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We define 00 ⌘ 0. Numerics confirm that the POVM (C1) satisfies the mild-disturbance condition (ii) in Sec. I.
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The envelope (C2) is constructed as follows. We semiclassically model each qubit as pointing upward or downward
along the ↵-axis. We formulate the binomial probability that an (Nn)-qubit chain has a magnetization S↵, if the
average-over-trials magnetization equals S̃↵. Let n" and n# denote the numbers of upward- and downward-pointing
qubits in some configuration. Let p" denote the probability that a given qubit points upward and p#, the probability
that the qubit points downward. We must solve for each of these quantities in terms of S↵, S̃↵, and Nn. As
Nn = n" + n# and S↵ = n" � n#, n" = 1

2
(Nn + S↵), and n# = 1

2
(Nn � S↵). On average, S̃↵ = (p" � p#)Nn qubits

point upward. By normalization, p# = 1� p". Hence p" = 1

2

⇣
1 + S̃↵

Nn

⌘
, and p# = 1

2

⇣
1 � S̃↵

Nn

⌘
. The binomial function

has the form fNn(S↵, S̃↵) =
�
Nn

n"

�
(p")n"(p#)n# . Substituting in yields Eq. (C2).

As Nn ! 1, the binomial approaches a Gaussian. The Gaussian has a mean of hS↵i = S̃↵ and a standard deviation
of

� =
1

2

vuutNn

 
1 +

S̃↵

Nn

! 
1 � S̃↵

Nn

!
⇠

p
Nn. (C3)

Hence

lim
Nn!1

fNn(S↵, S̃↵) = exp

 
� (S↵ � S̃↵)2

2�2

!.p
2⇡�2 . (C4)

Prima facie, S↵ and S̃↵ appear to have been swapped relative to their natural roles: S↵ was defined as the
“expected” �tot

↵
value in Sec. I. But S̃↵ determines the mean spin in Eq. (C2). This swap impacts the function’s

behavior little: fNn(S↵, S̃↵) peaks at S↵ = S̃↵. The peak grows higher and narrower as Nn grows. As Nn ! 1,
the envelope approaches a Gaussian symmetric under S↵ $ S̃↵ [Eq. (C4)]. Normalization motivates the swap: The
POVM (C1) must satisfy the completeness condition

P
S↵

(MS↵
↵

)†MS↵
↵

= . The POVM does because the envelope

is normalized as
P

S↵
fNn(S↵, S̃↵) = 1.

C 2 Physical intuition about the soft-measurement preparation procedure

Suppose that the spin chain begins in a random state. Measuring Htot with decent precision projects the chain’s
state approximately onto an energy eigenspace. This eigenspace is larger than the a.m.c. subspace, M. The soft x
measurement collapses the state a little, shrinking the state’s support. The soft y and z measurements shrink the
support further. After the final measurement, at least most of the state’s support lies in M, as quantified in App. D.
Figure 3 sketches the relationships amongst the subspaces.

Htot
�tot

x

�tot
y

�tot
z

M
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FIG. 3: Sketch of subspaces: The black, outermost line represents an eigenspace of the total Hamiltonian, Htot. Inside lies
the approximate microcanonical subspace, M, represented by the shaded shape. M generalizes the microcanonical subspace
to noncommuting exchanged charges. The total-spin components �tot

↵=x,y,z have eigenspaces that largely coincide with M.

Let us illustrate how each soft measurement partially collapses the spin chain’s state. Consider a toy system of
Nn = 2 qubits whose �tot

z
and �tot

x
are measured softly. Suppose that the measurements yield Sz, Sx = 0. The

conditioned soft z measurement projects the state with P 0

z
/ M0

z
, by Eqs. (C1) and (C2). P 0

z
projects onto the

eigenvalue-0 eigenspace of �tot

z
. This eigenspace is spanned by the singlet |szi := 1p

2
(|z+, z�i � |z�, z+i) and the

•  
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that the qubit points downward. We must solve for each of these quantities in terms of S↵, S̃↵, and Nn. As
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Prima facie, S↵ and S̃↵ appear to have been swapped relative to their natural roles: S↵ was defined as the
“expected” �tot

↵
value in Sec. I. But S̃↵ determines the mean spin in Eq. (C2). This swap impacts the function’s

behavior little: fNn(S↵, S̃↵) peaks at S↵ = S̃↵. The peak grows higher and narrower as Nn grows. As Nn ! 1,
the envelope approaches a Gaussian symmetric under S↵ $ S̃↵ [Eq. (C4)]. Normalization motivates the swap: The
POVM (C1) must satisfy the completeness condition

P
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(MS↵
↵

)†MS↵
↵

= . The POVM does because the envelope

is normalized as
P

S↵
fNn(S↵, S̃↵) = 1.

C 2 Physical intuition about the soft-measurement preparation procedure

Suppose that the spin chain begins in a random state. Measuring Htot with decent precision projects the chain’s
state approximately onto an energy eigenspace. This eigenspace is larger than the a.m.c. subspace, M. The soft x
measurement collapses the state a little, shrinking the state’s support. The soft y and z measurements shrink the
support further. After the final measurement, at least most of the state’s support lies in M, as quantified in App. D.
Figure 3 sketches the relationships amongst the subspaces.
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to noncommuting exchanged charges. The total-spin components �tot

↵=x,y,z have eigenspaces that largely coincide with M.
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